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These lessons are intended for first-year students of Material Sciences department, according to
the curriculum provided by the ministry, the mathematics scale for the first year of algebra and
mathematical analysis. This scale is divided into two parts over two semesters, where students
study in the first semester Maths 1, and in the second semester Maths 2. The average for this
course is calculated by the sum of 33% of the TS point and 67% of the exam point score in each

semester.
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These lessons can be foundational for the first year and introductory to the second year, at the
starting point for further training in calculating integrals and matrices and solving differential

equations. These lessons have been written in a clear and simple way to motivate students to



learn the basic principles and concepts of algebra and mathematical analysis, in an attempt to
simplify definitions and interpretations of calculus methods and differential equations, which re-
quires describing a physical, chemical or other phenomenon and knowing certain things about

these phenomena, observations, or samples.
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In these lessons, we have incorporated carefully processed examples and exercises. Some of the
exercises can be found in different sites that have been scrutinized and translated into Arabic.
This work is divided into two parts, the first of which is devoted to algebra and the second is
devoted to mathematical analysis in each semester. At the end of each chapter, we discuss a series

of solved exercises that help in deepening and consolidating concepts.
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Definitions —&_3)\S5 .1.1 Matrices —\ogxaal)

Ologu) o2 Loy Lol plusll A5 o Jie A0L juall ol gall duljut g @SI SlSe
G2 Al oS ol ¥l 8L Aala lo L po g sl ¥l AEMD zileidl dntlas g )5 gcasd!

ALIBY ) DB Mal! delad] Cawo ¢F ausiiud SLaTd Y| ‘:,éj islas ¥l g OWLI Y ObL dad
In 1855 Arthur Cayley introduced the matrix as a representation of linear elements, and this period
is considered the beginning of linear algebra and matrix theory. Matrices and their applications
are used in most scientific fields, in every branch of physics, such as mechanics, engineering optics,
electromagnetism, quantum mechanics, and for studying physical phenomena such as the move-
ment of solid bodies, as well as in computer graphics, processing three-dimensional models and
displaying them on a two-dimensional screen, as well as in probability theories and statistics, and

in economics is used to describe systems of economic relations.

Definitions e jlad 1.1

1.1.1 : Definition - «aJ yad

Let n and p be two non-zero natural numbers. VMRQARe pS obiub olsse p 9 n UT:J
Sy} 3130 689000 05 0 oley LIV K Jas) polis oo Jybime Jgas- B A Gdgiasl) (1

C &8 ) gV R
The matriz A is a rectangular table of elements of the field K which can be the set of

real numbers R or the complex C.

3955 P g 1 ge oglie Joxs oV 1) nXp —aiol) ga of Gas M ge B A (2

A is of order or of class nXp if the table consists of n rows and p columns.

11 Qi - A
Q21 Q22 -+ Azp

A= . or A= (i) cicn<jcp -
Ap1 Qp2 - App

A Sogiaal) Jolge emd Joasd) polie (3
The elements of the table are called the coefficients of the matriz A.
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Definitions —&_ )\ .1.1 Matrices —\ogxaal)

g )5)3\30\3).03]59»2“802,3).\\\“ zb\.of) Q*SbOg \Fg }},—\93.»1\ o2l (4

The coefficient at the intersection of the line i and the column j are denoted by a;;.

i 1.1.1 : Example - J 20 )
5 —2
A= 0 3
1 9

a3 =3 g an =5 JGall e SO g cnsgesg phnl 855 & 3X2 _aioll g Goghas (B

It is a matriz of class 3X2 i.e. three rows and two columns, for example ayy =5 and azy = 3. D

.

( 2.1.1 : Example - J 2

The matriz Sogiaall (1

1 17 0
A pu—
3 V55
bxes S3M59 v o ge pelis 2X3 Soemae cﬁ
is a 2X3 matriz consisting of two lines and three columns.
5 ol o8 2JIB yqullg em\ Al 2bles jie yes-gall JolRal) o8 ang (2
ao3 1S the coefficient at the intersection of the second line and the third column is equal

to 5.
\_ )

2.1.1 : Definition - wid yad

,a,!\:\m,acho.,ga\szd\_,\55939p9,hm716\9\49>96m.,\99mad\o9m
Sumes o \ogton amd M, ,(R) \59-\5{&3\ «\baall polis ¢ .M, ,(K)
The matriz set containing n line and p column with coefficients in K denoted by M, ,(K).

The vector space elements of M, ,(R) are called real matrices.
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Definitions —a_ )\ .1.1

Matrices —\ogxaal)
Special matrices dabé Gl gaae 1.1.1
IALeia Y b yciadl Cild gaiacdl £ 1531 pany by Layd
Here are some interesting types of matrices:

Wb gamell e Jead Wl ol b ((foac¥l dual olue au¥i sne) n = p Ol 13) (1
Mop(K) 530 Juo My(K) e Bl Olbgaiaedl e gamed s ladie 2as e L

If n = p (the number of rows is equal to the number of columns), in this case we say that

the matrix is square, then we denote the set of matrices by M, (K) instead of M,, ,(K).

a1y a2 ... QAip
21 (22 A2n,
ap1  Qp2 Qpp

.&33.4.«46-” ).’aé M A11, @22, ...,app ).sau.a."

The elements aq1, ass, . . ., a,, make up the diagonal of the matrix.

I ges A3 gaan e dyle A2 p =1 Gl 13) (2
If p=1, then A is a column matrix:

a1

a2

Qn

Mw A game e dHle Aplain =1 Ol 13) (3
If n =1, then A is a line matrix:

A=<a1 as - ap>.

91 & pdiall Ab ghasdl (ol | Hlaw] Lgidelas pcen (3955 Al ( NXp aiall (o) 4d gaasdl (4
42 gaaet) Caali (4D gaael) Clus (2 0 Ablun sl 91 05 w0 Tl Lgd 50 0 9 4e guasd

Al G e MY AL 0 @ 31 93 Ay yauall
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Definitions —&_ )\ .1.1 Matrices —\ogxaal)

A matrix (of class nXp ) whose coefficients are all zeros is called a zero, or zero-matrix and
is denoted by 0,,, or more simply 0. In matrix arithmetic, the zero matrix plays the role of

the number 0 for real numbers.

8 3.1.1 : Example - J 20 )

The matrix Gogmaa) (1
2
M =
is a column matrix. 3908 S0¢2as B
The matriz Q’?’-’Oﬂ“ (2

is a line matriz. o Gogaon D
The matriz Sogtonl! (3
2 4 -3
P = 0 -1 6
—4 0 s
it is a square matrixz of order 3. 36w P ge G o SOgRO0 D
The matriz Sogiaal) (4
0 0 O
O =
0 0 O
is the zero matrixz or the null matrix. R VY SUNIRTLTILA) 99\ &y o0 Soghoe (D
\_ J

S odl 48 ghim o AU day poll A2 goaod! (o
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Definitions —&_3)\S5 .1.1 Matrices —\ogxaal)

The next square matrix is called the unity matrix

1 0 . 0

01 0
I, =

0 0 1

Ablun 9 Iy e b Let w09 0 Golud G ,5Y1 Lo polic prer g | $olud X sl Lo polic
T e
Its diagonal elements are 1 and all its other elements are 0. We denote it by I, or simply by [/
A God) Slae S Al 1 B 0y gt Lgaldie | 93 Bt 911 48 gaime weali ¢ 4d ganell Llus B
sl Alealdiwidly (Galemtl yuniall ggd
In matrix arithmetic, the unit matrix plays a role similar to that of the number 1 for real

numbers. It is the neutral element for the multiplication.

1.1.1 : Proposition - dmsiad

ole nXp _auall o SogRoe A =\ 15)
If A is a matrix of class nXp then

I,-A=A and A-I,=A.

OIS 13) ST kg shiad A glie COles 13) Ao LG Aay 1ot A 42 gan sl (98T (5

The matrix A squared is symmetric if it is equal to its transpose, that is, if we have:

A= AT,
48 gamaall OMelan O9SS (S 3T dygan 4,7 = 1,...,n S Jai e a5 = aj; L& 13) ol
sl et 5 bl
or if a;; = ay for all 4,5 = 1,...,n. In other words, the coefficients of the matrix are

symmetric with respect to the diagonal.
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Matrices —\ogaroal) Definitions —a_ )\ .1.1

g 4.1.1 : Example - JL’ZD
The following matrices are symmetrical matrices: 0 550 \ogoe SuIl) - \ogainal)
-1 0 5
0 2
( ) B P
2 4
5 —1 0
L J

IOLED 13) Ao HBLG dd dan yodl A A2 ghaddl O 9ST 9 (6

A square matrix A is antisymmetric if we have:
AT = A,

z,jzl,,nd&d.g-iwawz—aﬂgl&hjji

orif a;; = —ay; forall 4,7 =1,...,n.
2 5.1.1 : Example - J 2 )
0 4 9
0 =5
, -4 1 -3
-9 3 2
\_ J

Equal matrices Ol gdad § gbwd  2.1.1

NXp awall juidd o B g A (il gaasd) (S g (s gutan  md Olaacds Olade p g1 S
Let n and p be non-null natural numbers and let the matrices A and B be of the same class nXp.

3.1.1 : Definition - w24 yad

13y Guglute Lafsd & Hlkal) polidl) =3l 13) uaqluie B g A paibgand) of Jgbs

We say that the two matrices A and B are equal if their corresponding elements are equal

Unwversity of Mohamed Kheidar, Biskra 15 Brahim Brahimi-Jihane Abdelli
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Calculation on matrices —\ogioa) J& —\ws- 2.1

and we write:

Matrices —\ogxaal)

11 Az -+ Al bii bz - blp
Q21 Qg2 -+ Azp bar bay - pr L
A= . =/ = <:>Vl,jiaij:bij
Qp1  An2 Qpyp bnl bn2 e bnp

s

6.1.1 : Example - J 30

Let the two matrices be A and B where o> B g A umgmo.a!\ \;3:3

2 3
A= a1 a2 a13 B— \/_7T
G21 (22 (23 20 7 %
We say that A is equal to B if

11 Q12 a3 . 2 V3«
(21 Qg2 (23 207 %

{a11=27 a1a = V3, a3 =,
=

(g1 = 21, Qe =T, Q3=

ol \S!Bg:{g\»ﬁAJ\ J9§u

1
5o

J

2.1.1 : Proposition - dusad

35 U8 g ai; = bij ol 15) hiaog 13) olygluie nXp —aal) e B = (b;) 9 A = (a;;) vlioqaen)

i, ]
The two matrices A = (a;j) and B = (b;;) of class nXp are equal if and only if a;; = b;; for
each 1, 7.

Calculation on matrices QL3 goadd| o wlw> 2.1

Product of a matrix by a scalar elud 43 sas sldy 1.2.1

16 University of Mohamed Kheidar, Biskra



Matrices —\ogaroal) Calculation on matrices <—\ogoal J& —\ws- 2.1

.

3.2.1 : Proposition - dusad
by Ji J4 \bf‘ VR Cij = AQjj La>

If we have the matriz A = (a;;) and the real or scalar A € R, we define NA by the matriz
C = (¢;j) where ¢;; = Aa;j for each i, 7.

( 7.2.1 : Example - J 30 )
Let the matrix Sbaioal) J.\/_\S
0 -3
then s
—2)(% —2X1 -1 -2
—2XA = — ‘
—2X0 —2)((—%) 0 %
\- _J

Matrices addition GL2 ghasd| pey 2.2.1

.

4.2.1 : Proposition - degad
Sogael) ¢ A + B oxidqiinnl) ¢ gase — 0% nXp paiveion B = (b;) 9 A = (a;;) o o 13}
Z,j \1; \1.5-9‘ OR Cij = Q4 +b1] —”—d.)— nXp _m.)O“ UR 0/ = (Ci]’)
If we have A = (a;;) and B = (b;j) two matrices nXp we define the sum of the two matrices
denoted by A + B is the matriz C' = (c;;) of class nXp where ¢;; = a;; + b for each i, j.

s

8.2.1 : Example - JL’]’.D

The sum of two matrices of class 2X3 : 1 2X3 —enall ge yliogon ¢ gase

10_1+ 0 -1 -2) (140 0-1 -1-2 1 —1 -3
21 4 3 1 5/ \2-3 1-1 4+5 -1 2 9

Unwversity of Mohamed Kheidar, Biskra 17 Brahim Brahimi-Jihane Abdelli




Matrices —\ogaroal) Calculation on matrices = \ogmoa)) J& s 2.1

1\ J

.

5.2.1 : Proposition - duad

.WﬁGKgaEK@chn@(K) QQ—W‘M-—\DM-L—&SCQBcA\;E‘
Let A, B and C' be three matrices of the set M, ,(K), and let o € K and 5 € K be a scalars.

The addition is commutative: b gesd) (1
A+ B=B+A,
The addition is associative: R VL) o) (2

A+(B+C)=(A+B)+C,

o oghbnnll 65 gen b gosl) Gamilly $3ls) pai B buagaal) Gdgmasl) (3

The null matrixz is the neutral element with respect to addition in the set of matrices:

A+0=A,
(a+ B)A=aA+ pA, (4
a(A+B)=aA+aB. (5
[ 9.2.1 : Example - J 30
Let \*T’d
—2
A= ¥ and B = 05 then A+ B= 59 :
1 7 2 —1 3 6
But, if: 20\ 15} U
—2
C p—
LA + C' is undefined. —0)% ps A+C U?J

Unwversity of Mohamed Kheidar, Biskra 18 Brahim Brahimi-Jihane Abdelli



Matrices —\ogaroal) Calculation on matrices <—\ogoal J& —\ws- 2.1

Product of matrices QL3 gaaad! sldy 3.2.1

.

6.2.1 : Proposition - degad

o) jop N AXB a8 5,5 pXq —so)) oo B = (bjy) 9 nXp —auoll ge A = (a;7) o)

t b WS 6620\ C' = (ci) Gogoell (AB jo Yy Loy
Let A = (ai;) be of class nXp and B = (b;i) be of class pXq we define the product AXB
(which is also denoted by AB) of the matriz C' = (ci) knowledge as follows:

P
cik:Zaijbjk, Vi,k: 1<i:<n and 1<k <q.
j=1

fod 9 Mol sl Aas oy Julaed) lis Lislen
We can write the coefficient in a more analytical way:

Cij = Qibj + Qigboy + -+ & Qigbry + -+ + aipby;.

2 1.2.1 : Remark - 7\.!6?)4.4N

= ogiaal) o)as A0 .8 5 pan YN 50 Coluy A b ores I 5ue ol 1) o 520 e\ il oy
b on Gwle Gy

A product is defined only if the number of columns in A equals the number' of rows in B.

\T his is why the multiplication of matrices is generally not commutative.

J
[ 10.2.1 : Example - J 2
Let \;1:!
1 2 3 b2
2 3 4
1 1

2X2 ¢ WMle Jgpasd) g5 i) Gbgiaell o © oo Jiy ) asdt Yol T

First we multiply correctly: the class of the obtained matriz is 2X2.

Jo I dolRall o 1oy ¢ =Yool o U s 3

Unwversity of Mohamed Kheidar, Biskra 19 Brahim Brahimi-Jihane Abdelli



Calculation on matrices —\ogioa) J& —\ws- 2.1 Matrices —\ogxaal)

Then we calculate each of the coefficients, starting with the first one
c11 = IX1 + 2X(—1) + 3X1 =2
then the rest Guml) a3
1 2 1 2 1 2
-1 1 -1 1 -1 1
1 1 1 1 1 1
1 2 3 C11 C12 1 2 3 2 C12 1 2 3 2 7
2 3 4 Co1 C22 2 3 4 Co1 C22 2 3 4 3 11
L J
2 11.2.1 : Example - JL’]’.D
0 1 1
2 0
-1
1 2 -1 : C12
1 0 3 . .
We have: :\5! \3.3).3

c12 = 1X1 4+ 2X2 — 1X3 = 2.

PGS bosis Gogaall polie b ge Gy W) udio

in the same way with the rest of the matrix elements, we get:

0
1 2 -1 2
X1 2 25 0
10 3 -3 10 4

1
2
-1 3

\. .

=

Lond 0650 OF (Se ¢ p3 T ey paio 98 (e gias jid (0 gdas L pid ol (950 OF (S
AB=0,3B#0 g A#0
The product of two non-null matrices can be zero. In other words, we could have A # 0 and

B # 0 but AB=0.
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Matrices —\ogaroal)

Calculation on matrices <—\ogoal J& —\ws- 2.1

g 12.2.1 : Example - J 20 )
Let \:ﬁ‘
1 9 _
A= O = k s0 AB = 00
0 5 0 0 0 0
J
R
2.2.1 : Remark - da>
B+#C g AB=AC Jgas)) oSy .B = C 2 ¥ AB = AC
\AB = AC does not mean B =C. AB = AC and B # C can be obtained. y
g 13.2.1 : Example - J 24 )
Let J!:!
—1 4 —1 2 -5 -4
A= 0 , B= , C= . S0 AB = AC = b .
0 3 5 4 5 4 15 12
. J

The product is associative:

The product s distributive on addition:

A(B +C) = AB + AC

A

0=0

Properties yal &

7.2.1 : Proposition - Auad

::SQ.\.BX!: SIABTS ) (1

A(BC) = (AB)C.

sl S8 (2jss o (2

and (B+C)A=BA+CA

and 0-A=0.
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Transposed matrix 42 gaae Jgdie 4.2.1

@ 4.2.1 : Definition - uq.).f.a

A b &1 ) Wiely saes ) 1B bl 2% Gogle Gogo0 v Gilhe GbgRon B
D S Gy I w YL baes g saae YN
It is a matriz derived from a known matrixz by making its lines into columns and its columns

as lines, i.e. replacing lines with columns and columns with lines in the following way:

ay; by
a1 Qa2 Q13
— | a1z baa |
bai by bag

a13  bas

kcmd we denote the A matriz transpose by AT AT o b A Sbgtas Jenie HPD

3.2.1 : Remark - 7\.&?)&»\

. pXn —aial) 9o G014 Gbgos =i nXp —aial} go GOg0e Jetie

The transpose of a matriz of class nXp produces a new matrix of class pXn.

J
2 14.2.1 : Example - J 20
We have EEBV
T
3 4 4 -7
—6 =12 5 8
-7 8 0 3 -6 0
T
0 3 3 . 3
_5 :< > 3 -2 5'=]-2
3 =5 2
-1 2 D
\. J
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Properties yal &

1.2.1 : Theorem - 'Z\Q.)an

(A+B)T=AT + BT o
(aA)T = aAT o
(AT)T = A o
(AB)T = BTAT o

i g Loy dugle AT 1o Gwgle A w5l 1) e

If A is invertible, then AT is also invertible and we have:

(A7) = (A7,

Square matrices dad ypdl QL3 ghaadl 3.1

M (K) o das yo OLB gan0 o g—“ﬁ Lo Lgw yuid B g 1 D12 gain ol
The matrices we will study in the following are square matrices of ., (K).

Matrix trace 4 saae »ii  1.3.1

Aoyl poliall (CLH,CLQQ,...,CLML) roblall ol XN aiuall (o A jo A3 gawns Ul B

In the case of a square matrix of type nXn, the elements (aj1, ass, ..., a,,) are called diagonal
elements.

@11 Q12 ... Qi1

Q21 A22 Q2n

Ap1 Qp2 ... GOpp
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5.3.1 : Definition - i yad

E SN ) uR A Soganel) by hall polil ges Jols ¢ A Gbgaaal! S

The trace of the matriz A is the sum of the diagonal elements of the matrix A. in other

words:
tr(A) = a1 + ag + - + apn.
g 15.3.1 : Example - JL';'.D
If we have Gy ol 13
2 7
A= ,
0 5
then olo
tr(A)=2+5="T7.
for \bf\ oo @
1 1 3
B=|5 2 8 |, then tr(B)=1+2-10=—T.
11 0 -10
\. .
Properties yaf $&
r

2.3.1 : Theorem - :\g‘).ﬁp

:m?.anJini\mugibgbnABgAm
Let A and B be matriz of class nXn. Including:

dr(A+ B) = tr(A) + tr(B) e

ar(AT) = tr(A) o
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«tr(AB) = tr(BA) e
for every a € K, caeK.l{\bf\w °

tr(aA) = atr(A)

Square matrix determinant da) y 42 gdae ddme  2.3.1

Lblﬂua\éhhldmzdﬂ}a.mﬂu.ca)a}nuuﬂmmmammubm).nﬁw_\m
.MM‘MMJ.@M.H;U:JMﬁW&duhM‘éMdﬁu!M!yﬁzw&M

1) bl Lgalond () dobuatt Oldeat! aae (Ldas Lodla d.z:.a.t G
The determinant of a square matrix is a numerical value that gives brief information about the
matrix, such as whether it is invertible. It is useful to know this information before attempting to

perform any algebraic operation involving the matrix. We always prefer to reduce the number of

mathematical operations that we need to achieve this.

K=C 4siK= Rg}&gﬂu&oacK‘,LMdmuﬂuMﬁhmﬂuhulﬂ}a.mﬂ “_,.L\Lo.d
B o dlasly A8 gaa ot s Olws A,.ua...écj.«.ud}wj
In the following, we consider matrices with coefficients in a commutative field K, which can be

K =R or K =C. We will explain how to calculate the determinant of a matrix with small

dimensions.

6.3.1 : Definition - w24 yad

2as M,(K) o0 A 62 pal) Sdgi0el! 1K)
Let the square matriz A of #,(K) where

@11 Q12 -+ QA1p

Q21 Qg2 -+ Q2p
A=

An1 Ap2 - App

1355 g [A] o) det(4) jo b o jop CHIK oo 513 A bogaal) 5150 sous
We call the number in K which we denote by det(A) or |A| with the determinant of the matriz A
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and write:
aix G2 - G1p
det (A) _ Q21 Q22 -° G2p
Qp1 Ap2 - QApp

i p sgie ST Aais Oloniids 95 pudies 5 pe J€o o8 Olaumell Tlul (ol 53 Sue mad 53 2 g
Oldaall o due sl pa) (3] dalon (oS0 I3 e ei 9f 4X4 43 gawnsd dume dad Ulws e
sl JiB 9 3X3 91 2X2 A3 M (e OB giins alduiwl dadd A0S (eh (e 9 do sllaet) Lol
e Ol 3 ety feus (OB pauasll (po (e 51 (i Olsis @b Lilus Adiss HLalil aal yi

C2X2 ag N
We will demonstrate several key properties of determinants. Each time we will give simple expla-
nations for each new concept, when calculating the value of the determinant of 4X4 or higher we
need to perform a number of required calculations. So we’ll just use 2X2 or 3X3 matrices. Before
we get started, we’ll briefly review how to compute the values of the determinants of these two

types of matrices, starting with 2X2 .

Determinant from dimension 2 and 3 ¢ 2 dad! o ddawe

oo 2X2 A 01 (pe 4B gaiacdl sue deud cowmd s ddmad! Dl ia Jgwdl e ¢ 2 dadl o3
Z‘_,Si’i gl
In dimension 2, it is very easy to compute the determinant as the value of the determinant of the

matrix of order 2X2 is computed as follows:

a11 A12
det = 11022 — A21A12.
21  a22

More clearly, the process is as follows: B ISl Adeall @0 o 9 B guas
—a21012
= Q11022 — Q21012
21 a2
+aq1a92
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JEn e g (olel A ) (e AB gdune die Faxd Lilas Wiad 2X2 WG LI (e 4B gdiaatl LuSe ole
obuod! ddeal! daliied L e
Unlike the 2X2 matrix, when calculating the determinant of a higher-order matrix, there is more

than one option to proceed with the calculation.

Let A € #3(K) be a 3matrixX3: :3X3 48 gawme A € M5(K) S0

a1; Qa2 Qi3
A= a21 A2z A23

az1 asz 33

The formula for the determinant is as follows: AYIS el Lo O 9SS

11 Aaiz2 i3

det (A) = Qo1 Q22 (23

31 Aaz2 ass

a1 —6a12—a13 aip Qiz2 a3 air  Qiz2 a3
= - ’6\1\ + | ap Qg as
ap1 Q2 G23 2 3
agy  asz ass asy asp as3 A31)— 3933
Q22 A23 a12 ais Q12 A13
= a — a1 + as;
a32 Aa3s3 agz2 as3 Q22 A23

ZC'«..Y\.”'«J|MJ.J‘(',.nQ\é}&.ua.q.uY!Mysﬂ‘jwjju@)bw34wgkilﬁfﬁﬁm
 daai

There is another easy method, which is Saros’s method, which only works for 3rd order matrices:

G Jiols gamd @3 (sl8 ) 3319 ol jemdl SiecW) 22 gainad) (pes e o3 sec J ol frais p gad
3 ge AWM i Juols 7 plad @3 o Hlundl 1) JHLS Hadll slai¥ o Lgaromin 3 gus A3
(omen) debatl Jladlh slovl cuws dacos
We copy the first two columns to the right of the matrix (the red and blue columns), then add the
product of three terms by grouping them by the direction of the descending diagonal (left), then
subtract the product of the three terms grouped by the direction of the upward diagonal (right).
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( A
16.3.1 : Example - J 20
Let’s calculate the determinant of the matriz S0g00al) 3180 —anssl
2 1
A= -1 3
3 2
According to the Sarros method: tong)ln Say b e
2 1 2 1
det(A)=|1 -1 3 -1

det A = 2X(—1)X1 4 1X3X3 + 0X1X2
— 3X(=1)X0 — 2X3X2 — 1X1X1 = —6.

Properties yal &

3.3.1 : Theorem - 'Z\g.).h.p

:Qng.an_&ini\mu&ibgﬁxantAoTﬂ

Let A and B be a two matrices of class nXn. Then:

«det(A+ B) = det(A) +det(B) e

«det(AT) = det(A) e
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«det(AXB) = det(A)Xdet(B) e
det(A71) = 1/det(A) e
for every a € K, K Ish o o

det(aA) = adet(A)

Similar matrices dgliie! OL2 gdaed! 3.3.1

7.3.1 : Definition - «aJ yad

g 13) A Sbsoell 6k B bbsiaall of Jsis ., (K) 68 gatall o0 caibeian B g A o)
t2as P e M, (K) bwmgle Sogian
Let A and B be matrices of the set #,(K). We say that the matriz B is similar to the matriz A

if there is an inverse matriz P € M, (K) where:

B=P'AP.

M (K) de gamadl Ao 3815 A83Me o AIUD) 23Mal) OF A gguny (b 40 O (S
We can easily prove that the following relation is an equivalence relation on the set ., (K).

VA, B € M,(K): AZB <= A 43 gaaetls dgd Similar to B

Loy dgicds A A8 gangll | dwlSad) 43Matl o
Reflexive: the matrix A is similar to itself.
A dd goaely dged B Ol B 42 gawaolt dgucd A Colss 13) 1 ds LS A8Mall e
Symmetric: if A is similar to the matrix B then B is similar to the matrix A.
C 42 gaasly
Transitive: if A is similar to the matrix B and B is similar to the matrix C then A is similar

to the matrix C.

Oigalidin B g A (i gaasd) O 3 G J 92D
We say when since the two matrices A and B are similar.
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( 4.3.1 : Remark - :\Q?MD

o® e pmsid) iy o0 (a5 90915 1) SN 08N @it onds o Nied el i \ike olibginere
Sl vl )

Two matrices are similar then they represent the same endomorphism, but are expressed in

different bases.

. J

Matrix inverse 42gaae oglds 4.3.1

8.3.1 : Definition - uﬁ,ﬂ\

12as 1 &%) oo B 6% pe Gbgbne 159 13) 1 &% 1) o R pe Gbghne A oI

Let A be a square matriz of degree n. If there is a square matrix B of degree n where:

AB=1 and BA =1,

A ol o jo gy A bogmaal) —lhe B Lanig Sugls A of Jois

kWe say that A is invertible and we call B the inverse of the matriz A we denote it by A™!. y

( 5.3.1 : Remark - %MD

BA =T g1 AB = T &)1 b i\ g0 bbb 1819 b b oo s\ gdlgll o A
Gn fact, it is sufficient to check only, the following conditions AB =1 or BA= 1.

J

M peN U ol o dw 9Se A Colss 13 dole daay @
In general, if A is inverse, for every p € N we note:

AP = (AP =414 4

-
3,0 p time

GL,(K) 30,30 a3 3o 0 M, (K) (po dw gSall OL8 gangl de goma o
The set of inverse matrices ., (K) is denoted by G L, (K).

Inverse of a matrix by comparison method 4 yliel| 4y plo Jheatlul 43 ghas o glde

Brahim Brahimi-Jihane Abdelli 30 University of Mohamed Kheidar, Biskra



Matrices —\ogaroal) Square matrices &R pa) = \ogiall .3. 1

g 17.3.1 : Example - J 20 )
Let Jl:!

th

Eognall GV asg &1 A Gogruaall — b cuble w ;s
We study the invertibility of the matriz A, that is, the affectivity of the matrix

a b
B =
3B AB =T o35 0 BA=1qAB =T 295 K 0 = Ya\Rall 13
with coefficients in K where AB =1 and BA = 1. while AB = I is equivalent to :

1 2
AB =T e a b _ 10 — a+2c b+2d _ 10
0 3 c d 01 3c 3d 01

This equality is equivalent to the system: D adesd) Js\5 olglmal) 01
a+2c=1
b+2d=0
3c=0
3d=1

&bsﬁ:ad\&iag.d:%cCZch:—§4a2139ﬁ\ﬁl>

Its solution is: a =1, b= —%, c=0,d=z. Then, the matriz

2

B:(1 _5>.
1
0 3

Ryglhag dugle A dbghbaall oieg .BA = I slglucl) oo &S by} & jg pod) oo Sumlis W51 =3
To prove that they are suitable, it is also necessary to check the equality BA = I. The matriz A
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18 1nwvertible and his inverse is

\. .

Inverse of a matrix by Gauss method (e gub 4dd po Jlealuls 43 pdae o glde

48 ghnn ) Lol gmi i A 4B gawaed! Jaui e Ad gi Oldes e HAaid (e dds ydall ois el
s @b ] Wb ghiacll (el walg Cdg B Ad oW Oldeall udt Ll el Cos . Bas ol

AT el Mgw Aiely S b g AT Lgiend 12 gaass
This method consists in performing several preliminary operations on the lines of the matrix A
until it is converted into the unit matrix /. Where the same initial operations are performed
simultaneously starting with the matrix . Then we end up with a matrix A=!. We will explain

this with easy-to-understand examples.

A 4d gaasd) Colo IS ol A slelel MR (o G gl udl B (ndecleall LSy p 9a0 ¢ Lilec
(A1) 33 520l 48 gain ol JSA Bus 9¥) 48 gaine Carind ¢ Lgdd iy 5 S0

Practically, we do both operations at the same time by adopting the following order: next to the

matrix A that we want to invert, we add the unity matrix to form the augmented matrix (A | I).

Jiamid ([ | B) Jgaadl e J guamdl i ad o¥) Ollaall 4ol @i (48 gaaodl sis i e
On the lines of this matrix, the initial operations are performed until the table (I | B) is obtained.
We get B = AL

e e AILD Oldaall add B gu

We will follow the following operations on the lines:

(K\{O}wwg!j‘)ﬁjmﬁcg@b:m‘;&mgiuﬂu&aﬁ (1
We can multiply any line by a non-zero real number (or any element of K\ {0}).

L y37 yaw Olackas (o aclas [ pladwd) ) cawad O LiSan (2

We can add to line L; a multiple of another line’s ;.
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We can exchange two lines. O e Walee Lisas (3

(

6.3.1 : Remark - :\Jé?)&n

ond) S o ou pbdl e bjjall Sbgaaa) g pu I S o ol o 3 of FiS
Loy

Remember that whatever you do on the left side of the augmented matriz, you have to do on the
cight side as well.

J
r

18.3.1 : Example - JL’]’.?

We calculate the inverse of the following matrix:

1 2 1
A=14 0 -1
-1 2 2
The augmented matriz with numbered lines: :6wd po )hm‘) 6jj2) Gogaal)
1 2 11 0 0 Ly
AlD=| 4 0 -1l0o 1 0| &
-1 2 20 0 1 L3

Sl ¥ bulesdl) Gty Sl o Ygi oW sqe 5 My 0 R ot iy ek

We apply a Gauss method to make O appear in the first column, first in the second line by the

wnitial operation Lo <— Lo — 4Ly which leads to the augmented matrix:

1 2 1 1 00
0 -8 =5|—4 1 0 Lo<Ly—4L,
-1 2 2 0 0 1

DLy < Ly + Li Jagsdl « 23U ) (5 g g 5g®) (5 0 3
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Then 0 in the first column, and in the third line, by transforming Ly <— L3+ Ly :

1 2 1 1 00
0 -8 —5(—4 1
O 4 3 ]_ 0 ]_ L3<L3+L;

Tl s bess 18 5 8 Lo pand) o pis
We multiply the line Ly by the number —1/8 to get 1 :

1211 0 0
01 2|2 —3 0| Loe—iLs
043[1 0 1

Siy b oo Yo jd) v B i Rl w8 oS U b A 0 JRss S Gale) (B pes

Lo

We continue the process to make 0 appear everywhere under the diagonal, until we’ve finished
with the first part of the sink method:

1 2 1|1 0 O
5 1 1
oL el g —5 U
0 0 % —1 % 1 L3<L3—4Lo
then S
1 2 1|1 0 O
5 1 1
01 §) 35 —g0
0 0 1 _2 1 2 L3(—2L3

i) §go RS jluo YN U2 se2al) ¢B g et iy ve SW ¢ sl ¢B (S o IS
All that’s left is the second part of the Gauss method which is to go up to make the zeros appear

above the diagonal:
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then 5

1 1 1
1 O O _5 5 5 L1<—L1—2L2—L3

i S a2al) )8 a9 Gl (Jo Wule Jeasd) Gd\ Sogonl! B A Gbguonl ——glas ylo cg\.\.\\ag
'Je basds o gde Jo'led
So, the inverse of the matrix A is the matriz obtained on the right and after taking out the

. 1 X
expression 7 as a common factor we get:

: 2 2 29
Al = il 7 35
-8 4 8

AXAT =T o1 oo 855 o (8 (= blusd) Jo olabs F ) psTg
sz'nally, to be sure of the calculations, it is enough to check that AXA=! = 1.

.

Inverse of a matrix by adjoint matrix 42 saael! §3 p Jleriuly 42 sdas o glde

9.3.1 : Definition - «&J yad

—
Let the matriz A where: f2as A Sogiaal! olil
ay1 000 1,51 Qa5 a7,541 o0 a1n
@i—11 .- Qi—145-1 Ai—15 Gi—14541 --- Gi—1n
A= ;1 Qg 51 ; Qi j+1  --- Qip
Qi+1,1 - -- Qitl5-1 Giply Giplg+1 -- - Gipln
Qp 1 600 Ap j—1 Qp,j Ay j+1 50 ¢ Apon

o0 673 0glb oolad) i poud) —bisg eI ool veledl j seaR) bisy Aj; Sbghmal) slis) peis
n—1 65 M oo Goghns o biasss Gyl Gogaaa)

We create the matriz A;; by deleting the column j colored in red and deleting the line i colored
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in blue from the previous matrix, so we get a matrixz of order n — 1.

ay 500 ay,5-1 Qa1 j+1 50 c a1n
a;—11 --- Ai—15-1 Gi—14541 --- Ai—1n
@ir11 - Ai415-1 Q141 - .- Qitln

an1 o0 o0 Qp,j—1 Qp j+1 500 Ap.n

Sogoonl) A% jo b B jo 59 A Goga0ell GRd) o GBgROL (oS
We call the adjoint matriz of the matriz A and we denote it by A* the matrix
+ det (AH) —det (Alg) + det (Alg) —det (A14)

L —det (A +det (A —det (A + det (A
A* — <(_1)1+J et (A”)> _ € ( 21) € ( 22) € ( 23) € ( 24)
4,J<n i det (Agl) —det (Agg) i det (Agg) —det (A34)

2 19.3.1 : Example - JL’]’.D
Let the matriz be A where: f2as A Goginnl! JS:S
1 —1
A=12 0 0
1 -1
From which the adjoint matrix is: 1D 6ol el Gogainal) cieg
‘ 0 0 2 0 2 0
+ —
-1 1 1 1 1 —1
3 -1 1 -1 1 3 0 == =
A= ‘ + - =] -2 2 4
-1 1 1 1 1 -1
0 2 —6
3 —1 1 -1 1 3
0 0 2 0 2 0
\_ J
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2 4.3.1 : Theorem - Q).hp
=51 1) g det(A) £ 0 dayp w3\ 1) Bidg 1) ol b1 of Gugle A 6% pall Sogoa)) ogb
ol (Sngls A Soghon!
The square matriz A is invertible if and only if det(A) # 0.
If the matrix A is inverse, then
1
ATl = —— (A",
det (A) (4%)
. J
2 20.3.1 : Example - J 20
Let the matriz A from the previous example be: f@ ) YRl o A Sbgaioal) \;3:3
1 3 -1
A= 2 0 0
1 -1 1
Its adjoint matriz is: 1D 60 pal) Bibg000
0 -2 =2
A= -2 2 4
0 2 —6
Its transpose matriz is: ) Q.Ogmo.a!\ Jgsuua Qg
0 -2 0
A" =1 —2 2 2
-2 4 -6
Finally the inverse of the matrixz A is: 6B A Sogionll ——qlae ,»-ﬁ\ <°
. . 0 -2 0 %+ 0
A—l _ A* T __ - . _ 1 1 1
a4 T 222 2 T2 2
-2 4 -6 : -1 3
. J
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Ezercise series N° 1 gdy s jbaldl dads 4.1

Exercise N°— 1 — a8y od g

Let J.\:S
-7 2 1 2 3 17 @
A=10 -1|,B=12 3 1|, C=]|10|,D==
2\1 1
—4 3 21 -3
and 9
1 2
EFE=1]1-30

-8 6

= \oghaal) 03D o ibgon) Silaal Rrolsal) U s | (4

Calculate all possible sums of two of these matrices.

= \ogiaal) 03D o idete) Sideal) wle) ) I s | (B

Calculate all possible products of two of these matrices.

5B +4EAT § 3A 4 2E —ws\ (C
Calculate 3A + 2F and 5B + 4E AT

bwgaall Gogaoal) A — aF 2os o asq) (D

Find o where A — aF is the null matriz.

Solution -  Jemd!

@ Ol ganaddl 0is (1o (b gainel LiSesd! aslad! (A

The possible sums of two of these matrices are
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Other combinations are not possible.

fo Olb gaactl oid (pe (pGib gaiact WiSeod! jd Slslaxt (B

The non-possible products of two of these matrices are:

AB,AC,CA, DA, AE, EA,CB,BD, DB, EB,CD,DC,CE, EC, DE

B ASaod) Olsludt 9
The possible products are:

1 2 3 -7 2 -4 —12
BA=12 3 1 0O —-1]1=1]-13 -3
3 21

VN
—_ =
— O
N———
Il

|

— olw
w O =

—-19 10
JA+2E=| -6 -3
-13 0
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5B+4EAT = 94 15 —7
287 —14 —123
Co> 0 a9 ¥ (D

There is no a where

—-a—7 2-2 00
A—aF = 3« —1 =100
av+1 —6a—4 00

0#£ -1 0%
because 0 # —1 .

Exercise N°— 2 — a8y jd g

16 YW g0 JF (B by 05k Losi® BA g AB olasd) —ws (1
Calculate the product AB and BA when is defined, in each of the following cases:

A:<1o>’ B:<oo>(a
2 0 0 3

0 3 6 a9
A=| =2 0 0 |, B:( )(b
0 1 0
2 1 2
Lo 1 -1 0 1
A=11 1|, B:( - )(c
0 1 0 2
0 2

Soy ) = ogned! Jetio —ans | (2

Calculate the transpose of the previous matrices.

Solution : (emsd!
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TS o) lgliadt Gl (1

Calculation of possible product:

3.&\445.“31431430,53‘..\:53‘Qpc'@ﬂ‘w&wowﬂaﬁijAga’l# °
o

Since A and B are square matrices of the same order, the product AB and BA are

00 00
AB = , BA= :
00 0 0
Asgian B Y g A2 ganadd ¥ lao AB = BA =0 (o guasdl 4> 9 e
In particular, AB = BA = 0 while neither the matrix A nor B is zero.

possible and we find:

Ao 1 o pdaw e B g daeel WM e Goioo A OY (B,a0 jé AB clasdl e

The product of AB is undefined because A has three columns and B has two rows. So

we find
-1 2 1
BA = :
-1 -5 -3
Lot (g 5T s (o (S350 jé BA clandl @
The product BA is undefined but on the other hand, we have

3 3 01
AB=|1 2 0 1
6 3 00

TAaslud) Ol gawaedl J gdie Olws (2

Calculation of transpose of the past matrices:
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12 00
e (02). (2 9) o
0 -2 2 10
AT=13 0 1|, B'=| -1 1| (®
6 0 2 10
10
110 11
AT:<312>’ B=lg o]
12

Exercise N°— 3 — @) (d w2

L 60 %) Sbgiaal) A, B € My(R) oIl
Let A, B € My(R) be the matriz defined by:

A:(_z g ()

A’+AB+BA+B? g (A+B)? gxioemoal) g )6 5 A +2AB+ B g (A+B)? yaibeaaal! g y o
Compare the two matrices (A + B) with A*> + 2AB + B%. Then compare the two matrices
(A + B)? with A>+ AB+ BA + B2

Solution : (e

..\:-J«&Z\.a.\l:n.ol‘ Q\A.Lu:n.ﬂ Lf)a-'

We make various calculations and find out

9 0
(A+B)*=A>+ AB+ BA+ B*= (5 4)

and 9

8 1
A’ +2AB + B? = .
0 5
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B gluwadl (g y31 Ay (o Olb gaia el el Uns (A+ B)? = A2+ 2AB + B? i das M ( SLIL 9
Olb gaaall pemt Ao (7 93 3ol a2y el LILEST S (A + B)? = A’ + AB + BA + B?

B 9 A day yadt
So we can see that (A + B)?> = A? + 2AB + B? is false for matrices. On the other hand, the
equality (A + B)? = A? + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°— 4 — gy 3 ped
Let \;L/xﬁ
1 1
A= .
Find all matrices o g0} Js ).>.-9°\
d
B= ( ‘ ) € My(R)
e f

AB = BA 32 A go Jsb of Wy )
which can be exchanged with A, i.e. AB = BA.

Solution : Jemd!

We have Lot

AB:<0—|—6 0H—f>7 BA:<C c+d>‘
e f €€+f

because we assume AB = BA, we get the system: D ilesdl e Juasiy AB = BA Lus ya LoY

c+e = ¢
d+f = c+d
fo=e+f

IM‘QﬁﬁBQBM‘J&Mﬁ.CZf&@ZOA@JM‘M

Solving the system, we find e = 0 and ¢ = f then, all the matrices B are of the form:

B:<gi).
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Exercise N°— 5 — a8y jd g

Soem0nll g GwgiRe pS Gatnbs 31as 1 b g a oIl

Let aandb be non-zero real numbers and the matriz

P b
0 a
AB = BA &1 A 2o Js5 of WTay 1 B € My(R) = togisaall 4 13-4
Find all the matrices B € My(R) that can interchange with A, i.e. AB = BA.

Solution : (e
Let OSd
c d
B:
(6 f)
then, we have Lo da g
AB - ac+be ad+bf . BA= ac bc+ ad |
ae af ac be+af

D dlesd e Juasis AB = BA Lus ,a Lo¥

because we assume AB = BA, we get the system:

ac+be = ac
ad+bf = bc+ad
af = be+af

ZM!MﬁBQ&M‘J&Mﬁ.CZf}GIOA@JM!M

Solving the system, we find e = 0 and ¢ = f, and then, all the matrices B are at the form:

(i)
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Exercise N°— 6 — a8y o3

BAZ£09AB=0: 2% My(R) oo B g A 15

Find A and B from My(R) where: AB =0 and BA # 0.

Solution : (emsd!

IQ\gﬁb#Oja%Oajmﬂgﬁ,@aamd&‘}eioﬁm

For example, for each non-zero real number a # 0 and b # 0, then:
0 b
A= ("9, B=("?
00 00
AB - a 0 0 b _ 0 ab
00 00 0 0
0 b
BA— a 0 _ 00
00 00 00

Note that

and

Ol dasd

Exercise N°— 7 — gy 3 pad

Let the matriz

S

I
= =)
— o

ogiaall oI

B 6oq00all 6200 1B (pRo NI\ 9\ o) $AB = I; 2o B € Mo 3(R) boghon 156 JD (1

Is there a matriz B € My 3(R) where AB = I3? If yes, give the matriz formula of B.

C Sogionll 620 B (pRy gt ol Ol SCA =15 298 C € My3(R) Gogon 18- o (2
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Is there a matriz C € M, 3(R) where CA = 1,7 If yes, give the matriz formula of C.

Solution : (e

LA i e GSS B € My3(R) s
Let B € M;3(R) be written in the following form:

a b c
B = .
(d e f)
So the product of AB is equal to S glany AB elasmtl die g

d e f
AB = a b c
a+d b+e c+f

29 a+d=039a=09d=1,le yjogasll 4>y Ao Jasiuwd AB = I3 Lot yls 1)

In particular, if we have AB = I3, we get d =1, a = 0, and a + d = 0. It is impossible.

‘:,Jm‘ Jsat U‘LC m Ce M273<R) US:J
Let C € My 3(R) be written in the following form:

C:<a b c>.
d e f

So the product of C'A is equal to (S gluo CA slusd) dia g

OA - b+c a-+c '
e+f d+ f
Ol 13) dadd g 13| CA = 1) Lot
We have C'A = I, if and only if:

b+c =
a+c
e+ f
d+f =

- o O =
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the solution of the system is 190 dled) Yo
a = —c
b 1—c
e —f
d = 1—f

tOled e e (O dcwlicn 42 gains dsd Of (Sen Sl
So we can find a suitable matrix C, for example:

010
C= )
(1 0 0)
Let the following matrices as: SV RERTLTI \;1:3

1 -1 11
A= , B= :
SIS 0 2
n> 138 38 e A" ge i) 8.4 A% sl (1
Calculate A%, A®. Then deduce from A™ for every n > 1.

Exercise N°— 8 — a8y g g

B 6ogoal) 481 oo il wes Jo 1 (2

Answer the same question for the matrix B.

Solution : Jemd!

Lond 4G datall yadnd A3 glovad A” 3 3 9¥1 5 guont Ol Tudiw
We'll start by calculating the first terms of A™ to try to guess the final formula. we've got

o 2 2 o 4 —4
2 2 )’ 4 4 )

tn > 1 dai (e OF gl JIL Sedd @3
Then we prove by induction that for n > 1:
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227 =27 e Wolaeg dalan g (ALl day aa L GLAY O
The induction proof is very simple, it simply depends on 2"~! 4 27—1 = 2»

BJMQM;‘FQ‘M

B 1 3 B 17.
0 4 )’ 0 8

tn > 1 dai e OF gl )b Sudd @b

We do the same for B:

Then we prove by induction that for n > 1 :

Exercise N°— 9 — a8y jd

Sognall ——glie (580 pal) Bogaaell Gy b 5 Wt Gy b JlaZBmh s

Calculate using the submerged method and then the conjugate matriz method, the inverse of the

matrix

— N
— = N

Solution - Jumd!

) paed) A8 g2l (o 9& Ay ybo Jleaiuwl A 48 9ol L glie Ol (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

11 2]1 00 Ly
A= 12 1[0 10|

21 110 0 1 L3

(I oY) gl B yglan 0 s
We make 0 appear in the first column:

1 1 271 0
O ]_ _]_ _1 1 0 LQ(—LQ*[&
O —1 _3 —2 0 1 L3(—L2—2L1
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then o3
11 2 1
01 —-1]-11
00 —4|-3 11 L3+L3—Lo
11 211 0 O
01 -1]-1 1 0
0 O ]. Z% —% —i L3<—%L3
11 -1 11 Li+-L1-2Ls
01 —i % —%l Lo<Lo+Ls
3 11
00 i1 i
and finally FERY 2 9
]. O 0 _i _le % L1<—L1—L2
13 1
01 0]—-3 1 -1
3 11
00 1% -7 —3%

D imed) e Lgde J guamtl @3 U1 A8 gainsdl 9o A 4 gaiasll wiglie Olb (ILTL

Thus, the inverse matrix of A is the matrix obtained on the right:

1
4
1
1 3 -1 -1

duall o) (A28 yod) A gaaell Ady pbo Jeatwd (2

We use the adjoint matrix method: we calculate the determinant

o

Il
(NG S
— N

2
1 | = det(4) =—4
1

We calculate the adjoint matrix 453 yodl 42 gaiaed) Cewd
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2 1 11 1 2
- - -
11 2 1 2 1
12 12 11 L
A= - + - =l 1 -3 1
11 21 2 1
-3 1 1
1 2 1 2 11
- — —-
2 1 11 1 2
Calculate the transpose of the adjoint matrix 433) pod) 4D gansll J gl i)
T
1 1 =3 1 1 =3
A= 1 -3 1 = 1 -3 1
-3 1 1 -3 1 1

Z..\:.-._'ng.\.ﬁ.d‘ gl.m:-d :\fjh.'d‘é.l.h.ﬂ

Applying the theorem to calculate the inverse, we find:

) . 1 1 -3 —% —}1 i -1 -1 3
Al = AT = — _ | -1 3 _1 | =] _ _
dct (4) (A¥) ") 3 1 ;i 3 T 1 3 -1
-3 1 1 % —% —% 3 -1 —1
Exercise N°— 10 — gd ) i pd
Prove that 0,‘ a3

14+a a a
D = b 1+b6 b =1l+a+b+ec
c c 14+¢

Solution : Jemd!

Loy L+ a+b+c o 0980 Hhauw o oy Jo¥ ! L8 lgaiad g Hlau¥l JS aesd
fole Juasd (T auonad! (1o Lo Ml
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We sum all the lines and put them on the first line. We get a line consisting of 1 + a + b + ¢ that

we can extract from the determinant, that is we get:

1 1 1
D=(1+a+b+c)|b 1+b b
c c 1+¢

tte uasd O — O — Cre Oy +— O — O e ¥ e LD Jo gLy a 945 @
Then we do the following transformation on the columns: Cy <— Cy — C; , C3 «— C3 — C we

get:

1
D=(1+a+b+c)| b

0
0
c 01

Aol de 91 L Jhad police (Adow Adlio 43 gowan e o o

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D=1+a+b+c.
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Matriz diagonalization &oedon phos

Jadd! g pd

DA Eigenvalues and eigenvectors &as) ) mﬁ!\g weall 1.2
54 Definitions ca— ylad 1.1.2
DD Eigen-vectorial space oi1ad) o laddf ¢liaall 2.1.2
5 Examples aliai 3.1.2
L Characteristic polynomial pasl) s ,:33 2.2
59 Characteristic polynomial juaed! 3 gusmt! odiss 1.2.2
60 ... Calculating eigenvalues aG1031 @@l (preas 2.2.2
6L e Endomorphism reduction (SVs JS s Jhoss) 3.2
B FEzercise series N° 2 \“’l o) Sl 4.2

do 9 ;ddl coionns p gl Juaddl 11D (2 .Ol2 gaaell A gomo (2 dwlwl Ados 9o 42 gaan pladd
Gl Juadl) mualae Hlie¥! uas 3L 1agd . pdadill ALLE 45 gamell (4S5 S5 4e YO

Adasd Olacdanly
Matrix diagonalization is a basic process in Matrices set. In this chapter we will define the
conditions necessary for the matrix to be diagonalizable For this we will consider the concepts of

the previous chapter for linear applications.
.K‘“_,.\f..\.;d!d.ﬁaﬂu.\.cmlm..\.ﬂ_)35‘;:&&;1.@33.&E4J¢4.&JHM‘_,5

93



Eigenvalues and eigenvectors &as) ) 6&{»3\9 wall 7.2 Matriz diagonalization &oehoe phos

In this chapter, E is a finite-dimensional vector space on the commutative field K.

Eigenvalues and eigenvectors dwdldd) dad¥l g qadd! 1.2

s Gadarll AOI Aas ¥ g ASIWY ai@l o Tudd

Let’s start by defining the eigenvalues and eigenvectors of a linear application.

Definitions wied jlad  1.1.2

Ak B B e Glas Gedal f oles 3] (p by g0 gui) sl Jolid [ E o Bl sl
taeK dsm gu,v e B U Jai (o ibiasil 9 f(v) € E pla v € B Yo i G (S 31 5yl

Reminder: f : F — FE is an endomorphism if f is a linear application of E in itself. In other

words, for each v € E the f(v) € E and also, for each u,v € F and each a € K :

flutv)=fu)+ flv) and  flow) = af(v)

1.1.2 : Definition - «aJ yad

Let f : E — E be an endomorphism. WSSy W\ f:E—FE \;Kﬁ

Plas 0 € E pgaRe pd 2R shq 1) £ I8y JHLY udls b A € K e (1
We call A € K an eigenvalue of the endomorphism f if there is a non-zero vector v € K

where:

f(v) = M.

A Sl Swneld g0l gl f \;‘O.SJ\ subil) S1d) e \i)) B 6o v ¢ R4 oS (2
Then, we call the vector v the eigenvector of the linear application f according to the

ergenvalue \.

Spe(f) 91) Sp(f) : jopfls o8 jopig f GBI aabill Sl i) 6S-gase §B [ Sl —aab (3
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.(69\52.\”“.\\ cLaal) cule b Ral) Jasd! Luowas- 1)
The spectrum of the application f is the set of eigenvalues of the linear application f. We
denote it by: Sp(f) (or Spx(f) if we specify the field defined by the vector space).
L J

( 1.1.2 : Remark - 7\1&?)&)

SV 2126 byl ¢ av olo a € K* JF I oo 0l S5 126 v ol 1)

va 1s an eigenvector then for every a € K* then av is also an eigenvector.

J

Ol ghia ol doolsd) oy Hlardd o Olan yaldl ol 381955
These definitions correspond to the special definitions of matrices.

2.1.2 : Definition - q)ﬁ\

Lol lef o0 B e K" — K By A € .,(K) o
Let A € #,(K) and f: K" — K" be a linear application defined as follows:

fv) = Av
A &) o) Sogoal) Bunss (B f B! nhill St 626 g Sosli) il oo

the eigenvalues and eigenvectors of the linear application f are the same as the associated

kmatm’x A. )

TGN Aaa W) sasT L) A Iated! Adast) A8Mall 5 45T LSS (e Gl

Let’s look for another writing for the collinear defining the eigenvectors:

fw)=M <= f(v)—Av=0
<~ (f — Nidg)(v) =0
< v e Ker(f — \idg)

Hence it comes the term Eigenvector space. (I peladd) sliadll mllaae Sl L (4o g

Eigen-vectorial space /! g&l.\m‘ shaddl  2.1.2

University of Mohamed Kheidar, Biskra 55 Brahim Brahimi-Jihane Abdelli



Eigenvalues and eigenvectors &as) ) 6&&&\9 wall 7.2 Matriz diagonalization &oehoe phos

‘ 3.1.2 : Definition - uq).f.a

sbodl) A\ Sl padl) 8810 SNy Sj S1RE Lod Lows A € K olilg F oe S A5 [ ol
o w0l By jo b ol jop L épd\ \F?—\.Qﬁd\
Let f be an endomorphism of E and A € K. We call the sub-eigen-vectorial space associated

with the eigenvalues X the sub-vector space which we denote by E\ defined by :

E)\ = KG’I“(f — )\ZdE)

& GRS bl 2o o5 85) I (5 BL(F) jotb o) jos o ol g

we can denote it by Ex(f) in the case of showing its correlation with the linear application f.

Ey={veE|f(v)=v}.

Or in matrixz form: ! Subgaioal) GRually 9°\

Ey={veE|Av= v}

\. J

2.1.2 : Remark - 7\1&?)&)

Let E be the vector space of finite dimension. Qe AR 9 (&\Rhb Lo E \;l/xﬁ

21 3% 95 Bx S 80 o1 s boil) oo [ 3 Gty buasd A sV 1) (1

If X\ is an eigenvalue of f then the eigen-sub vectorial space E) is of dimension > 1.

10gl 6,903 f(E)) C Ex 1 3% [ Gauidly jiime By S S js) (o \2al) s badd) (2
The eigen-sub vectorial space Ey is stable with respect to f means: f(E)) C E).

v e Ker(f —Xidp) = f(f(v)) = () = Af(v) = f(v) € Ker(f — Xidp)

Examples akei 3.1.2
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g 1.1.2 : Example - J 20 )

Let f: R® — R? defined by D o pal) £ R R3 GL
fl@,y,2)=(-22—-2y+22, —-3z—y+32, —-z+y+2).

() = AX &1 Gogwoal) JEal o/ sl gl T (1
Let’s write the linear application f in matriz form f(X) = AX:

0 =% =h
z -1 1 1

g .f(v1) = —dv; by} G088 olay ¢ £(1,1,0) = (—4, —4,0) oW vy = (1,1,0) o1 13} of s (2
AL = —4 &3\ Gwadl) o) o \.S;‘b e \h ¢B v, G\\ﬂ\:
Note that, if vy = (1,1,0) then f(1,1,0) = (—4,—4,0) and can also be written '
f(v1) = —4vy. So vy is an eigenvector to the associated eigenvalue \y = —4.
—aud3g 3GeS %\5&\! v P3RS W10 ¢ o logaiaal) ) Sl Gwludd) —Llasd) o) ) oo 13)
Avy = —4uy
If we prefer to conduct the mathematical calculations using matrices, we take v, as a

vector column and calculate Avy = —4v;.
A2 = 2 is an eigenvalue. Sty Gwad Ny =2 (3
s R Ny = 2 38 oo Ker(f — Aoldas) 0 p9aR pé g2 3o} bule ¢ =lly 3

T A— N3

To prove this, we need to find a non-zero vector in Ker(f — Xoldgs) for Ay = 2.
For this we calculate A — \ol5 :

—4 -2 2
A-2I3=1-3 -3 3
-1 1 -1

& 151 6,4 g a0l ¢ \R0 §B (A — 2T5)v, &V A — 215 algid) W (okin vz = (0,1,1) 189
0! po \'.53\5 e\ vy ,»-3\ 69 S(v2) = 2v3 Gdwg f(v2) =202 =0 69\ wy € Ker(f — Aoldgs)
Ao = 2 &3V i) Guendld
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We find that vy = (0,1,1) belongs to the kernel A — 213 ie (A — 2I3)vq is the zero vector.
In other words, vy € Ker(f — Xoldgs). That is, f(ve) — 2vy = 0, from which f(ve) = 2v,.

Finally: vy is an eigenvector associated with the eigenvalue Ay = 2.

A3 = 0 is an eigenvalue. Bty Gwad A3 =0 (3

\s‘\.\.\\)g J(v3) = (0,0,0) &8s vy = (1,0,1) o) PUST ode 59 b Jio o ol \.\.\Tm
Az =0 &l Gwadl) 010 Vs 2188 v3 1 pS W o f(uy) = 0 v
We can do like above and find that v3 = (1,0,1) checks f(v3) = (0,0,0). So f(vs) =0 - vs.

In the last: v3 eigenvector concomitant to the eigenvalue Az = 0.

Hedidns 3 G M ue A Gogaa) 0¥ Uy e 58 sl pabies Vg bty mb £ M5 Lasg (4
We found three eigenvalues, and we can’t find more than that because the matriz A is of

order 3. We conclude: Sp(f) = {—4,0,2}.

. J
2 1.1.2 : Theorem - 'Z\Q.).hp

k<nozas f ) Galise &Yy b Ao, ol ;1 odie AR g3 B ) Sl JH f ol
05k En,y .. By, S0310) mdld 8V o) By, By, Gustid) Gud ) G0 1260 e bindl) ¢ gasen Guing

A pibe 1o qato
Let f be an endomorphism of E with finite dimension n. Let A1, ..., A\, be different eigenvalues
of [ where k < n. From which the sum of the sub-eigen-vectorial spaces Ey,, ..., E\, associated
kwith the eigenvalues is a direct sum. )
(old ghuaell Wla o8 AL Aocidl i
In the case of matrices, we find the following result:
2 1.1.2 : Corollary - :\:&.ﬁ\

$0pe G5 1% v o) 1< i <k I8 e g f RS Subil) Galise Guily b Ar,. oA ol
\.xh)- Ql_o.xm.o" 05 V; Qg.ﬁ\g‘ gl.'o )\z Q.e.\.o.U" .‘:

Let Ay, ..., A\ be different eigenvalues of linear application f and for 1 < i < k let v; be an
Gigenvector of \i. The vectors v; are linearly independent. )
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B osliasl) aay e JBT O 950 ASIM @3t sue O e 102
This means that the number of eigenvalues is less than the space dimension of F.

2 2.1.2 : Example - J A

ool iR = R AL @bl JBa) oo
From the previous example we take f : R — R3 defined by

fl@y,2)=(-2z—-2y+22, —-3z—y+32, —z+y+2).

;W) )Y G pod! Gudti) 62 g Gudtid) bl b asg 48

We found the following eigenvalues and their associated eigenvectors:
)\1:—4 V1 = (1,1,0), )\220 Vg = (1,0,1), )\3:2 1)3:<O,]_,1).

o5 B? o 4hS albime 6261 25 ol R? ) Gliime Slos Jis (11,0, 03) 6269 boisl) o

R® 3 S ol I oy ol JTGS (01,02, 03) “oning w065 ks
From the result the vectors (Ul,’Ug., vs) form an independent family of R® but three linearly
independent vectors of R® they forms a basis. Then: (vy,vq,v3) forms the basis called the
eigen-basic of R3.

We can also write:

RE=F ,0E,® E,.

Characteristic polynomial ! 3 gdad| wdS 2.2

AN @ual Lo ) giall 8 5 jasdl 3 il § pdifs delun

Characteristic polynomials help in finding the eigenvalues.

Characteristic polynomial jees! 3 gdadl wilS  1.2.2
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Characteristic polynomial jpaal) 5918 ,u; 2.2 Matriz diagonalization &o¢aoe phos

4.2.2 : Definition - wad yad

SuBi) Gdghoe A € .,(K) ol 1 adell 12 g5 F sbadl) Jo Sl JAWS f: B — B ol
C BoWd e f s
Let f : E— E be an endomorphism on the space E of finite dimension n. Let A € ///n(K) be
the matriz of the linear application f in the base B.
: g A Gdghonl) jreall 5981 pid owids ¢ £ jaeall sqxsdl pid ems
We call the characteristic polynomial of f the same as the characteristic polynomial of the .

matriz A and write:

| Pr(X) = Pa(X) = det(A — X1, |

oo B ool 3] Al (B pelw¥) HLosig) A 4B saaddl (o JEus aeed! 3 gisdl s
Co duwySe P € M, (K) as oo a3ld B j57 (bl o3 (ST g [ Al JSLaid) yudy 25 gans

iLasy e .B=PIAP
The characteristic polynomial is independent of the matrix A (and the choice of the base B). So

if B is another matrix of the endomorphism f but in another base B’, then there is an inverse
matrix P € ., (K) where B = P~1AP. We write:

B—XI,=P'YA-XI,)P.

then ada g

Pg(X) =det(B— X1I,) = ~det(A — X1,,) - det(P) = det(A — X1,,) = Pa(X).

det(P)

i.e. .)}' ";Me

Pp(X) = Pa(X).

Calculating eigenvalues dedldd! @udd| il  2.2.2

.

1.2.2 : Proposition - dmsad

Z.f‘?xgg e\ (’)3.3\}“ @@]\ Jiad }J}maj\ 59).5«.“ )533 193
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Matriz diagonalization Soeoe phos Endomorphism reduction SVs JS s Jhois-) 3.2

The roots of the characteristic polynomial represent its eigenvalues, and we write:

[ o)y daao  (eigen value of) N <<  P;(\) =0

./\EKj.Bu.aLu;Y!‘:,é‘C&}é.mAE///n(K) OGS g .f 1 E = E (S0 16,31 ddvay
In other words, let f: E — E and A € .#,,(K) the matrix in the base B and A € K.

A
Then
[ =3 adn ded  (eigen value of) A <= det(A—AI[,) =0
( 3.2.2 : Example - J 24
If D is a diagonal matriz where Zas &u ko Sogoe D o\ 15)
A0 0
0 A
D 2
0
0 0 A\
then olo
Pp(X) = (A = X)--- (A = X)
D Sdgronl] &1 i) boy) (B Po(X) sgas) pif jeis (B Ai il aing
The values \; are the roots of the characteristic polynomial Pp(X) and are also the eigenvalues
Gf the matriz D. D

Endomorphism reduction o313 JSLES jlails| 3.2

(1 Js=lis) phas Gudad [ 9 K GLiaddl Jasdt e s day 93 pelad sliad B plad b Lagd
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Endomorphism reduction (Vs JS s Jhois) 3.2 Matriz diagonalization &o¢oe phos

Here we consider E as a finite-dimensional vector space, on the commutative field K and f is a

linear application (endomorphism) whose associated matrix is A.

42 ghinn 4| ALy [ A2 ghinn O 98T Cooma B Y Gl sl 50 (¢ plad IS4 Gl A Hlata by cads
1D =P AP Gy guall 42 gaune o P odall ALLS day po 40 gduns w95 i Ay ylad

Olgalde D g A i
We mean by short A in diagonal form, is to find a basis for the space E for which the matrix of f
is a diagonal matrix. Then there is an invertible square matrix P called transit matrix such that

D =P 'APie. A and D are similar matrices.

2 2.3.2 : Theorem - 'Z\g.)lmp

g B el [ E — F oly K Jbasdl Jasd) o odie 1 g3 (SR sbid B L)
' ' ) balise Gusly Gaad m K e Ay Aay - A
Let E be a finite-dimensional vector space, on the commutative field K, and let f : E — E be
a linear application and \i, Aa, - -+, A are an m-different eigenvalue of f from K.
File 2 gabo B gl 13} 6y 06 Giogane) 6B lie o Gs) pal) Gognall of phsll b6 os) f os Jebs
:{\ Gt s j5d) @sle Lind
We say that f is indivisible or its associated matrix is similar to a diagonal matriz if E is a

direct sum of its sub-eigen-vectorial spaces, i.e.:

E:E)\lEBE)\QEB"'@EAm
. J/

3.3.2 : Remark - 7\1&?)&4\

Ey SV cbodl) 42 olo jasell sqasd) ,ﬁg NG —ac o3 Gus; Iy A GustA Gunel) o\ 15)
: JWhg m g8 o A st Suendl] 8o ol
If the eigenvalue X is of the order of multiples of r in the distinct polynomaial, then the

dimension of the sub-eigen-vectorial spaces Ey associated to the eigenvalue X\ is at most m.
Therefore:

1 <dim(E,) <.

i 016 &y 10d Sogna) G o Gbd) ol Gogaowl) o1 phail) bl £ o8 13) g

If f is diagonalizable or its associated matriz is similar to a diagonal matriz, then inevitably we
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Matriz diagonalization Soeoe phos Endomorphism reduction SVs JS s Jhois-) 3.2

have:
dim (E)) = .
. J
( &
4.3.2 : Example - JL’()
Let \;l/:d
1 0 0
A=10 1 0
1 -1 2

Sogon ogh i PIAP Zas P Sdghoal) o8 2w w5 A4(R) b phiil) 6L A o) i
Let’s prove that A is diagonalizable to #3(R) and then find the matriz P where P™'AP is a

diagonal matriz.

A D peall sgasdt pid s T (1
We start by calculating the characteristic polynomial of A :

1-X 0

PyX)=det(A-XL)=| 0 1-X 0 |[=01-X)?%2-X)
1 -1 2-X

—aobail) 683 2 g (1) = 2 —8obas &3 yx0 1 Subysd) s1ae W (D juead) sqasd) piS jeis (2
m(2) =1
The roots of the characteristic polynomial are the real numbers 1 with a multiple of
m(1) = 2 and 2 with a multiple of m(2) = 1.
Su3t i s o) Gue b)Y boadl s asad (3
Let’s define the sub-eigen-vectorial spaces
1 Gas bnall Gulal) Guagdl) 1 ) (o106 s baad) By ol (1.1

Let Ey be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

Ei=Ker(A-L)={XeR*|A-X = X}.
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Endomorphism reduction \s'i\'; JS s Jhois) 3.2 Matriz diagonalization &o¢oe phos

If we put ligog 1)

<
I
VRS
ne |
N—

then: YA VY
r=2
X€eEE <= AX=X <= y=1y < r—-—y+z=0
r—y+z=0

E1={<x, v, y—x>|$€R,y€R}

b} I X = (1) 9 X1 = ((6) 626 vo Ja dpw Jo Wgall & gionol
The generated plane for example from the vectors X, = <_(1J1> and Xy = (?) forms a

basis.
12 Sloam! Gt Guandl) 5 o) SV 58I (o124 < Lol By ol (2.1

Let Ey be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :
Ey=Ker(A-2L)={XeR’|A- X =2X}.
then AV

9y = gy
XeEE — A - X=2X < y =2y — 2=0 and y=0
T—y+2z=2z2

of oo Bl 9 Xy = (§) ousgf g 126 s 9 B, = {(§) | 2 € R}
E;, = {(§> | z € ]R} he is straight with vector beam X3 = (%) and forms the basis
for it.

TR Gd) ol S yal) a0 LS G- ;) Guglue Gt Gul 1 Gue 1Ra) e baall s\ (3
The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:

dim Fy =2 =m(1), dimFEy =1=m(2).
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Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3 &l 4.2

pREY 615 A Sbsanell cing

So the matriz A is diagonalizable.

:609200)) o (S8 wlw Y (0) A Gogmoelly dieall 1) SIS (X1, Xo, X3) laY) o (4
In the base (X1, Xa, X3), the endomorphism represented by the matriz A (in the canonical

basis) has the matriz:

10
D=101
0 0

N O O

&V e ) Je X3 9 Xo X Wisee | 6 (3 o)) Gogaon P gios & s Gy

In other words, we put P the transit matriz whose column vectors are X1, Xo and X3 in

order, i.e.:
1 00
P=10 10|,
-1 11
then, P~*AP = D. PIAP =D [oX VY
. J

Ezxercise series N° 2 fd) i jheld) dhads 4.2

Exercise N°— 1 — @) 3 pd

D WS 66 2all A4(R) va Gogae A oI
Let A be a matriz of M5(R) defined as follows:

0O 1 0
A=1|1-4 4 0
-2 1 2
Is the matriz A diagonalizable? ¢ phoil) Shlo A Sogaoall B (1

A" wdidnd n € N JS 38 oo (A —20)" @5 (A — 205)7 s (2
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Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) 93! &lwlw 4.2

Calculate (A — 2I3)* then (A — 2I3)" for each n € N. Deduce A™.

Solution - Jemed!

A dd gaaall et 3 gusdl b Olws (1

We compute the characteristic polynomial of the matrix A.

PyX)=|-4 4-X 0 |=2-X)(X?—-4X+4)=(2-X)>
-2 1 2-X
2.I5 42 ghasly Agaline o 9Siiud (A pdad (Lo 13] 2 oo Buslg RS Aed JET A 4d sdiacdl
edadtd A8 (oSO O Sen ¥ SIS Jlondl 9o (ued 10 9 203 I A gl O 6w SIS

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.13, so it would be equal to 273 which is not the case, so it cannot be diagonalizable.

we have Loy (2
-2 10\ [([-210 000
(A-2L)?=|-4 2 0]|-4 20]=]00 0],
-2 1 0/ \-210 000
So (A—2[3)0 = [, 4(14—2[3)0 =171 ‘;.'u.nej
-210
(A-2L)Y'=]1-4 2 0
210

(A=2L)"=0Lat n>2 i pe 9
and for n > 2 we have (A — 215)" = 0.
2 dawall LI Leladdl sliadll of das S
We note that the eigen-vectorial space associated to 2 ) )
By = {(z,y,2) eR’: 20—y =0}
= {(ZE,QZL‘,Z) cx,y € ]Rg}
= ((1,2,0),(0,0,1))
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Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3 &l 4.2

ZR3;L@&J1..\.1.)O.:;&.\J%..\44.33

It has a dimension different from the space dimension of R3 :
dim (Ey=2) =2 # 3

el ALIS ,d A Ad ghaaedl o Liasi Mo 5o Lo 10a g

This also confirms that the matrix A is not diagonalizable.
9Me m>2 Yl ye B" =0 o> A=A—-2[3+ 23 =B+ 2[; Lot g B=A—2[; puad
SaIAY Waliw 205 9 B Old ghucaedl ¢ £ald Lle
We put B = A — 213 and we have A = A — 213+ 213 = B + 215 where B" = 0, for n > 2.

Furthermore, the matrices B and 2[3 are interchangeable, therefore:

A" = (B 4+ 2I5)" chBsz

DOt G343 9.0 OMelase ‘_,.AOE LA
where C* are Newton’s binomial coefficients:

K n!
Cn = El(n — k)’

N >2daige BF =0 Lot k> 2 Jai (e« S35 a0 g
However, for k > 2 we have B* = 0, for n > 2,
A" = COB°(2L)" + Cr B (213)" !
=2"[, + 2" 'nB
= 2" 4+ 2" In(A — 213)
=2"(1 —n)I3 + 2" 'nA.

then ada g

A" = 2"(1 —n)l3 +n2" A,

100 0 10
= 2"(1-=n)| 0 1 0 [+n2""| -4 4 0
001 -2 1 2

—(n—1)2" p2n! 0
= —n2"tt (p+1)2" 0

—n2" n2n-1 2"
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Ezercise series N° 2y 93;Wi) &lwlw 4.2 Matriz diagonalization &o¢aoe phos

Exercise N°— 2 — a8y 4d e

Let the matrix Sbaioal) Jj:!
—1
A= 2
-1 0 3

A mgmo.eﬂ ).\aa.“ 59)}:‘\ ,.\3; )..5,—99\ (1

Find the characteristic polynomial of the matrixz A.

Sugll) P sl Soghinng So 0l D Gogioa)) 15qf w5 phil) abls A sogroal) of =il (2
A=PDP! 28
Prove that the matriz A is diagonalizable and then find the diagonal matriz D and the

invertible transit matriz P where A = PDP™!.

.nENd}‘mA"..ﬁm}-;\ (3
Calculate A™ for n € N.

Solution - Jemsd!

A 42 ganslt Py jueedl 3 gusd) pdisn Ulwe (1

Compute the characteristic polynomial P4 of the matrix A.

3—X 0 -1

= (4— X)(X®—6X +8)
(4— X)(X —4)(X —2)
=(2-X)4-X)

Aed N = 2 Gl (pdiend Soled A A2 gaaell de g oyl Sy Py jeeeed) 3 gusdl pdiss (2
.MWM‘SMAQZZ_LJMM"J
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The characteristic polynomial P4 accepts two roots, of which the matrix A has two eigen-
values A\ = 2 simple eigenvalue and Ay = 4 a double eigenvalue.

OSed L Aa8 pedl AN A ladd) Gleliaall sasd
Let’s define the associated eigen-vectorial spaces. So let
E,={V = (2,y,2) : AV =2V}
We solve the system: falead! Joma p gad
3r — 2z =2z

2=
20 +4y+22 =2y < {
y=—2
—r+3z2=2z

e1=(1,-2,1) 92 dgua o5 ¢ Lo mudicwe 98 2 LGN doydll 331 podl B SIAN Geladdlslinall

The eigen-vectorial space E; associated to the eigenvalue 2 is a straight line whose directional
vector e; = (1,—2,1).

Let

Ey={v=(z,y,2) : Av = v}
We solve the system: falead! Joma a gad
3r —z=4x
2e+4y+22 =4y <= z=-x
—x+3z=4z

z

—7 Alalasdl 93 (§giwedl 52 4 AGIAN Aedl 331l By SN eladdlsliadll
e3 = (1,0,—1) g e = (0,1,0) 2aa¥l Jd o Jliadl Juow ole ¢ Lgului slac) @i il

The eigen-vectorial space F5 associated to the eigenvalue 4 is the plane with the equation:

z = —z whose basis is given, for example by the vectors es = (0,1,0) and e3 = (1,0, —1).

Wa ye G315 ¢ lad 9o & ¢ Ladd) O Wi (A 43 gauacd) (e b piilis el HaT1 LiSay 431 dasd

4 AGINY deally
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Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) 93! &lwlw 4.2

Note that we can read directly from the matrix A, the fact that the vector é; is an eigenvector

associated with the eigenvalue 4.

£ Ll (L 9 2381 podl AGIAN @udll duiad (6 glad 20N A0 jondl Ao ladd) Sileliadl) slayi

elodi A0I8 A A8 9ol g AGIAN Aad¥) ulei Sy R?
The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated
eigenvalues. Thus, the space R? accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

A g (yguall A2 g2an P bm.'
We put P as the transit matrix, from which:

1 0
P=1-21 0
1 0 —1
Lgd 4z3l oot D 40 padll 40 gawasll g
and the associated diagonal matrix D
2
D=10 4 ,
0 4
We have the relationship: TAEMaY Lons
1 0 1 2 00\ (3 0 3
A=PDP'=-21 0 04011 1
1 0 -1)\0 04/ \5 0 -2

n €N Ui po A" Ul (3
Compute A™ for n € N.
9 A" =PD"P ' i eN Ui ye dieg A= PDP7! Lot Gabed) J1 5l yo
From the previous question we have A = PDP~!, then for n € N, A" = PD"P~! and

2" 0 0
D"=10 4 0|,
0 0 47
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Of @lad g Pl Gl Lide oo
We are left with the calculation of P! and we know that

1

-1 _ P* T
det P (F)
where Ol
-1 -2 -1 . -1 0 -1
detP=-2, P"=[0 -2 0 9 Pl'= 5 -2 -2 -2
-1 -2 1 -1 0 1
then, we have: Lo de g
1 0 1 2" 0 0 -1 0 -1
n 1
A" = —3 -2 1 0 0 4" 0 -2 -2 =2
1 0 —1 0o 0 47 -1 0 1

2"+ 1 0 1-2"
— 271—1 2n+1 _ 2 2n+1 2n+1 _ 2

1-2" 0 2"+ 1

Exercise N°— 3 — @) (d pd

Let the matriz A 1 A Sogaonl \,\Tﬂ

0 1
10

o
I
R

A dogaasll ol (1

Diagonalize the matriz A.

AR e o fg Sl G W a6 Lo X7 = AX Guliotaill alasdt Jols oo pe (2
Express the solutions of the differential system X' = AX in the eigenvector rule and draw

their paths.

Solution - Jumsd!
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Diagonalization of the A matrix.

BYT N (RPN | R Wh =
characteristic polynomial
-X 1

D == e,

P Ze: ik '2\.\9\5‘“_,.@54.';»3“,.44.\.«_"-..»”“’“' OO (il Juds A A2 gaaqgll
The matrix A accepts two different eigenvalues, therefore it is diagonalizable.
A3 SIS el sl
Finding the eigen-basic vectors of A.

w=(z,y) € R? (s
Let u = (z,y) € R?,

Au=u <= =y 3 Au=-u <= = —vy.

R? 3 Luluf OMSEd 10 (bdas OMETwoe Les —1 L0100 Aeall B8) yodl SSII ¢ Ladl) up
Cos A= PDP7! Lot I3
Note that uy = (1,1) and us = (—1,1), where: wu; eigenvector of eigenvalue 1 and wus

eigenvector of eigenvalue —1 are linearly independent, so they form the basis of R? and thus
we have A = PDP~! where

O3 Lot PY = X 2o VoS4 (2
Let Y where PY = X then we have

X' = AX <= PY' = APY <= Y' =P 'APY < Y'=DY.

Y= DY dlendt J gl oo (U1, Uuz) &SI 2ad¥W) (pulai 2 X' = AX Ldolaid) alemtl J ol
9 a(t) = act oo Aamdl Jsbs L /(1) = —y(t) 5 2/(t) = 2(t) Lot ¥ = (z,y) ol 13
o Ble (11, 2) AN (ulwd) B Ledl jluce O 53 9 Acduds Culgd b g a o y(t) = be!

351 31 ¢ gladll he g 98 CER 2oy = /T Walasd LI Olia

Brahim Brahimi-Jihane Abdelli 72 University of Mohamed Kheidar, Biskra



Ezercise series N° 2y 93;Wi) &lwlw 4.2 Matriz diagonalization &o¢aoe phos

The solutions of the differential system X’ = AX in the eigenvector (uy, us) are the solutions
of the system Y’ = DY. If Y = (z,y) we have 2/(t) = z(t) and y/'(t) = —y(t) then the
solutions to the system are x(t) = ae’ and y(t) = be~* where a and b are real constants, and
their trajectories in the eigenvalue (uj,uy) are curves of the equation y = ¢/x with ¢ € R

branches of hyperboles.

Exercise N°— 4 — a8y jd g

Let the matriz A - A boemaml! JS:S

3 2 4
A=1]1-1 3 -1
-2 -1 -3

S0gi0al) GusIi) yadll as-gf w3 Jolee clas () A S jreall sl pi8 Jis (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matriz.

A D 631 a8 ji) Gas \RE) e baad) asg) (2

Find the sub-eigen-vectorial spaces of A.

¢ pal) 6yls A bosmonl) JB (3

Is the matrix A diagonalizable?

Solution - Jemd!

Lot fJelge slis JSG Ao A 48 gawmaall jcaedl 3 guad! pdiso wliss (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

e Cs

3_X 2 4

PO =1"_, 3-X -1
9 1 _3_X
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Ch +— C) — Cy
o —1-x p 4 L
B 0 3-X -1 Ly
1+ X 13- X| I
1-X 2 4
| 0 3-X -1
0 1 1-X| ILye—Ly+ Ly

=(-1-X)(X?—4X +4) = (X + 1)(X —2)?
.l&.cl.«'a.n@|3MA2:23M@‘3M>\1:—1&,AAMM PUEINS (R ev-1g
The eigenvalues of A are \; = —1 a simple eigenvalue and A\, = 2 multiplicative eigenvalue.

A 48 gaael A0 jond) ASIY deladd! Olelndll sl (2

Find the eigen-sub-vectorial spaces of the matrix A.
b yaedl By 8 jondl peladdl slaaddl oS —1 20100 dardll ddly
For the eigenvalue —1 let the sub-vectorial space E_; be defined as
E={ucR® Au=—u}.

let u = (x,y,2) € R3, w=(z,y,2) € R® &

20 +y+22=0

r—4y+2=0

dr +2y+42=0
ue kb | < —r+4y—2=0 <:>{

—2r—y—22=0

D dg> o3 tl.gﬁb‘n:«.ﬁlms}bEfl slaall
The space F_; is a straight line whose directional vector

Uy = (1,0, —1)

b yasll By peladdl sliadll 2 dedll 3ol poll o8 jaudl peladd) sliadll

The sub-vectorial space associated with the value 2 is the vectorial space Fy defined by
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Ey = {u e R® Au=2u}.

let u= (z,y,2) € R? u=(z,y,2) € R? (s
r+2y+42=0
r+2y+42=0
u€ by <— —x4+y—2=0
rT—y+z2=0
—2r—y—>52=0

dgu> 93 tMﬁM}AEQ slaal (3
The space Es is a straight line whose directional vector

up = (2,1,-1).

.M@@MAMM!Mﬁ&l.\yﬁhEggS}aJ‘gcb.&J‘gL@.éﬂ

The sub-vectorial space Fj5 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°— 5 — @y 3 pad

ol 1slg G910 91 Gus-go Suiads o1xe | WNeIRe =3V 13) SuSlgis A € 4, (R) Soghon o
1 Colw 1® an oo JF = Yoo ¢ ga%o
We call a matriz A € M,(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

& &

JAl <1 olo A bogmanl) Guily bad A € C w8 1) os) st (1
Prove that if A € C is an eigenvalue of A then |\| < 1.

o 881l S 2126 sqT 5 il b 10} s (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution -  Jumsd!

OSed LS Aol 3B ye S5 plad 2 (St g A Wb gdaaclt 4G Aed A € O O o pas (1

Juad LA suclal alusiiwl g dalla ol doall ..\:-L A2 S glew O G 102 g Z?:l a; jZj
w
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Let A € C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i € {1,...,n} where |z;| = max;_;__, |2;|. be column number i from the coordinates of

the matrix Az, make 2?21 a;j7; and this should equal Az;. By taking the absolute value

and using the triple rule, we get

n n
Mzl < aislz] < aiglal < il
j=1 j=1

.|>\|§1Qig.’uf‘f.\.b (‘43..\.1.6.” tmm Q}S:izfﬂﬁ)

We also use a;; > 0 and )7 a;; = 1. Then, we get |A|[z] < [z]. because |z # 0

(otherwise z is the zero vector). This means that |[A| < 1.

Enough take A asy (2

1 G eyl 3B pe 1D ¢ lad 2 O 950 SLIL g Az = 2 O das M S

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°— 6 — gdy id w2

Ezplain without calculating why the : &)W\ Sogiaal) phiss Q.u“:! P& —aw — s gop ¢4

following matrix diagonalization is not possible:

7 1 1
A= 0 2 1
0 0 =

Solution -  Jumsd!
13) 0 o8 Bislg ded B Aol i jolic o WS lged Wgle adlin A 4bgandl
(3423 P € GL3(C) dwySe 4850m0 slou) adaind Lelisnd pdadill ahld A 4bgamoll Cols
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The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value 4
of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P € GL3(C)
check:

A= P(il;)P".

TOLe L2 ghasdl pres e Adald I3 42 gaaddl ¥ 9 (ST

However, because the matrix I3 is commutative with all matrices, then:

i 00
A=ibPP'=ils;=| 0 i 0
00 i

this is not the case, so the matrix A is not diagonalizable.

Exercise N°— 7 — a8y od g

foh W e wle Y Lo slhmall A Gbghowl) gy RY o SV S £ inds a0 m ol
Let m be a real number and f endomorphism of R with matriz A given in canonical basis as

follows:

¢ f kil Gt wdl) g (1
Find the eigenvalues of f?

¢ phil) Bl s kil ogly s m b Blo (2

What are the values of m for a linear application to be diagonalizable?

keNYE I8 oo A sV m =20V o085 (3
Suppose that m = 2. Calculate A* for each k € N.

Solution : (emsd!
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A 42 gansll et 3 gusd! udiss sl (1

Find the characteristic polynomial of the matrix A.

X -1 0 -1 X -1 0 -1
PA(X) = 1 X -2 —1 =Ci4+Cs—0, | X —1 X —2 —1
m—2 2—-m X —m 0 2—-m X —m
X -1 0 -1
=Lo—Li—Lo 0 X-2 0 = (X -1) ro2 ! ‘
2—m X —m

0 2—m X —m
= (X — 1)(X =2)(X —m).

1S (e dadd Jdy f Ol 2 9T m = 1 Lasi 3] pols JSdn 2 91 o f 3 AGIA) gl

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

D Aalisne WSy @B OMS by W R e SN JSslaitl f pla m £ 2 g m # 1 plss 1) (2

(1=X)22-X) 92 f 3 juoedl dgustl ybisn glam =1 oles 13) g ,udadilt I8 f L O ¢S

1 2010 agdll GIAT 5 jandl poladdl sladll day Ol 13) dadd ,dadill Juld f O 9Sa

u=(2,y,2) Jai o (m =1 01 ,£05) S 3ot Lucladdl Slsladll il (o Eomdd 2§ gl
Lt

If m # 1 and m # 2 then f is an endomorphism of R?® which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1 — X)?*(2 — X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (z,y, z) we

have:

z =0 r = T
flu)=u <= { —2+y+2 = 0 <= S y = =
r—y = 0 = 0

Wgametl dieg i 1 #2 AN sliaatt war (1,1,0) ¢ ladt Ker(f — 1) sliaald jululss 2l

Jai e Lol Ker(f — 21) sbiaddl das e o 1 = 2 O 0¥ o pad - pdadill ALlE i
w = (z,y,2)
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We take as a basis for the space Ker(f — I) the vector (1,1,0). eigen-sub-vectorial space
dimension is 1 # 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f — 2I). We have for u = (z,y, 2):

—r+z =0 r = x
flu) =2u <= —r+z = 0 <~ y =y
0 =0 z =

sladl ams gold JSén (0,1,0) o (1,0,1) cuweladdt Ker(f — 2I) sbaall gulwls asxb

udadilt L3 L f 92 ga Ker(f —21)
We take as a basis for the space Ker(f — 2I) the vectors (1,0,1) and (0, 1,0). Specifically
the space dimension of Ker(f — 21) is 2 and f here is diagonalizable.

(m =2) 1 &8I0 Zaydl Yol (e 2 AGI Aen@ll Bl 315 pului Lolw L 5 . f add (3
fu=(2,y,2) Jal (e Lo
Let’s diagonalize f. We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (z,y, z) :

y4 == O €T g €T
flu)=u <= < —2+y+2z = 0 <= < y = =z
z =0 z =0

w=(1,0,1) gv = (0,1,0) cw = (1,1,0) x5 .(1,1,0) g Laaht Ker(f—I) sLiaalt pululss asls
iop [ A2 ghmn ulu¥I1Ma B f 3 S5 ulad (u,0,w) 4 g
We take as a basis for the space Ker(f —I) the vector (1,1,0). Let u = (1,1,0), v = (0,1,0)

and w = (1,0,1). From which (u, v, w) is an eigenvector of f. In this basis, the matrix f is:

1
D=10
0

S N O
O O

P adgamett (u,v,w) pula¥ I RS clnall 59306 juluw¥l yo ygll 4B gawme P (S
— Ollaagd

Unwversity of Mohamed Kheidar, Biskra 79 Brahim Brahimi-Jihane Abdelli



Matriz diagonalization &oeoe phos Ezercise series N° 2 9 ) 93! &lwlw 4.2

Let P be the transit matrix of the canonical basis of space R? to the base (u,v,w). The

matrix P is given by:

10
P=111
0 0

=

HEE R Pt e O e A=PDP! Lot g
We have A = PDP~!'. We have to calculate P~!. We find:

1 0 —1
Pl=1 11 1
0 0 1

Lot & ,dad D a2 gamedt 0¥ 9 oS3 AP = PDPP7! (i aat )00 it A = PDP™! (e

From A = PDP~!', we conclude bu induction that A* = PD*P~!. But since the matrix D

is diagonal, we have:

1 0 0
DF=110 28 0
0 0 2F
After the calculations we find in the latter ).:_&S'! 5,3 womd Ot | g
1 0 2F—1
AP = 1—2k 2k ok _1
0 0 ok
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Linear equations &alsd) =¥}

Jadd| g g

82 Linear equations system 6a0)) < ¥s\al) Jos 1.3
S Special cases dwls OY I 1.1.3
84 ... ... Matrix form of linear system aidas Aot 3 gawacl! JSit! 213

3] TR Solving linear systems Galasd) Jasd) I 2.3
85 Substitution method o gaidl 4y b 1.2.3
86 . Cramer’s method el y& 42y b 223
88 Gauss’s method o g—& 44 ;b 3.2.3
92 ..o Matrix inversion method 42 gawed! ulSadl a4 ybo 4.2.3

04 Ezercise series N° 3 w9, o3 ,\)) &lwlw 3.3

> @ il e ¥ Blats Lotice Law ¥ (Oiledaly p31 ¢ g 58 acast wlai 3151 Gladadl pmtl das
(sLeasSI g (Blemtl p gle g ALSOISal! gi Adly jall A glall (OWLnall Calidna (yo Lisie Sl

wicwnigh aglall g aLaid¥i g
Linear algebra is an essential tool for all branches of mathematics, especially when it comes to mod-
eling and then numerically solving problems from various fields: physical or mechanical sciences,

life sciences, chemistry, economics, engineering sciences...
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Linear equations system &asd) - Js\al) Jos 1.9 Linear equations dulsd) = 51%al)

bt ulu ¥ JSET LY (OlBLeat) (o doall o3 Lgilacdad IS (pe ddasetl O slact) S50
O Olsladall 8 st pondl Obpdad (e s ¢ 3o dadlacs mewd LT Leso hasdl ol

Augiiad! las¥i
Linear equations, through their applications in many contexts, as they form the computational
basis of linear algebra. It also allows the treatment of a large part of the theories of linear algebra

in finite-dimensional spaces.

oo 9l OYalacdl (e s sue O Adaidl Jemdl g g gel ¢Sl 1M auaid g ligd
Jo 1 edl 7 pad Aosdal) WY Gany ae Jentl oia Jie Jod Byl Sue (o yid B gw g Jualnod!

Aas b ST omd| o LST dadiad!
Therefore, we will devote this part to the topic of linear sentences with an arbitrary number of
equations or variables. We will study several ways to solve such systems with some numerical

examples to explain the stages followed during the solution for each method.

Linear equations system duaid! O¥ilaed| Joz 1.3

K=RVC St Jasl yoad (Jadll 10s (4o il be Y 52
In all that follows in this chapter, we consider the commutative field K =R VvV C

1.1.3 : Definition - «aJ yad

Slas JF (K Jasd) oo =Moo V3 GalS Gles f JgBsee 1 g E5\R0 1 s oS Glas o

:JT.\”\J\ oo o= Yl
We call a linear system with n equations and m unknowns or a linear system with coefficients in
the field K, each system of equations of the form:

7
a1, + a9 + - - - + A1pTp = b1

2121 + A2T2 + - - + AgpTp = by

(5)

L Ap1T1 + ApaTo + - - + Applp = bn

e \R4 K oo by g a;; YoM 1< j<pgl<i<ndd s oo 2as
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where for each 1 < i <n and 1 < j < p the coefficients are a;; and b; of K. The vector:

xq

)
T = ) € KP

Lp

S Slasd) W5 amy ¢ <5 Glasd) Soglal) o Ys12al) gres sy
it satisfies all the equations that make up the system S, and is called a solution to the system S.
Do \xal)

The vector:

S balsd) blasd) SWY b ) omyd

15 called, the second term of the linear system S.
We call the set 4o gomad! (o
H(S) ={xr e K, S aexll J> z (x system solution of S) }

The system solution set (5). (9) et J gl> de gamn

Special cases d&als G¥l>  1.1.3

Axy po Ao (ewd S Aeadl G2 =p 1 Ol 13) (1

If: n = p, then the system S is called a square system.

Alenll G5 MSie g Awdladie Aes S Meadl ewd LB by =by = =], =0 ol 13) (2
2J}@:-mp3/2\.h\440n«3!35'0}.4ﬂh’
If: by =by=---=0b, =0, then we call the system S a homogeneous system, then we denote
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the system by Sy with n equations and p unknowns :

a111 + @122 + -+ + apx, =0

a91T1 + a9oxg + « -+ + QopTyp = 0

\ Ap1T1 + Apaly + -+ + AppTp =0

S Adasnd Alesll Addl poll Ailoiell Alas|

The homogeneous system associated to the linear system S.

( 2.1.3 : Definition - u,ua'.a

& Jglsdl B gasen g Lal) ol 13) olkoThe LT 52 ¢ ST gailes oS Jois

Two systems S1 and S2 are equivalent if they have the same set of solutions, ie.:

H(S1) = H(S2).

Matrix form of linear system dwas dlamd 2 gdaed! JSG&I1  2.1.3

3.1.3 : Definition - uq)a?

6;:;3\'&.“ o;xhx“ AP ul.\ig VM9 ARe pS u\.)ﬁ.ub olsss p 9N u.\.}ﬁ
Let n and p two non-zero natural numbers. Let the following linear system

;
1101 + a9 + - - - + A1pTp = b1

2171 + A20%2 + -+ - + A2pTp = by

(S) <

L An1T1 + Apa®o + - - + AppTp = bn

we put 05
aix Qg -+ A xy by
A1 Q22 -+ Ap 4 by
A= , X = =
Qp1 Ap2 - App Tp bn
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cing .Glas) W o bl B ¢ Jelsd) Ry X ¢ (S) Suhsdt Slasd) Sogmany A Sogaoal) amd
160 BT by o iy
The matriz A is called the matriz of the linear system (S), X is called the solution vector, and

B is called the second term of the system. Hence we have writing:

AX =B
) ¢ — P
..—d.L\ U‘ \')Lﬂ): é‘
Which we can write
ai; Q2 -+ Al x by
o | Q21 Q22 - Q2p T2 by
(S%) =
Qp1 Ap2 - Qpp Tp bn

(S) Sabst Glasd) Sypgianl) Gt S5* aws

S* is called the matriz form of the linear system (S).

Solving linear systems duaid| Jopdl J» 2.3

Substitution method yad gall| 4dy pbo  1.2.3

‘,33;}” adn yall Gl (J glondt Dbt g ddad et ST of walg Jo Gl Gl 13 Le 40 el
TR Adaid) Aot Al JUiad) Jitw ole s said| 2y 4l (oo

To find out if there are more than one solutions to a linear system, and to calculate the solutions,

the first method is the substitution method. For example let the following linear system:

3r+2y = 1
(5)
20 — Ty = —2

Walasdl LB Y (D gad ol Jiduwd y = 5 — 57 I JSE e 3742y = 1 J ¥ o) uliss das
D AASe Alen le Juami 1 — 315 Hlatly 2ol
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We rewrite the first line 3z 4+ 2y = 1 in the following form y = % — %:c We replace or substitute y

in the second equation with % = %x We get an equivalent system:

y =
20 —7(3 — 32) = -2
Pl JS0 Lol LiSan g cdadd 7 yudiall Gl (6 g ALl A3slasll

The second equation contains only the variable x, and we can solve it very simply:

1_3
y = 35737 y =
{(2+7'§)$ = —2+1 {x =
2 2

A oY) Walaatl 2 Lgde J guastl @F SN 7 dad (o gad daBd Lo

It remains only to substitute the obtained value of = into the first equation:

— 8
{y—25
_ 3
r = 35

de#!kw@g.(%,%)‘%g%@l&;ﬂ@g

[\J[eN]

T

N |—=

glw ) L
|

(M

8

Hence, the system accepts a single solution (%, %) Then the solutions set is:

9= {(33:) -

Cramer’s method mf S ddy po  2.2.3

ol pE Ay sl Aawl g Adad Alex J> Ayl sl nedd S5 Alaws Adad dlex Wl 43D
oS dligd

We take the case of a simple linear system in order to understand more how to solve a linear

system by Cramer’s method, so for this let

c d
O 9gadl 9 (mdidalacd! O1d Adassd) Alood! dume
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The determinant of the linear system with two equations and the two unknowns.

ar+by = e
ce+dy = f

Dot (2,1) ALSIan] i g S dsmd cad — be 7 0 Ol 1)

If ad — be # is0, we find a unique solution whose coordinates (z,y) are:

e b a e

A, [od A, c f

AN ad—be’ VTN T ad—be

Tl g Walaelt ALY G2 datly J oW s geall Judiad ¢ T I 9¥W) Adlua ¥l Glust Dl
Alslaalt AL o datly AL 5 geall Judind ¢ Y A0l Adias S

Tr =

For calculating the first coordinate x, we replace in the determinant the first column with the
second side of the equation and for the second coordinate y we replace the second column with

the second side of the equation.

r 2 )

1.2.3 : Example - J

Let the system Edasd) \)-Tﬂ
tr—2y = 1
3x+ty = 1
Zgﬁél.n}.ej\gm.tERb%mgﬂ\m_&_ﬁm}

according to intermediate values t € R. The system determinant is:

to=2
3 1

A= =146

1883 (2,y) I8 (gl 8 Blas (B Gulsd! Glasdly mas-g s 1 138 p iy Y

It does not zero, for this there is only one solution and the linear system is Cramer’s system,

Unwversity of Mohamed Kheidar, Biskra 87 Brahim Brahimi-Jihane Abdelli



Solving linear systems dalasd) Josd! I .2.3 Linear equations dulsd) = 51%al)

the solution (x,y) achieves:

1 -2 t 1
Lot ¢+2 31 -3
246 246 7 £46 £46
For each t the solutions set is: ) Jolsd) Soqaben ¢ 3¢ U8 1 oo
t+2 t—3
S) = — ——
w) {(t2+6’t2+6>}
\_ J

Gauss’s method ye g=b 4dd po  3.2.3

dimgie Ao o 9é Ayl il A Wb ghiadt) Hawl le dwle¥! Oldeall Jleaiul Juads
Aol db giuna (35 s Lgd ABISe 5 (¢ 5 dudas Alen 1) S Adaindl Aleadl g s o
(12582 - po9d Ayl B Lo Gy plaB By g pually (ud g dadh) Gy gle Adilie Bugiatl Audasntl
erad po9é Ayl (1 A glae O 9ST OF Ly g b (udd) Do giae d 2 ladll Ly yolic J&o g
Adasdl Alemll O §T Ao gins und J1 yhadl) Jawi adS U 4D ganedl jolic pex Jax o)
With the help of basic processes on the lines of the matrix A, the Gauss’s method is a systematic
method that allows the conversion of the linear system S into another linear system S” equivalent
to it, so that the matrix of the new linear system is upper triangular (only, not necessarily diagonal
as in the method Gauss-Jordan), and all its diagonal elements are not-zero (it doesn’t have to be
equal to 1). A Gauss’s method seeks to make all elements of the matrix below the main diagonal

zero, i.e. the linear system has a gradient matrix.

ot Cooms O¥slaod) Alan o Lghodad LSy 5 A g¥1 OB g paas €10 (i Of 4B g

Lt OO eI 04 g (Jandl pudd Lgt (G (A8 DY alae Ao e
Before we start, we mention some elementary transformations that we can apply to a system of
equations so that we get an equivalent system of equations, that is, they have the same solution,

and these transformations are:

FIEN [RWE R LY ol g 1o g G alas Judd e
Substituting two equations: This obviously does not change the solution.
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A yb 1S O ey Al O gl Ol ybo Loat Ol 13) 1p gime 4@ dday Wdlan A, Oy @
Multiplying both sides of an equation by a non-null number: If we have two equal sides, then

by multiplying each side by the same number, we will also get two equal sides.

ST Walae ae dday g june Wilas pox @
Adding an equation multiplied by a number with another equation.

Ldasd) OWalaodl Ao gnd g8 (o ¢d dds b i O

The principle of the Gauss method is to transform the system of linear equations.

a1171 + ajprs + -+ + a1, = by

a91T1 + A922T9 + -+ Aonly — bg

L Ap1 X1 + Ap2X2 + - - + AppTp = bn
DS (pe AZBLSe O¥slae Alea I

into a system of equivalent equations of the form:

;

1y +cpxy +-- Fopr, =dp
(S,) +Co9xy + - FConTn, = d2
+CpnTn = dn

0
Y alactl Alen ad Ol pdied! pd Clus das Jgus ibie JS& 3] O¥alact! Aan o g3 &
ot byl JBladl Walasdl 8 Lgids gt g (A gguws Tpole Juami 5y Y1 Walaol! (yo (LIS
i 1350 5 ALE Lo GAN udiall e Juasmid Leld (A1 Alslasll oh (pukerdll (b gad g 71 ole

T dad i) S Lgde Lbiasd A1 @l acos (o a2 (3 oY1 Walacld Juad
That is, converting the system of equations into a trigonometric form, with which it is easy to
calculate the values of the variables. Then the equivalent equations, from the last equation we

get x, easily, and we substitute it into the next last equation to get x,_; and we substitute the
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two values in the equation before it to get the variable before it and so on until we reach the first

equation, so we substitute all the values that we got to find the value of xy.

Make transfers @ sl ¢ y21

911 e T oW S O¥alaad dlan (e oF oY Walacd! Liewd 13) 1 il gbun ¥ )y (> a0
o Y slaedl Ady e A ylall udd Gaad g AGLS Wslasdl e Ll Jlo @3 ay1 o2 Lalis o

LASLD Al
Assuming that aq; is not equal to zero: If we divide the first equation from the first system of
equations S by a;; and multiply it by as;, then we subtract it from the second equation and apply

the same method to the rest of the equations according to following formula:

L 15 - G4q1

a11

0950 Comy gl S O aslactl (po (T o T oW1 Walaod) Joadn Lande 983 ay) = 0 Ol ola
o 090 aie jaall (¢ gl el Cals g ot @ O laddl @) 98 @ Coes a7 0wl
O¥alaes Ldas Ao d pe (sl 9f) O¥alacd) Gus | OF coadl g e 9 Jo Lgd e 2ctasnd) S alacd

SN (o ddad Alen e (amd Jo smidl s day 6 5
If a;; = 0 then we swap the first equation with any of the following equations so that the term
is a;; # 0 where 7 is the line number. If we do not find, and they are all equal to zero, then the
total linear equations do not have a single solution, and the reason is that one of the equations
(or more) is linearly linked to other equations. After this transformation we get a linear system

of the form:

r
a;1ry +appre 4+ -+ Fanx, = d1

(1) (1) _ 4
(S(l)) tagy Ty + o A5, Ty _d2

+af3x2 talylz, =dY
\

Walaodt codd Ol ddaatt 5,50 .3 o¥ Walaod! day Walaod! pcen (4o J9¥I amdl Ldis 108 g
(Boanandt) 2oL Aalaedt muudd LT T o3 ¥ Ady ol juaty O¥alasd) LBL e Jaad gy oF 9¥!

- . ce (e LI . 1 - 1
G BBl e 1 gl udly 145 9 WL (o Lo ylal g afy) — Lgs puai g a3y 585 Loy some o
AU Ll
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And so we cancel the first term from all equation after the first equation. We repeat the process
by fixing the first equation and working on the rest of the equations in the same way as the first,
that is, we divide the second (new) equation on its axis, which is aglz) and multiply it by a%) and
subtract it from the third and so on in the same way with the rest according to the following

formula:

1, (1)
@ _ 0 _ % % .. g
aij _a’ij —T,Z,]— y ey 1O
A2

Jlgiadt uains dleal! Juol 93 A0LSN Walacd! way Walaed) auen (1o Ll ST dond| Ll 108 9
el Les 090 Wt ol 2 OO gdl (2 dulall daually Adlin e o ol S

Thus, we have eliminated the second term as well from all equation after the second equation. We
continue the process in the same way until we get a trigonometric system, and the general formula

for transformations in this case is as follows:

(k=1) (k1)
(k—1) Qi Qg
ij i T (k-1
A,

k=1,..n—14,5=k+1,...,n.

2.2.3 : Example - Jli)

: 6lasd Jgls 31 00se by Joinsd
Let’s use the Gauss method to find the solutions of the system:

z+y+2z = 3
z+2y+ 2z
2r+y+2 = 0

and we write: :.__.;':1?9
r+y+2z = 3 L z+y+22 = 3
r+2y+z = 1 Ly < y—2z = —2 Lo Ly—14
2$+y+2 =0 L3 —y—3Z = —6 L3<—L3—2L1
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z+y+2z = 3
— y—z = —2
—4z = —8 Lo+ L3+ Lo
z = —1
<~
z =
L J

Matrix inversion method 43 sdaed! wiSadl iy po  4.2.3

A linear system in matrix form 2 gawast! JSAdl ddasnd) Aol

equivalent to SalsS

) ) e e
c d Y f

cdalt ALLB of 2w gSe A A2 gawmalt Ol ad —be # 013) ST ¢ p gian jid A 4B gamnell suse Ol 13)

2
If the determinant of A is non-null, i.e. if ad — bc # 0, then the matrix A is invertible and
e 1 d —-b
ad — be —C a
TUSEY (e e Alamlt X = <x> e o3l i g
)

and the only solution is X = <$

> for the system write of the form:
)

X =AY

3.2.3 : Example - Jt
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Let’s solve the following linear system S dulasd! Slesdt Jsad

z+y = 1
r+tly = t
Z@M\aM.tERMsﬂ\a@?&}

according to values of the intermediate t € R. The determinant of the system is:

1 1
= -1
I
The first case: t # +1 and t # —1. t#—-1lgt#+1 :ggﬂ\ alu (1
then t> — 1 # 0. The matriz Sogaoal) 12 — 1 # 0 plo
1 1
A=
invertible and his inverse is LIPS Oungfc}
Al 1 2 =l
2—1\-1 1
. Z . — T
and the solution X = ( > is of the form Jd g X = ( > &g
Y Yy

2 2 t
2 _ 2 _ 1 ’

D U 6 gaseo £ £ £1 4 U8 wa
For each t # +1 the solutions set is
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WJ o 35 Gubsdt Glasd) £ = +1 160 &I (2

The second case: if t = +1. The linear system is written in the form:

z+y = 1
z+y = 1
:dsbd\ U Qe pS i 6D gl \hie Uma\ﬂaﬂg

The two equations are identical. There are an infinite number of solutions:

H(S) ={(z,1 —x) | z € R}.

JEN o 3 Gubsdt dlesd! £ = —1 a2 I (3

The third case: if t = —1. The linear system is written in the form:

r+y = 1
may = —1,
Wy oxiddlgie pe vaidslral) of wolgh e

It is clear that the two equations are not compatible thus

H(S) = 2.

Ezxercise series N° 3 fd ) i yheld! dsds 3.3

Exercise N°— 1 — a8y g g

10088 G D el Sl Gulisd) Jasd) Js-

Solve the following linear system using the Gauss method:

z +ty 12z = 3 75 G+ = L
z +2y +z = 1, -y 4z = 2.
2 +y +z = 0 a5 =2 = 1
Solution -  Jemsad!
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LGS (oF oY) Aleml) Al (o & Ads pbo aliviwls

Using the Gauss method for the first system, we write:

r+y+22 = 3 Ly
r+2y+z =1 Lo
2v4+y+z2z = 0 Ls

r+y+22 = 3
<~ y—z = —2 L2<—L2—L1
—y—?)Z = —6 L3 — L3 — 2L,

r+y+2z = 3
<~ y—z = —2
—4z = -8 LQ(—L3+L2

—1

8
|

2
(@,9,2) = (=1,0,2) b Aeandl J gl die s

W
|

The solutions to the system are (z,y,2) = (—1,0,2).
Vi el wdis et (AOU) Adesld Aewidly

For the second system, we proceed in the same way:

r+2z = 1 L,
—y+z = 2 L2
r—2y = 1 Lj
r+2z =1
— —y+z = 2
L —2y—22 = 0 L3<—L3—L1
( r+2z =1
<~ —y+z = 2
\ —4z = —4 L39L3—2L2
r = —1
<~ Y —1
= 1
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(2,y,2) = (1, —1,1) o theatl J gl aie g
The solutions of the system are (z,y,2) = (=1, —1,1).

Exercise N°— 2 — a8y jd g

by (g Gy el Gy L ¢ voygRlh) Galise o0 2,1 I Glasdl el ssgt (1
(108 620 1183wl g = Yo'lRal) GogR00
Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matriz inversion coefficient and by using Cramer’s method):
2 + y = 1
3r + Ty = =2

16 Josd! Jobs- 31 a padd teog () (o ¢ I ST U ga Y Gy I s (2
Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:

ax + y = 2 (a+ Dz + (a—1)y = 1
(@>+1)x + 2ay = 1 (a—Dz + (a+1l)y = 1

Solution - et

Substitution method yad sald| ddy ydo (1.1

Wilaoll 2 Y Aeud bgad .y = 1 — 20 AL JSE Lo I ¥ Walasd LS adaiud

We can write the first equation as y = 1 — 2x. Substituting the value of y into the second

equation, we get:

9
Jr+Ty=-2 = 3x+7(1-22)=-2 = llz =9 = r=—.

11
Y G
We get y :
9 7
—1-2r=1-2—=——
Y v - 1
(5, —15) TASLa oo et ol Jol> ding.

).
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Gauss’s method e ¢é 4y pb (2.1
et wmd 2Ly — 3L pawdly Ly yawd! g ge jadg alSe L J ¥ pladdls dadis
A bk R WA B
We keep the first line L; in its place and change the position of the line L, in the line

2Ly — 3L we find the following trigonometric system:

<
v+ Ty = -2 1y = -7
and we deduce y = —%, then from the first line we find x = %,

Matrix inverse method 43 sawael! o elde (3.1
Ll e 2 gbaad! ISl (e ddeadl ST

The system is written in matrix form as follows:

. 2 1 1
AX=Y A= x=("] v=
37 Y —2
We find the solution to the system by the matrix inverse:
X =AY

:gr‘:'L‘é"?““"‘:’QX2@)J‘O‘°%M‘?'3'\b
The inverse of a matrix of order 2X2 is calculated as follows:

a b 1 d —b
A= sla ATl =
(C d) o3 ad — be (-c a >

aM‘Q?A&m‘éjjf@‘&nﬁ

It is necessary to ensure that the determinant

a

det A =

Cc

b
‘:ad—bc
d

It differs from 0. 0 e calis

we find NS

R B s X=A" LY _1(9) _ (=
11 \-3 2 -2 11\ —7 =
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Cramer’s method S 4y yb (4.1
fdatly oy Sanall G 13) I 5ol le (pilalas (oo Bdad Ao sl 555 frios O 953
sad—bc#0
Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad — bc # 0 :

e b a e
ar + by = e [ d c f
cr + dy = f a b a b
c d c d
which gives us: Dldaay Ot
1 1 2 1
-2 7 9 3 =2 7
o 2 1 Sl ? v 2 1 o1
37 37

OLES 13) dadd g 1) Wlond| 8 00gh ciem 9 Jo JLid Ol 15] Lo 43 pae ) alla® e (63 &by (2
L9 dusmadl Ola %,.13;}" Aoy Al Lo gutan ucd disnodd
Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

a 1

=a’—1
a+1 2a

a £ £1 Hles 13) dadd g (3] w9 Jo Ila Satid

So there is only one solution if and only if a # +1.
oyl Ayl Jleatul JUiell Jur ad il puih I) 335 3Lkl J5 adally
s AL el b G gaitlg @y = 2 — az (JSAN e J ¥ laat) Blis Go b oo
(@ + 1)z +2a(2—azx)=1

Of course, all methods lead to the same result, for example by using the substitution method,
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and by writing the first line in the form: y = 2 — ax, and by substituting in the second line
we find (a® + 1)x + 2a(2 — ax) = 1.

OLd a # 1 Hles 13) adf g
We conclude that if a # +1 then

4a — 1 —2a’+a—2
T = = —
a?—1 9 Y a?—1

DUsAl Ml et Olb o = 1 Ol 13 0 eed s dolad) O ae Jelals oY)

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

r + y = 2
20 + 2y = 1
.J}.\:...\.?ﬁyﬂ\.’m3.x+y=%3x+y=2ulﬂi«5ﬂ‘uﬂﬁgéd-mbib‘myoﬁ

But we cannot have x +y =2 and z +y = % at the same time then, there are no solutions.

DSt ua B Aleasdt Ola o = —1 Ol 13)
If a = —1, then the system takes the form:

- + y = 2
2¢c — 2y = 1
and there are no solutions. Jol> >3 Y

here the determinant Aot L

a+1 a-—1

=(a+1)*—(a—1)* =4a.
a—1 a-+1

92 0l 5 dro Jleaiwls Mie (7, y) v o3l Jond) dde g a # 0 Ol 13)

If @ # is0 then the only solution is (x,y). For example using Cramer’s formula is

1 a—1 a+1 1
1 a+1 1 a—1 1 1
T T2 ? YT T 4 T
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Jo w8 ¥ a =0 gl 13)

If a = 0 there are no solutions.

Exercise N°— 3 — a8y g g

D Gl Slesd) Yol g8

Find solutions to the following system:

3x +2z =0
3y +z 43t =0
(5) =
x +y +z +t =0
2z —y +z -t =0
Solution -  Jemsd!
We start by simplifying the system: Padeand ) oo TLo

0298 ygme oslielg Jo¥ Jaddt M Ly ylawd HlSe sy o

We change the position of the line L3 to the first line and consider it a Gauss’s axis

Jamid Jaatly alarad) ylau¥I (e Bala%u U 3, 1, 7, 2 LIS Col 0L Of jdlial) Col )5 dal @
Al Lle
We rearrange the variables in the following order: y, ¢, x, z to take advantage of the already

simple lines, and we get the system.

y + t + x + z =0 Iy
Jy + 3t + =z 0 Lo
-y - t + 2x + =z 0 Ls
3rx + 2z = 0 L4

DAL O gl o9& Aha o T
We start with a Gauss method with the following transformations:

y +t + =+ 2z =0

— 3r — 2z =0 Lo+ Ly —314
3r + 2z = 0 L3 <— L3 + L1
3r + 2z = 0
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(GRS Alal die g A gldtin 5 M ASMY) Sl w¥) Ot

We find that the last three lines are equal, and then, the system is equivalent to:

y +t + o + z =0
3r + 22 =

s_,.mi\.\.;;:,..ﬂjﬁ;&mg.t:—x—y—z:%x—yjz:—%xM3L+u3éy3me

We choose x and y as arguments, of which z = —%m andt=—xr—y—2z= %:17 —y. Then, the set

solutions is

1(s) = { (s =500 v) Lo e v

Exercise N°— 4 — @) (4 pd

Solve the following system: DG Gdesd) s

Solution : (e

S
Depending on the Gauss’s method, we perform the following transformations Ly <— 3L + Ly and

L3 < 3L3 — Ly, so we get:

3r — y + 22 = a 3r — y + 22 = a
—x + 2y — 3z = b < by — 7z = 3b+a
r + 2y + z = c Ty + z = 3c—a
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Then the transformation L3 <— 5L3 — 7Ly which gives us the trigonometric system:

3r — y + 2z = a
Sy — Tz = 3b+a
bdz = 53c—a)—T(3b+ a)

el e Juamiy passaidlh @3 2z = o(—12a — 210 + 15¢) @ dmd 3 W1 Waleodl (e

From the last equation, we find: z = 51—4(—12a — 21b 4 15¢) Then, by substituting, we get the

solutions:

= 15(—4a —Tb+5c).

Exercise N°— 5 — gd y id w2

o) € G Jlaily S Jesd) Js-

Solve the following systems using Cramer’s method:

z+y+2z = 3 x+2z =1
DS z+2y+2z = 1 2)8 —y+z = 2
2r+y+2 = 0 r—2y =1

Solution -  Jumsd!

Aatl ddms Ol ol pSo Ales dlead) O Ga=iid (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

2
det 1 | =-4+#0
1

G -
[ -

UG e LY gl pel pS dles Aot e g

Brahim Brahimi-Jihane Abdelli 102 University of Mohamed Kheidar, Biskra



Ezercise series N° 3 w9, 3! &lwlw 3.3 Linear equations dulsd) = 51%al)

then, the system is Cramer’s system, its solutions are of the form:

31 2

1 21

011 4
T = - :_—4:—1

1 3 2

1

11 3

1 21

210 -8
z:_—4:_—4:2

Alodl duomn Uluoa ol x5 Ales (Alead! O Gasaicd (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

1 0 2
det| 0 =1 1 | =4#0
1 -2 0

IS e Lt gl pel 4 Ales Aot Ade g

then, the system is Cramer’s system, its solutions are of the form:

1 0 2

2 -1 1

1 -2 0 —4
r = 1 —T:_l

1 2

0 2

1 10 —4
y=—g — ~ 1
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1 0 1
0 -1 2
1 -2 1 4
z = 1 —Zzl

Exercise N°— 6 — @) (4 s

aboss I Gsadill o 6B pudid! Loy SwglRall Goghasll b b JlaZub Syl dlesd) Js
Solve the following system using the inverse matriz method, and what is the geometric — $\Quls

explanation for the result that you get?

r+my = -3
mx+4y = 6
Solution - Jemd!
of the system form Ao JSa (e
r+my = -3
mx+4y = 6
we get N
1 m 9
det =4—-—m
m 4
tehn e g

4—m?>=0=m=2Vm=—2

Job> Lgd e Aol 0 = 12 opwad 20U Walasd) ola m = 2 Gl 13)

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.
ST Jolondl (o diis jud due Judi Alesdl Lag 0 = 0 guad 20U Walaedl m = —2 Sl 13

If m = —2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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rT+my=-3&r=-3—my.
The set of solutions is: ‘o2 J gldl Ae geme
S={(=3-my,y);y € R}.

AL m #£2Vm#£ =2, ylss 13)
If m#2VvVm# -2 we take:

We calculate the inverse matrix

T
4 —m 4 —m

M1 = — —
det (M) 4 —m? 4 —m? m
m? —4 m?2 —4

IS (re (5S35 Alannd) J gl ais g

then the system solutions are of the form

6 m;n—4 o m21—4 6 o %

ie. gl
6 3
BRI L A —
el dmr+4y =6 9 x4+ my = —3 (uatrdivusd! O 7 Lddw! LiSen « Lawaia
Geometrically, we can conclude that the two lines x + my = —3 and max + 4y = 6 are either:

m#(2,-2) Wl 3 Olablite e
They intersect in the case of m # (2, —2).

m=2 Wl o3 Leleld Ol 3l gie @
They are perfectly parallel if m = 2.

m=—2Wl> & Geaidl e Yy o

Not on appointment in the case of m = —2.
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Exercise N°— 7 — gdy id w2

:6Jes) Jols 0 € R bawg)) Suwdd \abg Gids

Discuss according to the value of the intermediate a € R solutions to the system:

d3r 4y —2 =1
z 2y 2z = a

r +y —z =
Solution - Jemsd!
The determinant of the system is 192 Aol dume
1 1 -1
1 -2 2|=0
1 1 -1

O gl Jloatiuly o g Jo v ga ¥ 9l Jolondl (4o de ,8 due 3929 & Jo Lo pguas

T AL g T 9 ¥ (o JAL0 o O¥alaed) ol 5 el Led of g Al
is equals to zero. What indicates the existence of an infinite number of solutions or that there is
no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:

v 4y —z =1 x +y -z =1 Iy
r =2y +2z = a < r =2y +2z = a Lo
r +y —z =1 3r +y —z = Ls
r +y —z =1 Ly
— —3y +3z a—1 Lo+ Loy—14
—2y +2z = -2 Ly <+ Ly — 3L,
oy ==
y —z = 1

Za&ﬁ()ﬂai%‘]jhﬂoﬁdlm#éamww‘gﬁ
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In order for the system to accept an infinite number of solutions, the values of a must be:

1—a_

=1=a=-2.
3 a
That is, in the case of a = —2, we find: Meva = -2 Wls B (T
x =0
r +y —z =1 r=1—-y+=z
ES. — — Yy =
y —z = 1 z=y—1
z=y—1

then, the set of solutions are: ‘o J glondl Ao gee 4o g

S = {(anay_l)aye]R}
If a # —2 then the system has no solution. Jo L eed Aedl Ola a #£ -2 plss 13
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............................ Ezercise series N° 4 w0, 93} &lwlw 6.4

Limited Expansion d gdxed! yidd! 1.4

=0 s Je> f(7) = expr WM D glu po 5,58 slhac) HSau Aew¥) WY Jle 25D
s dado Aled! @ ) co s Led WY oy = 1+ 2 dldalas (95 1 ¢ Ll Adaul g

We take the example of the exponential function. You can give an idea of the behavior of the

function f(z) = e® around the point x = 0 using its shadow, which has the equation y = 1 + z.
We have approximated the graph with a straight line.

fanal ALadt mw 3 @ = ¢+ ar + er? Walaed! Mie 25D ¢« Juadl o 4485 dsd Of Lagi 1)
B b ran Aols Lgt Walaod ol iy = 142 + 52° Walaod) Jio g8 7 = 0 Wadl Hlga b
SASet adadl Walas e iad .¢"(0) =0 9 ¢'(0) =0 g(0) =0 @3 g(z) = expx — (1 + = + 322)

S AN 2 Ao 5ol (pe i AT A (e
If we want to find a better approximation, we can take, for example, the equation y = co+cix+cox?.

The graph of the function f near the point x = 0 is like the equation y =1+ x + %:172.

This equation has a special property: g(z) = expx — (1 +x+ %wQ) , and then ¢(0) =0, ¢’(0) =0,
and ¢”(0) = 0. We can find the equation of the equivalent parabola, meaning we find a second-
degree approximation for the function f.

- gl 3y AL Ao Hud) Jleaiwls co,EUl seliadwd A3y Assi OS5 O Layl 3] adatly

Of course, if we wanted to be more precise, we would continue to approximate using the third and
fourth degrees...
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y=l+ao+s 42" 0 1 z

O 5AT A AN (Y Bl Ayl (pe 3 gudl ;s e o (B g (Juadl) (o 5 pudl 1 B
ot (0 5l 93 0985 Lo LILE ) 7 ALl Aadill )l g B dadd Asmtlio pilidl . Juadl JSn WAL (e

Leud il @3 i) Aladidl wie Aliied! LA (e 148 3 guondl jdifs Glus
In this part of the chapter, we will look for the nth-degree polynomial approximation for any
function that provides a better fit. The results are valid only in the vicinity of a fixed point xx
(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula jeild ddwe 1.1.4

AT12 ple lasl @il Habli &g o Oludly 3 @lle mul e Cocow il () sbl3 Ahuo mowsd
dadd a5dalas welad I 0 gus Hdiso Aawl g9 Adadd H) g O e Sue Juolaild ALLS W co a0

AdU sis L2 W Slaide e
The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712, allows
for approximating a differentiable function multiple times around a point using power series, whose

coefficients depend solely on the derivatives of the function at that point.
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s9 a8l piid) 7.4 Limited Expansion and Integrals calculus

2 1.1.4 : Theorem - 'Z\Q.J.an

boxd oue g 2,2 € T olilg (n € N) C"L(R) &dall g &l f: 1 — R oIl
Let f: I — R be a function of the class C"*(R) (n € N) and let xo,x € I, then we have

f@) = flao)+ T2 prag) + EE gy

I 0 40) 4 (@ )l — 20),

n!

where Zas

zlggo e(x —zp) = 0.

. J

2 1.1.4 : Example - JL’]’.D

tb WS &b pall £ &IV oI
Let the function f be defined as follows:
fil-1,40] — R
z — In(1+xz)

oY BN SN el e 0 GBI b eb 210wt pehin ol padl 0o Gy HLEREY 16
Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to
the first three orders.

FU0) =1 385 /() = L s 5 £(0) = 0 :liga)

14z
We have f(0) = 0. Then, when we calculate f'(z) = 1+me we find that f'(0) = 1.
J7(0) = =1 889 f'(2) = — g s B
Afterwards, we calculate f"(z) = —ﬁ and find that f"(0) = —1.

F@0) =2 1859 fO(2) = =2 —ass 1 sy

(1+z)?
Finally, we calculate f®)(x) = ﬁ and find that f®(0) = 2.

o) -1 L o o) s
We can demonstrate by induction that:
(=1)"'(n - 1)!

@ =Ty
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3 guimadl yaad) 1.4 Limited Expansion and Integrals calculus

Where the value can be calculated: : Gadl) s Jl:» Zas-

F0) = (=" (n = 1)
Thus for n > 0 we have: \»)Jn>0d.>—9\wac§\ﬂ\:9

D 0 el (o f &I ;e\ sqasdl piS cowle Giey
In general, the Taylor polynomial of the function f at the point 0 is

e 2 (—1) g
Pl@)=) g =e gty
k=1

bW sgas =V pid 295 Jg) b Leyo

Here are the first three Taylor series expansions:

Pi(zx) = =,

2

x
Py(zx) = T =

x?2 23
Py(z) = x—;%—?

\am)ﬂ UR )3;9\9 )ﬁgb\ P39 P, g P ;9).>J\ ._J,.\ﬂ.\ Qu\u.\\ \osm)ﬂ ._,).ﬁu codaw | gs’\‘““ \am'“ §9
0 Jles <0 boo \1Bg f c;\u&\
In the graph below, the plots of the Taylor series Py, Py, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.

I, x2 z3 oY =
Y =2 5 T 3 Sl

<
S

\. .
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Limited Expansion and Integrals calculus 3 gumadl yaad 1.4

Mac-Laurent formula §lyed - dlw ddee 2.1.4

2 2.1.4 : Theorem - 7\,!)!4?
o Jobl 62uo bt Wl aie g 2 € I ol (n € N) C™1(R) &l oo &5 f: 1 — R ol
)9 - Db SRuo a8 2o = 0 Shail)
Let f: I — R be a function of the class C"*'(R) (n € N) and let x € I Then have, by
applying Taylor’s formula at the point xo = 0, we find the Mack-Laurent formula:
% i T . 5"
f@) = fO) + 7 £0) + 3£ (0) + ... + —£0(0) + —e(a).
J
g 2.1.4 : Example - J 2 )
z? gt 1f n T 2n+1
l)cosle—g—i-ﬁ—a—i-...—i-(—l)w—l—x e(x)
) I3 5 . J}2n+1 _
2)s1nx:x—§+5+...+(—1)m+x e(z)
—1 -1)...(a— 1
3)(1+a:)°‘:1—1—04.1’—1—%:624—...—1—&(@ ) '(a nr >x”+x”5(:fv)
! n!
1
3.1) a:—1:>H—m:1—:I;—i—:c2+...+(—1)"9c"+a:”€(n)
1 1 1 3 1x3%5...(2n—1)
32) a=—>= =l—cz+=2’+...+(-1)" "4+ z"
) =73 T+ R R A Porvr-s ma A C)
. W W
4)e :1+ﬁ+§—|—...+m+x e(z)
z? 2 1"
5)1n(1+:c):a:—3+§+...+(—1)”‘ ;—i—x"a(z)
\. J

Limited expansion of some common 42 gJied!| J1 gud | paaed 3 gdmmed! piddl  3.1.4

functions

N 2?2 2 a2t A
e=1+x+§+§+ﬂ+0(az)*

1
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Limited Expansion and Integrals calculus s9a8al) piid) 7.4

ch(z) = +§+%+ ..+%+o(:c2”+1) *

3 5 x2n+1 _—

— - - n+
sh(z) = +3'+5'+..+(2n+1)'+0(1‘ ) %

Operations on limited expansions 3 gdaed| phdd| e Oldes  4.1.4

‘;éLn'Z\J‘_\J.\3..\:-..4.")ﬁg’dl):«.i."()iMM?Q‘)}J-&L&W}J%%WQ&L@M@?J
dadd 3 guoed) pdidl e Oldoad! 7 pdd B gw 1agl 9 0 2l 8 3 guioms i (I R a € Adazid

0 syl ‘“,3
We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited
expansion of a function at the point a € R to a limited expansion at the point 0. Therefore, we

will explain the operations on the limited expansion only at the point 0.

n'&:‘nju.\ﬂo.n.\j..\a.d\).ﬁt.‘d‘OJ‘RQQMOM&'&HMngfﬂanNOS;U

LTS

Let n € N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

flz) = po+pix+-+pz” + 2" (x)
= P,(x)+ 2" (x)

and 9

g(x) = q+qr+-+g.a" + a"e()
= @Qn(x)+2"e(x)

.

1.1.4 : Proposition - dmsiad

19 9 [ o)Al 5g a8 £ 45 ggetne Jlarg 0 258 1 &yl 00 39 a0 4 il [+ @
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f +9)(@) = f(z) + 9(z) = P () + Qn () + 2"e(z).
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s9 a8l piid) 7.4 Limited Expansion and Integrals calculus

A Y 2o g9 f sl s9adl s chas Bimg 0 1S 1 6y 00 sgase 45 iy fg @
n \Cg\.\\u 99\ OR \15‘\ é),-))..“ -y ;9).)«.“ 619
fg accepts a limited expansion of degree n at 0 and represents the product of the limited
expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:
(f - 9)(x) = f(z) - g(z) = Tn(z) + 2"€(x)

n &8 M Be _adgiall (P, () - Qy, (2)) 3948V pdS T, (z) 2as
Where T, (z) is the polynomial (P, (x) - Q, (z)) stopping at degree n.

sjs 2as 1 63 ) ge 0 58 sqae pis Jabs fo g IV ole (g0 =0 &) g(0) =0 =351 13} o
P(Q(x)) =8 B —oy% 1 b5y I) 58 _abgiall 5918d) pif

If g(0) =0 (i.e. go =0) then the function f o g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n s defined by the

structure P(Q(x)).

If qo # 0 then we have: o ole g0 #0 ol 13) o

1 B 1 1
9(r) Q14 Bp4... 4 gy
q0 q0

z"ea(x)
q0

:._._&\ggn—l—léé.-p.“ma).ig-39m)ﬁx3d4ﬁFu;bf&\)ﬂé§boe\&\aF.:—é\g\5! °
If F is a primitive function of the function f, then F accepts a limited expansion at a

of degree n + 1 and is written:
F(z) = Poi(z = a) + (z — a)"*'n(z)

where: lim n(x) = 0. Jimn(z) =0 ‘o

r—a T—ra

8 3.1.4 : Example - Jk

arctan(z) &3\l sgasal) phisd) \ws-

Calculate the limited expansion of the function arctan(z).
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Limited Expansion and Integrals calculus s9a8al) piid) 7.4

&

We know that: o) s
arctan’(z) !

1+ x2

We set: 205
1

and F(z) = arctan(z) and we write: :.._.51?9 F(z) = arctan(z) g

arctan’ r = ke (=1)*z%* + z* ().
k=0
because arctan(0) = 0, then: tole arctan(0) =0 oag
" o(=1)k 3 5 7
arctan x = % %x%ﬂ + z*tle(z) = 2 — % + % = % =F oo
\. J

4.1.4 : Example - J 20 )

D 003)3\ oo 0 Be tan z&M A gg)ée.n“ )ﬁ\ﬂ\ °

The limited expansion of the function tanx at 0 is of order 5.

Firstly: : Yge\

, @ 5

smm—a:—g—km—kx ().
On the other hand épf\ SRS ye
2 4
COS$=1—%+;—4+JZ56<I’) =1+u
we set 95
2 4
W = —% + 3—4 + ()

Unwversity of Mohamed Kheidar, Biskra 119 Brahim Brahimi-Jihane Abdelli



s9 a8l piid) 7.4 Limited Expansion and Integrals calculus

In the calculation we need u? and u: DUt g u? s (o clss
2 4 2 4
R 5 _ v 5
u—( 2+24+x6(x)> 4+xe(:1:)
then »

u’ = 2°¢(x).

s0: FSWhy
1 1
= =1—u+u?—u®+ule(u)
COS T 1+u
2 zt T
_ 1L E_T T s
TR
2
)
= 1+%—|—ﬂm4+x5e(m).
Finely ,»-Sl\\go
i 1
tanz = smnz-
cos T
W 5 # B . &
= (]3—?4—504-336(1'))-(14—?4‘%1' + 2°€¢(z))
3 2
= $+%+1—5$5+$56(1’).

.4&43,3\030&9-%&‘)“ bgM\ ).\'\\.U\ °

The limited expansion of the function ;i—ﬁ at 0 of order 4.
1+ 1 1
= (+2)5
2+JZ 21"‘5
1 x T\ 2 z\3 z\4
e (154 (- )+ (3) e
2( +x)< 2+ > > + > + o(z*)
1+:v a:2+x3 x4+ (2%)
= —4+-——+———+0(x
2 4 8 16 32 ’
L J

5.1.4 : Example - J 20

36058 00 0 58 h(z) = sin (In(1 + 7)) SN sga8) iid) —lus-
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Limited Expansion and Integrals calculus s9a8al) piid) 7.4

Calculate the limited expansion of the function h(x) = sin (In(1+ z)) at 0 of order 3.

‘oiwg g(z) =In(l +2) 9 f(u) =sinu gos e
We set f(u) =sinu and g(z) = In(1 + z), from which:

fog(z)=sin(In(l+z)) ¢ g(0)=0.

A1 3 s N posgaseall i) 3L o
We write the limited expansion of order 3 for the function

u3

flu) =sinu=u— ) + ude; (u)
for u in the vicinity of 0. 0 e GO U 9 o
We set 205
2 3
u=g(x)=In(1+x) :x—%—l—%—l—aﬁ?’@(a;)
for x in the vicinity of 0. 0 s GO 98 oe
We calculate u?: TR, S )
2 3
u’ = (z— Sohet Pey(2))” =2 — 2 + 2°e3()
and u? : Ll g

then: HoA VY

= u— gy + u’er (u)
= |(z- 1062 + lxg 73 + 23e(x)
% 3
1 1
= x— 2:1:2 + 63:3 + ()
\. J
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Primitive functions cu.boﬁ\ a2 Limated Expansion and Integrals calculus

Primitive functions ba¥l &M 2.4

1.2.4 : Definition - u,ua'.'?

P zas & f oIy R b e 1 = [a,0] ol
Let I = [a,b] is a non-empty open interval in R and let the function f : I — R.

Deas T Jo f oV Galof &ty F o Jeis
We call F' a primitive function of f on I such that:

F:I—-R

S SR PR T DS RLY
satisfying:

T i) Jlsad) Lo ooyl 6L F —1

F can be derived in the open interval I.

-2
Veel, F'(z)=f(x)
. J
2 3.2.4 : Theorem - :\g.).hp
I Jo bpeime F olo I Jo f: T — R &N éabol &lly F 518 1)
(TfF 1s a primitive function of f : I — R on I, then F' s continuous on I. D
r

4.2.4 : Theorem - :\g‘ﬂép

I Jo bulof alls Jabs f s f: 1 — R &N ol

Let f : I — R has a primitive function on I. Then :

NI Salo Y Yo ) & gasen

the set of primitive functions of f is:

{F +c¢,ceR},
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Limated Expansion and Integrals calculus Primitive functions c».ho%!\ a2

J &IV suols Galo &ty F zas

where, F' is a primitive function of f.

All primitive functions of f are obtained by shifting any primitive function of f by a constant.
LGSh g f AN Ao ¥ Al [ f(E)dE = e

We denote by [ f(¢)dt the primitive function of f and we write:
Fla) = /f(ac)dm.
Definite integral 3 gdmed! S 1.2.4
53 geimadl yul OIS g 53 grisad! LS las OMLLSI e Ole 93 Dlia
There are two types of integrals: definite integrals and indefinite integrals.
b>a cus [a,b] Jlowad) e 3 poiwwadl 9 f 1 [a,b] = R a1 S0

Let f : [a,b] — R the continues function on [a, b] such that b > a.

W, I (e O SLelSE AlS @ud slowl o8 Yleatal yisai ¢y A ylay JolSU Ciay pad (Ko
PRIE]
Integration can be defined in another way that is more used to find constant values for the integrals

through following theorem:

2 5.2.4 : Theorem - 'Z\Q.)Jap

60 20 F: [a, 5] — R &1 o1
Let F : [a,b] — R be the function defined as:

F(z) = / F(t)dt

D 8sSy SWaY abl F ol o) S £ el sybel &ty (B
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Primitive functions mboﬁl\ a2 Limated Expansion and Integrals calculus

a primitive function of f means that F derivable and satisfying :

F'(z) = f(z),Vx € [a,]].

2.2.4 : Definition - wid yad

F(2) BN o &ypm3al) 65-lmall 18 2y I i) 532\ £ S sgaenlt ST soms
Db o jop A = b Sloal sy sl J) 7 = a dbolal) oty dhisd) ge

The definite integral of f is a number which represents the area under the curve f(x) from

/abf(x)dx

.,dbgfo!\moxboﬁl\cdm\cmeF cm»d\g).sd\
The real number F(b) — F(a) where F' the primitive function of f and we write:

/ f(x)dr =F(b) — F (a).

g 6.2.4 : Example - JL’ZD

xr=a tox =0 denoted by:

Let’s calculate the following integrals: e\ .,mYE!\ —ausa)

cieg «\R) éabo) &)y F(z) = e” \;mf(x) = 351 e —
For f(x) =€ let F(x) = e be its primitive function, then

1
/ e’ dr = [eﬂé:el—eoze—l.
0

odeg (B dabol &ty G(x) = 2 ol g(x) = 22 JsH oo —
For g(z) = 2* let G(z) = 2;—3 be its primitive function, then

1
| et 5],-4
0
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Properties of integrals _—}Lam‘ wles- 3.4 Limated Expansion and Integrals calculus

-3
/ cost dt = [Sint]zz =sinz — sina

cosz &IV c».boé\ &Iy

is a primitive function of cosx.

ol idnig (e o p5) Gusgj &)y Subo I BNy o5 Gus b &1s ol 13) —4
If the function is odd, then ils primitive function is be an even function (proved later).
We conclude that:

Properties of integrals QWS 4ol 95 3.4

Ol Adad o dalea) (JLd A8Me o8 JelS Olaomt A5 A 31 pailasd

The three main properties to integral calculus are the relation Chasles, positivity and linearity of

integral.

A

Chasles relation JLi 4% 1.3.4

2.3.4 : Proposition - duad

Ja, 8] o oGl 6% f gl Waie ¢ [c, 8] ¢ [0, ] Jo JoTl &6 &Ity f oW 1) a < ¢ < b oIl
Let a < ¢ < b. If f integrable on [a,c] and [c,b] then f integrable on [a,b].
and we have: By adg

/abf(a:)dx _ /acf(x)der /be(x)dx.

We have the following proprieties, for a = b: la =0 Jai (e Al Aot Lod

/a " f@)dz = 0.
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Properties of integrals _,31»@\ wles- 5.4 Limated Expansion and Integrals calculus

and for a < b: a<bdaiie g

/baf(m)dm S /abf(m)dm.

g 7.3.4 : Example - JL’]’.D
We have: \»)J
3 373
27 1 26
20, = |2 240 _2_2°
/1 oo {3 T 37373
1 371
1 2 2
/ 2dr = [a:_] :___7:__6
3 313 3 3 3
3 1
/ 22dr = —/ x2dx
1 3
\_ )

Positivity of integration JolSU! dwlad| 2.3.4

.

3.3.4 : Proposition - dusad

Ja, 5] JWedt o JoTE uibol uills g g f copbyas o338 a < b ol

Let a < b two real numbers, f and g two functions have a primitive functions on [a,b].

If f < g then: oo f < g o83
b b
/ f(z)dz S/ g(x)dz.

olou) A godl A JolST O 980 ¢ o guaddl a9 e
In particular, the integral of a positive function is positive:

If f > 0 then: ol f >0 calss 13

/abf(a:) dx > 0.

Linearity of integration S| ddas  3.3.4
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Limited Expansion and Integrals calculus Properties of integrals _,3&1?3\ wles- 5.4

.

4.3.4 : Proposition - dugad

[, 0] Yl 1o JolE iyl gaidls g o f ol

Let f and g two functions have a primitive on |a, b

then f + g a function integrable and 9 d.om b &y f+ g oiw g —1
b b b
/ (f +9)(x)dx :/ f(x)dx—I—/ g(x)dx.

Lo g Jolill 6l (B AF SN A iais- 51 3F Ul oo —2

For all real number X the function Af is integrable and we have:
b b
/ A (x)dr = )\/ f(z)dz.

1o TR Gabs o s oninde Y gaihad) gas® JYS o
From these first two points we have the linearity of integration:

For all real numbers X\ and p we have: o g9 A (ds yse 34 351 oe

/ab (Mf(2) + pg(z))dz = )\/abf(x)dx + M/abg(x)dx.

1.3.4 : Remark - 7\1&?)&»\

ol Y e b ol [a,0] Yol Jo JoTGl oaills aaills g ¢ f =3V ) (1

If f and g are integrable functions on [a,b] then most of the time we have:

[n@ s ([ s ) ([ ot ar).

g Loy [0, 5] Jisad) o JoTBY &1 s |f] ol [a, 5] Jisad) o JolEY b1 &ty £ wstd 13) (2
oy

If f is an integrable function on |a,b] then |f| is also an integrable function on [a,b]
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Properties of integrals _,31»@\ wles- 5.4 Limated Expansion and Integrals calculus

and we have:

g/ab\f(:r)! da.

/a b f(z) do

L J
g 8.3.4 : Example - J A
We have: oy
1 1 1 1 1
/(7$2—6I)d$:7/ 2% dx —/e$da::7——(e—1):—0—e
0 0 0 3 3
Using the calculations we saw earlier, we find: USRI \B\i;\, S = blusd) phasdwly
1
/ z? dx = E
0 3
and 9
1
/ e‘dr =e— 1.
0
L J
g 9.3.4 : Example - J 20 )
Let \;-m
I - /” sin(nx) s
1 1 + "
Let’s prove that I, — 0 for n — +o0. n — 400 W) I, = 0 ol ol
’[M:/de S/MCMS/ 1 dxg/idx
1 1+an 1 l+an 1 1+am . x"
It remains only for us to calculate this last integral ,»-ﬁ!\ d.oTi.\\ 110 — s boo oy
n 1 n —n+1 " —n+1
—dx:/x_”dx: < _ " — 1
1 " 1 -n+1], -—n+1 -—-n+1 nrtoo
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Properties of integrals _,}Leﬂ/.\.\\ wles- 3.4 Limated Expansion and Integrals calculus

—n+1

—n+1

n— 4oo W — —>09n_”+1—>00§
because n~"t — 0 and —= — 0 for n — +oo0.

2.3.4 : Remark - :\.Tsi?)d.mN

poa (1o o5l JalBl 616 £+ g wsld of g i ol b

We note that even if f - g is an integrable function, in general we have:

/ o)) # / ' f@)s) / o)

{ Glaled kb p2al) g g f AN oI il dam o
For example, let the functions f and g be defined as follows:

1 si x€l0,3

0 sz non.

f:[O,l]—HR,f(:U):{
and 9

1 s zel3]]

0 sz non.

103} @ €[0,1] 3 8-V oo f(2) - g(z) = 0 oo g

g:WJ%%Rﬂ@%={

Hence f(x) - g(z) =0 for each x € [0,1], then:
1

i f(x)g(x)dz =0

although o) ey
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Limited Expansion and Integrals calcullrsmitive of usual functions mgﬂd\ g\ va d.;\f 4.4

Primitive of usual functions 43 gdiad! JIgddl jany JolSS 4.4

[e'dr=e"+¢c on e R
[coszdr =sinz+c¢ on e R
[sinzdr = —cosz+c¢ on e R

anrl
fxdx:ntll—i-c «(neEN) on e R
'Z.O(
“dr = ‘ Ry
f:i x a+1+c (0 €R_13) on te  ]0,+00]
f;dx:1n|x|+c on e ]0,+00] o | —00,0]
[ shx dx = chx + ¢ [che dv =shx+c¢ on e R
dx
f1+$2:arctanx+c on e R
f dzr arcsinx + ¢ |- 1]
- = on _
V1—2? g—arccosx—Fc e ’
dx Argsh (x) +c
— = on R
N {ln(m+\/x2+1)+c e

I de ) Argch(z)+c
m_ ln(x—f—M)—Fc

on e €]l +o0|

Integration methods JASId 3 o 5.4

a3 9E (s e uB g LgilelSes ALAT Uy O G AT oW1 aslidl sl ol JolS Gl p 9y
oo oY guwl ady Aslwed) olasd JolSS Adee J ol (1675 ,ed gd 13 b Giin¥ elgld
13 Le Ailuadals 01 0 ge 5 Of Lefm (3 503 Blonas] (o Jibuacs JSis il 31 ol 5 Judola
JolSal flgie JolSAY 3,k Buc dr sug bes cinailly Wi @3 Of die ld JSds podvid

e Wi | WP it gy WY Ll { rpg V- WP ik | WRpg WY Lk { I K RO ik { I
Integration is based on finding the primitive function of the function we want to integrate. On
November 13, 1675, Gottfried Wilhelm Leibniz demonstrated the first integral for calculating area.
Leibniz established the mathematical calculus independently of Isaac Newton, and his mathemat-
ical symbols are still in common use since they were first published. There are several methods of
integration, including: integration by parts, integration by substitution, integration by changing

the variable, ...
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Limited Expansion and Integrals calculus Integration methods d;\ﬁ.\\ e,b oA

Integration per partes & il KU  1.5.4

6.5.4 : Theorem - :\,U.BD

Dol [a, 5] Ysadl WIS xkb p2a)) 1 G g ol v g 1 oI

Let u and v two functions of the class C' defined on [a,b], then :

/ " u@) () di = ]! — /  AolE
) _J

13 g (O gey ST g Lgudd oo Ado¥) ANal A5 joitl JelSi daiws
The formula for the fractional integral for the primitive function is the same but without bounds:

/u(az)v’(x) dr = [uv] — /u’(a:)v(a:) dr.

[ 10.5.4 : Example - J 2

To calculate the integral d.eﬁ/ij\ — s

1
/ e @l
0
V'(x) =e® g u(r) =z @05
u(z) &I Gashall GBI (B w/(x) = 1 &\ of i
We know that the function u'(x) = 1 is the derivative of the function u(x)
v a3 c».bo%\ A Gﬁ v(x) =e” &N g

and the function v(x) = e is the primitive function of v’

We put u(z) =z and v'(z) = €”.

118 65 jill Jo B 620 JWeiwy g
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by using the integration by parts formula we find:

fol retdr = fol w(x)v'(z) dx
[u(@)e(@)ly = Jy v (@)(@) do
[ze®]y — 01 1-e*dx
(1-e' —0-¢e% — [e‘”](l)

e— (el —ef)

= 1
\_ J
g 11.5.4 : Example - JL';'.D
To calculate the integral d.oﬁ‘ — s

/ zlnz dx.
1

This time we put u(z) = Inx and V'(z) = a.

v S Gybo ¥ &I (B 0= 5 1 g u(r) G Gkl I B/ = 1 e g

V(r) = qu(z) =Inz sl 01D @05

1
The function u' = - is the derivative of u(x) and the function v = %2 is the primitive of v'.

118 65 jill Jo B 6200 Jeiwy ¢

by using the integration by parts formula we find:

e e e 27¢€ 61 2
/ lna:-xd:v:/ uv':[uv]i—/ v = |:1ngj-x_:| _/ -
1 1 1 2 1 1 1'2

e? e 1 [¢ ez 1 [z2]°
=|lne——Inl— | — = der = — — = | —
(meg-mg) -3 [=e=5-3 3]

B e  e? n 1 B e2+1
2 4 4 4
\_ _J
( 12.5.4 : Example - J 2
To calculate the integral da\-ﬁ.“ — s

/ arcsin x dx
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arcsin(z) &3 &ubo &1y sl
to finds a primitive function of the arcsin(z) function
@'(x) = 1 g u(r) = arcsin(z) @05 Las 12 Jl/.\”u oe B

we make it in the form of a product, we put u(z) = arcsin(z) and v'(x) =1,

w(z) =z 9 u'(r) = Gosd 2as

1
V1—a?

where we have u'(z) = and v(z) = x,

1396 65 530 Yok R0 {85 05

then we use the integration by parts formula we find:

x
1- in(z)de = i — d
/ arcsin(z)dz [z arcsin(z)] / Vi x

= [zarcsin(x)] — [—\/ 1-— xﬂ

= zarcsin(z) + V1 —22 +c
\. J
[ 13.5.4 : Example - JL’ZD

To calculate the integral dnﬂ/.’d\ — s

/xQezd:c.

V(z) =€" qu(zr) =2 gos
we put u(x) = 2% and v'(z) = €*.
u(z) SI A Sakdal) S (B v/ (2) = 22 S o) i
We know that the function u'(x) = 2z is the derivative of u(x) .
V() 631l Gubo I Gl (B u(z) = e” &l
and v(z) = €* is the primitive function of v'(x) '
89 68 3L ol 6Rpo JWeiwh g

and by using the integration by parts formula we find:

/x2ez dr = [xZeﬂ - Z/xem dx

185 Sl glued) o SWY ¢ ) o Gl 6 pald 86 il Jo T 1y

Re-integrating by parts for the second time on the second part of the previous equations,
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w0 itk
/xew do = [ze”] — /ew iz = (z — 1) +c,
el we fHod 5 s Y o
/ 2 dr = (2 — 20 + 2" +c.
L J
Change of variables juaied! b JutlSU|  2.5.4
-

7.5.4 : Theorem - :\g.).hp

CLasa) oo o J — T Ha) oL g 7 = [0, 5] JWadl 1o &6 20 &1 f oI
Let f be a function defined on I = [a,b] and let the mapping ¢ : J — I be in class C.
for all a,b € J we have: ol a,be J I I8 oe

©(b) b
x)dx = - o' ()d
éwf() tAf@@)wwt

(fop) ¢ allall GaloW I (B Fop ol f allall dalol iy F std 13
if F' is a primitive function of f then F o ¢ is the primitive function of (f o) - ¢'.

in another way < 5 Gmay

([ 1@ ds)oe= [ reenet e

\. J

0 9 [ AN (e S5 s )3 (e id ()@ (1) Al Ao ™1 Al Of @i
that is, the primitive function f(p(t))¢’(t) results from the combination of f and .
alell ycad Sad Sl [ f(2) do = [ f (p(t) ¢'(t) dt 3 yleatt
the statement [ f(z) dx = [ f (0(t)) ¢'(t) dt is actually a change of the variable,

or in a simplified form we put il Aowes daoay i
z = ()
after derivation, we find BLAaYL Loas ad die g
dx ,
— =t
o =7
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le. i
dr = ¢'(t) dt

what it gives us: lhcdaas Le

w(b) b
/ f(x)dz = / F(o () (.
¢(a) a

( &
14.5.4 : Example - J 20

Calculate the integral JD\T,J\ — s

[ME]

/ sin® () cos (z) dx

0

by placing 209
sin () = t = sin (v) = cos (z) = dt

G WSt N oo JoTHN 3958 p3is ieg

Hence, the bounds of integration change from x to t as follows

r = 0=1t=sin(0)=0
Z— <W> 1
r = = =sin (=) =
2 2
from it we find 159 Giwg
xr = 0=sin(0)=0

. J
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Ezxercise series N° 4 ady i jbald| dds 6.4

Exercise N°— 1 — gdy 4d m

38153 T {2 0 S e Mo TRN s
Compute the following integrals by integration by parts.

1)/932 Inzdx. 2)/:Uarctana:da:.
3)/1nxdm then /(lnx)2 dx. 4)/Cosxexp:vdx.

Solution - Jemsd!

fx21nxdx °

V=12 gu=Inr dus 45 jatl Jelss
Let’s integrate by parts where we put « = Inz and v' = 22

_ a8 1 .
/1 a8
then u —Eandv—g.

3 1 3
/lnx'xde:/uv’:[uv}—/u’v: {lnx~%] —/5-%d:c
3 x?
= |lnz-— —/— _
{ 3} 3

[zarctanzdx e

z2 / 1

_ _ . ! _ & o s . - .
V=5 9U = iz &gV =T gu=arctans oo 43 jonidls Jelsd

Let’s integrate by parts where u = arctanz and v' = x. These include v’ = # and v =

z2

5

/arctana:-xdx = /uv' = [uv} — /u'v

‘ x? / 1 x2d
= |arctanz - —| — - —dx
2 1+22 2
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2 1 1
= [arctanx'%} —5/ (1— 1—|—x2) dx

x? 1 1
— — arctanzx — 51} + 5 arctanx + ¢

1
= 5(1 + %) arctan z — 3% +c

[(Inz)*dx then [Inzdx e

U =T

In order to integrate: [ Inxz dx using integration by parts, where u = Inz and v/ = 1. Then

u’:%andv:a:.

/mdx_/ — [uo] - /uv
= [lnx - x] /
fres

HI*—‘

ld

zlnxx

=zlnz —x+c¢

ot =2Inz Ly V' =1 gu=(In2)? o> [(In2)?dr Cluwmt 45 30l JolS Joatwd
V=2
We use integration by parts to calculate [(Inz)?dz where u = (Inz)? and o' = 1. Of which

u = 2%lnx and v = x.

/(lnx)2 dr = /uv' = [w] — /u’v
= [z(Inz)?] — 2/lnxd:c

=z(lnz)® —2(xlnz —2) +c

Laslu O guusmett oSS Loodnianl ¢y ¥ o wdl e J guaslt
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To get the last line, we used the previously computed integral.

I= [coszexprdr puas o

203w ==sinx g U = expr diwg U =COST 9 U = EXPT S A3 jmIly JolSIU) Jomlicsd

We use the integral by parts where u = exp x and v" = cosz. Then, v’ = expx and v = sin z.
So:

I:/cosxexpa:d:v: [sinacexpx} —/sinxexpxdx

tole Juasa Lold J = [sinzexpzdr 1Oi Lus 48 13)

If we assume that: J = f sin z exp z dz, then we get:

I = [sinxexpx} —J

laa V' =sinz g u=expr pe G 31 5 0 A5 juil JelS Jloatal wad J olus i e
Ldas

- -

In order to calculate J we use integration by parts again with « = exp x and v' = sinz. This

gives us:

J = /sinxexpmdx: [—cosxexpx] —/—cosxexpxdx: [—cosxexpx} + 1

AL Walae Load O3)

So we have a second equation:

J = [—cosxexpa:] +1

HEE -2 U9 | '&JAB-QJ“;SMJU'AP

Substituting J for its value in the previous equation, we find:

1= [sinxexpx} —J = [sinxexpx] — [—cosxexpa:} -1
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where G

21 = [sinxexpx} + [Cosxexpx}

Pl Gl LD i Lo 102 9
This allows us to calculate the integral:

1
I= E(sin:z: + cosx)expz + c.

Exercise N°— 2 — gdy 4d w2

e ) 15) JelR) oy ;2 o 10189 2o S o Mo TR s

Calculate the following integrals, specifying the integral domain definition if is necessary:

1) / sin® z cos® zdz.  2) / cos* xdx. 3) / c0s?°% g sin zdx.
1 1 1
4)/ —d. 5)/ dx. 6)/ ——dx.
sin x cos T 7+ tanzx

Solution -  Jemsd!
The integral is defined at R. R e @ a0 JolsI) o0
.8 3 L. o L .n
sin® z cos” zdr = —sin"z — —sin- z + ¢
9 11
The integral is defined at R. R e @ a0 Sl @
1 1 3
/cos4xdx = 3—281n4x + Zsian + 37 +c
The integral is defined at R. R (A @ a0 JolSI) o
f 1
2003 . _ 2004
/ cos™  wsinzdr = 5001 &5 © +c
The integral is defined at |k, (k4 1) 7[. Jkm, (k+ 1) 7] e @ pan JolSII @
1 1 1—rcosz T
—dr = -In| —— —i—c:ln‘tan—‘ +c
sin 2 |l+cosx 2
(Change the variable © = cosx or u = tan §). (u =tan3 gl u=cosT yuaied J.&.as)
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|2+ km, 5+ k| e @ pae JolSIIl @
The integral is defined at | =% + km, 2 + kr |

IR

bo=tnan (24 7))+
c=Inltan | = + — c
COS T 1 —sinzx 2 4

(u =tang gl u=-snT ;i J.:«.ﬂ)
(Change the variable u = sinz or u = tan ).

R\ {arctan (—7) + km, 2+ kr, k € Z} Jlowadl le B yas JolSII o
The integral is defined at R\ {arctan (—7) + k7,  + kr, k€ Z}

/ ! d 7+1l|t +7]+11| | +
—aAr = —=T — In |tan x — In |COSX C
7+ tanz 50 50 50

(u =tanzr el J.h«_ﬁ)
(Change the variable u = tanx ).

Exercise N°— 3 — gdy 4d w2

PR B 89 o8 G e Mo s
Calculate the following integrals by changing the variable.

1
/cosx )% sin x da. 2)/ dx.
rlnx

/3+eXp /\/41‘—1‘2

Solution - Jumsd!

[(cosz)*tsinzdr o

e Jrasd du = —sinzdr g = arccosu Load 4 = CoST puaied! judd puad

We put the variable change u = cosx we have x = arccosu and du = —sinx dr we get:
/(COS r) P sing dr = /u1234(—du) = —Lu1235 +c=— ! (cos ) + ¢
1235 1235
This primitive function is defined at R. R e 45 y20 2™ A0 sla
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f:cllla:dm ¢
:gﬁdu:dfjx:expuguu:lnxﬁﬂd!ﬁgﬁo&g
Let the change of variable u = In z, then we have x = expu and du = d?“ we write:
1 1 d 1
/ dr = ——x:/—du:ln\ul—l—c:ln\lnxl—i—c
rlnzx Inx z U

ewidly aliee (950 A8 colidl) |1, 400 e i ]0,1] e 43, Ado¥) ALY sl
(RSN,
This primitive function is defined as ]0, 1[ or |1, +00[ (the constant may be different for the

two intervals).

1
fS—i—exp(—x)d:E °

.d:c:%“u@i_.c&egg;m du =exprdr g v =nu 4oy U = eXPT pidliad! jcad HSJ

Let the variable be changed to u = exp x. Including x = Inu and du = exp x dr which also

writes dx = %“.

/ e —/ L (d —/ W 31 o= tm@epr 1)+
3+exp(—z) 3+ L\ u ) 3u+1 3 €T g e ¢

R e 48 ;20 2do¥ A0 sl

This primitive function is defined at R.

1
=L
@B e i s Lis Lgld by yas e b 3] AR 90 udlell oS re oo Al
JolS Causn oo 4B yad Lo 2 Ao yill (po 3 gb HCiEo jiamd] Comd g aldall
The purposed of changing a variable is to reduce it to something known. Here we have a

fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

/ du _
——— = arcsinu + ¢,
1 2

—Uu

Brahim Brahimi-Jihane Abdelli 141 University of Mohamed Kheidar, Biskra



Ezercise series N° 4 w9 o3\ &l .6.4 Limited Expansion and Integrals calculus

98 g arcsin(t) Aot Adtide B yai LoY

Because we know the derivative of the function arcsin(¢) which is

1
V1—12
JSad) e 4 — 27 jhsdl G Le liss J glod 48] 53 gall J gloviw <308
We will try to get back to it. Let’s try to write under the radical 4z — 22 in the form

arcsin’(t) =

1 2
11—t dr—2?=4— (2 -2 =4(1-(z2—1)").
94r — 2 = 4(1 —u?) 1098y Al (e U = 37 — 1 jdliadl ol B i pacdall (e SIS
dr = 2du
So it is natural to experiment with changing the variable u = %x — 1 for it is: 4o — 2% =
4(1 —v?) and dx = 2du.

/d—x_/ 2du —/ du = arcsin u + ¢ = arcsin 1x—l +c
Viar —22 ) Jad—w?) J Vi—u? N 2

2 €]0,4] Ao 43 yae Alo¥ WY siau €] — 1, 1] e Blaiad 2018 g 4d yasarcsinu 31t

The function arcsinu is defined and is differentiable on v €] — 1, 1[. This primitive function
is defined on z € )0, 4].

Exercise N°— 4 — a8y jd g

= 512l by 45 a8all Gabial E5-tue — s

Calculate the area of the region bounded by the curves of the equations

x? q 1
=" and y= .
Yy 9 ) 1122

Solution - Jumd!

s 31 @ 3 g pd| s Y = g WA s g ¢ GBS adad 9o Y = 27/2 WA e
Lgobuso a gdiw I dabaied) Oliomiad) (10D sy Lae . (pealed)
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The graph of the function y = x?/2 is a parabola, and the graph of the function y = ﬁ is a

bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

&JEMM3:E:—13I:+1@‘»y‘&mmgw‘d‘ﬂbbmg¢;de&g$@a\e
2

L= o dladdt Ja Ga b (o de 3asI ed Abed) g ) Sle

Firstly, these two curves intersect at the coordinate points + = +1 and x = —1 : this can be
guessed on the graph and then verified by solving the equation %2 = m++1
flx) =2?/2
- 1 9(x) = 11
We will calculate two areas: IO b i

Wslaod) jelaw g ASIYI jeme B339 ¢ LA aladll Comd Adkatoll A Asluedl o
tawg . (r=41) 9 (z=-1)
The A; area of the region under the parabola, above the ordinate axis and between the lines

of the equation (z = —1) and (z = +1). Including:

+1 .2 31+t
A
1 2 6], 3
Walaod) o glas o g OLAI Y| jame §92 9 ¢ (w ypondl Comd Aad) o)) ddlaiall Ay dxlusdl o
g (r=41) 9 (z=-1)
The area A, for the area under the bell, above the ordinate axis and between the equation

lines (r = —1) and (z = +1). Including:
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oy X
Ay = /_1 o dr = [arctan z] 7| =

‘6 9l LAISI! aladl) § 98 9 (S A Asbluedl @
The area A under the bell and above the parabola is:

A=A — A =

wm
oa|>—u

Exercise N°— 5 — @ (d w2

Salo W) Ploah 1590 5 Gudlill jquld Jis-

Factorize the following fractions and then find the primitive functions.

1 1 z3
1 —_—. 2 —. 3 .
) a? + x2 ) (1 + 22)? ) 2 — 4
4x 1 1
4) 5. 5 —5——— 6 . 5.
(z—2) 2 +z+1 (22 + 2z — 1)
7) 3r+1 8) 3r+1 9) 1
(22 — 2z +10)* 2?2 — 22+ 10 3+ 1

Solution - Jemsd!
ey palll A gama (ro Sl U5 2 Andlo L

The results are valid in every interval of the definition set.

‘_,At\.d.m}ﬂ At e g dacn IS

x2+a2
A simple form of which the primitive function is:

dx 1
ﬁ:—arctan( >+k
T+ a a a

e s\.uL«aY! W) die 9 dacwny IS 1+ )2
A simple form of which the primitive function is:

/ d Larctanz 4+~ 1k
——— — — arctanx — 7 .
(1422 2 2(1 + 2)
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Al (Sen @

We can write:

ot oW AN die g
Then, the primitive function is:
2

ZL’3 T 2 2

. - I XY 4z _ 4 8
.‘;’.b ‘L”(.LQY‘ aliady .($_2)2 = 75 + (:E—2)2 )

the primitive function is:

4
/—$2dx:41n|x—2|—l+k.
(x —2) T —2

lod Ao ¥ WA Le g gl JSE o @
A popular form, including the primitive function is:

/ dx 2 vetan (22N Lk
—————— — —=arIctan .
?+r+1 /3 V3

We have the following factorization:

1 B 1 V2 1 —V2

(22 + 2z — 1) _8(x+1+\/§)2+16(9[7+1+\/§)+8(m+1—\/§)2+16(95+1—\/§)

a2 o™ ANy,

LA i Lot e

the primitive function is:

/ dx z+1 \/§1

L L V2 r+14++2
(22422 —1)> 4@*+22-1) 16

n—
r+1—+2

. - Nl . - P s . 3z+1
it Al ANAT die g WM Lo Fide JSAT (pe m
From the form is derived on the function, from which the original function is:

x4+ 1 3 2(x — 1) 2 x—1
sdr = — 5 + 5 + —arctan [ —— | + k.
(x? — 2z + 10) 2(x2 = 2x +10)  9(z? —2x+10) 27 3

+ k.

Lod Ao ¥ AN die g WA o Bl JSAN (pe 2TEL
From the form is derived on the function, from which the original function is:

/md:c: §ln(9€ — 2z + 10) +§arctan (T) + k.
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Al (Sen @
We can write:
r 1 x—2
»+1 3x+1) 3@2—z+1)

ld oY) Al

the primitive function is:

/ d 1 lz+ 1] —=In(2® —z +1) + L arcta (2x_1)+k
n|xr ——HZL' — X —= ar 11 .
S 6 V3 V3

Exercise N°— 6 — @) (4 w2

S Gy pulll P al) o T s

Calculate the integrals for the following rational functions.

Lod 1z q S 2r+1
1)/ = 2)/ = 3)/ g
0o T2+2 _ipl—x o T°+x—3

2 0 3 2

z dx dx 4x
4 ) ——— 06 —dx.
)/0 r* + 16 >/2x3—7x+6 )/2 A1

Solution - Jumd!

:Mjw‘wﬁu‘mﬁaﬁ@l&nzth

2 —5 is a well-known derivative of the arctangent function, including:

/1 dx Lo ( )
———— = —arctan | —
0 T2H2 V2 V2
DS Mt e
Let’s decompose the fraction:

L2 12

1—22 24+1 x-—-1

LSS e @3

Then we calculate the integral:

1/2 d
/ x2 =1In3.
—1/2 11—z
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a9x2+$—32\1\.\31‘_§:ﬁm&,‘>2x+1‘33’ °

Because 2z + 1 is the derivative of the function 22 + 2 — 3, then

5o2x 41 ) 3

Tdad | JSEL STl Julond adatioad @

We can analyze the fraction in the simplest way:

r V2/8 V2/8
rt 416 2222244 22+ 222+ 4

But the simplest thing is to change the variable 22 = u. We find:

/2 r dx _1/4 du o
0o 2416 2 ), u2+16 32

T Judsedl e
By factorization, we find:
1 1 1 1
P _Tr+6 20@+3) da—1) Ba-2)
ol Ao g
Then the integral:
dx 1 x—2)4x
| Fe = ( <x)_<1>5+3) e
e~
0
/2 #ﬂi% - 110111(27/4).
Ao fdsdl e
By factorization, we find:
42* 2 1 1
1 2211 _x—|—1+x—1'
ol Ao g

Then the integral:

42 -1
/ 433 1dx:1n‘x+1‘+2arctanx—l—0
xt — x
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where

3 2
4 3 1
/2 x4x_ 1 dr = 1n <§> + 2 arctan (?> .

Exercise N°— 7 — a8y od g

N IVRTHI RN
Study the values of the following integral

I — /1 sin(mx) iz,
0o T+N

n>0\1;\1>-9\0.5

for every n > 0.

0< Iy < I, o) st —1
Prove that 0 < I, < I,

[

Himmy, oo I 0 it @3 7, < In ™ of g) —2
Prove that I,, < In ”TH and then conclude that lim,, ., I,,.

Jo T8 usd s | —3
Calculate the value of the integration.

lim nl,.
n—-+oo

Solution - Jumd!

sin(rz) >0 g0<z+n<z4+n+llot 0<z<1yss Jai e 0< 1,1 <1, o oLa) —1
A Al g

Prove that 0 < I,,.; < I,

sin(mz) > 0, then we find

 Forevery 0 <z <1, wehave 0 < x+n < x+n+1 and

sin(mx) < sin(mx)
Trx+n+17 x+n
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Ezercise series N° 4 w9 o3\ &lwlw 6.4 Limited Expansion and Integrals calculus

(Jol Aplom) eols Godan
applying the property of positive integration.

Lot 0 <sin(mz) <1 IM> (e —2
Through 0 < sin(rz) < 1 we have

sin(mx) < 1

r+n —x+n
we find N
| . n+1
oglng/ dz = [In(z +n)], =1n — 0.
0o TN n
Calculate the value of integration ol e Ol —3
lim nl,.
n—-+00
u'(x) = - &e g V() = sin(mz) g u(x) = ! pad o (A5 jaiIly JelSS (g
(x 4+ n)? x+n - S =<
1
s 0(z) = —— cos(m) 5
7r

Let’s do an integration by parts, where we put u(z) = n
r+n
1

1
there u/(z) = “wrn? and v(z) = —— cos(mx). We find
r+n T

and v'(x) = sin(mx) and from

dod alow) LI 20
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Limited Expansion and Integrals calculus Ezercise series N° /w9 o3, &lwlw 6.4

1 1
EJn < n |cos(7rxz| e < 2/ 1 e
==y (@) T Jo (x+n)
n O 1 1 1 1
== |- =— |- +—-) == — 0.
T z+n], 7©™\ l+n n mn+1
then dica 4
1 2
lim nl, = lim n +__2Jn:_
n—+00 n—toom(n+1) w T
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Basic concepts Q.u\\\m;\ wle 1.5 Dif ferential equations Gulo\&) 514l

Differential equations are the best way to describe most engineering, mathematical and scientific
issues alike, such as describing heat transfer processes or fluid flow, wave motion and electronic
circuits and using them in issues of the structural structures of matter or the mathematical de-

scription of chemical reactions.

Basic concepts biubul gdlae 1.5

S @l (o9« Adolail) O¥sladll B malaellyg Olay yaldl (4o 4o game Juadll 10 (o
pealaedt
This chapter includes a set of definitions and concepts in differential equations, the most important

of which are:

1.1.5 : Definition - «aJ yad

= Ygsdia) Gumidl 580 ) R o \akhie ) Wbl Jo Lg53 Ga\e JS (B Gabolail) &\l
s e ;59
A differential equation is every equation that contains differentials or derivatives of one or

more functions with respect to variables and is of the form:

(E) F(x,y,y’,...,y(")) = 0.
1.1.5 : Example - Jlio
dx
@z +ydx =u

D ol Ao land Alslaed) il g
The differential equation is classified into:

2T gl aalld Dasle OMoLaT gi Olaide e (6 gond Alolal Walas o2 1 Lasle Adolas Aalas -1
Ordinary differential equation: It is a differential equation that contains derivatives or ordinary

differentials of one or more variables.
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Dif ferential equations éalo\&id) = d5\0)) Basic concepts Qm\m‘ wBlee 1.5

2.1.5 : Example - Jiio

ydx + xdy = e*.

91 Al A > OMbLET i Oliide e T Aclolad Walas oo § A o Adiolal Walas -2
gy
Partial differential equation: It is a differential equation that contains derivatives or partial

differentials of one or more variables.

3.1.5 : Example - Jt

8_x_z$
oy

91 bl e UST Awitl Adad (sS3 O Aalasdl oo Adadd) Aoalall Adlaill Asleed! -3
.L@Q‘;‘Aq-ulcé}al ¥ g lghilaide g @‘3:"“
For the linear ordinary differential equation: it is the equation that is linear with respect to each

of the function(s) and their derivatives does not contain their products.
A ol OlaTael) Aeaddl Adad (68T Ll Walaed! Lo ¢ Adasdl A joudl dislait) Alalasdl —4
823 92> godl ol od! 9l =y

Linear partial differential equation: It is the equation that is linear with respect to the partial

derivatives of the existing function or functions.

é 1.1.5 : Remark - :\Jé?)&n

15 39590 Bidio S Sl po (B &Is1Ral) B3 pa o -1
The order of an equation is the order of the highest derivative present in it.
W Syl 15 T oo S4boa) &Js12a) Jrgss olayg -2

\The differential equation can be converted from one form to another to facilitate its solution. y

Order and degree &2 yddlg dd i 1.1.5

Order du pf

Unwversity of Mohamed Kheidar, Biskra 153 Brahim Brahimi-Jihane Abdelli



Basic concepts Q.\.m\mg\ wle 1.5 Dif ferential equations Gulo\&) 514l

2.1.5 : Definition - wad yad

° 399! ((Lo1ai) JolRell gty by —og ,2all) S YN il Gus; ¢B 1 Gabolaill s\Rall G,
LA
The order of a differential equation : is the order of the highest derivative (also known as

differential coefficient) present in the equation.

[ 4.1.5 : Example - J 2 )

d
d—i +y° = cos(r)

S as M pe Gabolss alslre T Yo idiad) o bie ity

Contains only the first derivative j—g, which 1s a first order differential equation.

J
2 5.1.5 : Example - JL’]’D
d3x dy
g 29y
I3 + Bzda: e

SIW) 68 1) oo Sulioles &J5\20) 03D oing 3 §B o o1 Su3; (BIs1Ra 03D (b

In this equation, the order of the highest derivative is 3 hence, this is a third order

La’zﬁeremfzal equation. )

Degree 42 yud!

3.1.5 : Definition - w24 yad

313l Gulola! GlslRall (o G ; Jo Y diiel) bgh Gubo\a) Gls\Ral) G s Uaied iy
The degree of the differential equation is represented by the power of the highest order

derivative in the given differential equation.

ABoas A padl A yuld CLATAe L8 3 gasd! Badatie Alalae Adoslaill Alalaodl OsSH Of com
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Dif ferential equations éalo\&id) = d5\0)) Basic concepts Qm\m‘ wBlee 1.5

The differential equation must be a polynomial equation in derivatives for the degree to be defined.

6.1.5 : Example - JL’Q

dy 4 d?y ’ B
(%> - (%> +y = cos(x)
&° 2918 31%e Gl3\R0 (B slhxel) Subolaill Gls\Rallg 2 Gus ) e hiel) ¢ Jo Y WY L
SR &5 1) g sl G0 I o Gosle Subolas GlslRe (B o) o liidiell

Here, the up exponent is of the derivative of the highest order derivative is 2 and the given

differential equation is a polynomial equation in derivatives.

LSO it is a Second Order Three Degree ordinary differential equation D

e g GILY I byl 2.1.5

Sl 9381 Al Liay oS (dnaladl Adolaidl Walasd! Yo (po Gasidl Saie o gllaetl Jiluell b
lasl G ASILY o g pddl Ba o o @iy Sad3 g (Alalaell alall Jomdl B B yalall 4y ,Las Y

cAglad) 2
In the problems you are required to check the solution of the ordinary differential equation, you
can also find the optional constants that appear in the general solution to the equation, and this

is done through the initial conditions that are given at the beginning.

(i T Gals e (6 g Slie AGL A3 1 (pe Ailiolad Wslasd ale d> 392 9 Jla B9

Aslaell Gubli) Gl ;i Guiglill s o 3
In the event that there is a general solution to a differential equation of the second order, for
example, that contains two optional constants, two additional conditions for the equation are

required to determine the constants.

Cdods W g pa do g pdd) SOl y(x2) = Yo y(T1) = Y1 iialine uidady wie Ol pddt Jlac 13)
Cdoasd) dadal Wlae Tausdl do g pddl I) ABLOYL AdoLlall) Walsed! Corow 9

If the two conditions are given at two different points y(z;) = y; and y(zs) = ys, then the
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Solving diff. equa’s alo\ed) - ds\Rad) 8 .2.5 Dif ferential equations Gulo\a) = 3\Ral)

conditions are boundary conditions, and the differential equation is called in addition to the

boundary conditions: the issue of value limitation.

Solving diff. equa’s dbalal| Q¥iladl J» 2.5

WAL fahe Cewd LY Lo sl o ot fis daacds Ad b Adoslail dWalasdl O eSS OF (Seen
-“@ Lé
A Differential Equation can be a very natural way of describing something. But it is not very

useful as it is.

Tglond Aol yomd
We need to solve it!

Lgalasinl (San @3 (40 9 cdlalaad! Gasd Ll (1 JI gl A game 5i) & AT iy Leaie Ll
gl

We solve it when we discover the function y (or set of functions y) that satisfies the equation, and

then it can be used successfully.

4.2.5 : Definition - w24 yad

:Gaboa) &ds\eld M-y = y(x) a3 LY

We call the function y = y(z) a solution to the differential equation:

F(z,y.y,y",...,y")

if sl 1)
1- is n times differentiable. Lop Swal abls _1
2- checks the differential equation i.e.: : g’\ Subo el &s\Rel) gass -2

F(z,y(x),y (z),...,y"™(z)) =0

Lol oo 9 Adolaid) W slastl (o Aaliseadl ¢ 13¥1 (haas o 5 0y LAl Iugt

So let’s look at some different types of differential equations and how to solve them:
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Dif ferential equations dalo\a) = Ys\2al! Solving diff. equa’s Gulolad) - ds\Ral) Js- 2.5

Separation of Variables Gf judied| Jad 1.2.5

Aol OY alasdl s P Aold Ay b oo O pdied! Juad

Separation of variables is a special method to solve some differential equations,

When can i use it? Shgolddtda! (Sad (oot
cals ) (dy =33 52 L) ¥ Olollaiactl pas J&3 Sy thonie Ol pdiiad) Juad aludiul (S
Y Lol ) (de Sadh B Ley) 7 Olmllaas J€o g« Aalaedl (e asl g

Separation of Variables can be used when: all the y terms (including dy) can be moved to one side

of the equation, and all the = terms (including dz) to the other side.

7.2.5 : Example - JL’]’.D

In this example, we will explain the stages of solving a differential equation by separating the

7

variables.
dy
d =
T 39~ d.{g &I\l ge ).>-\9 —a\s é! Y 394> d.{ ..‘JJP:S \9_\)3) oS ._*Jﬂ&'mﬁ\ oL Jass i1 69!9.5}.“

JOS A N |
Step 1: Separate the variables by moving all the y terms to one side of the equation and all

the x terms to the other side:

d
W i
y

‘oo Ty 6Js8all (o0 Lol 12 sghasd
Step 2: Integrate both sides of the equation separately.

/d—yy:/k‘da::m(y)—l—C:k:U—}—D

—tli%e —ols G)Q ¢ ,)-ﬂ\ __9).\11} D yp a8%amsg d.e“:“ ._u.)\ig C Yo P A
C is the constant of integration. And we use D for the other, as it is a different constant.

(a=D—C) 1Vg =ab J) o308 Jgsss billey :Damaid) 13 sgsd)
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Solving diff. equa’s alo\ed) - ds\Rad) 8 .2.5 Dif ferential equations Gulo\a) = 3\Ral)

Step 8 Simplify: We can roll the two constants into one (a = D — C)

In(y) =kx+a=y=ce (c=e

i) 2oleh) Bkl go 2R o A5 < g Ut Sus I o Gabolail) o Ws1Rall g il 130
This type of differential equations are of the first order, appearing in many real-world

Leaz:amples. D

- 20 )

8.2.5 : Example - J

Solve the following differential equation: DG Gubolaid) &s\Ral) Js-
zy*dr + (1 — 2%)dy = 0.
PGS Bbasas y2(1 — 2?) Jo &\ 69)3) puds ¢ Jsd)
Solution: We divide both sides of the equation by y*(1 — z?), so we get:

xdx dy
—2 =

0

1—a2 gy

o3d 1 oo+ Lled o OIS S oy ot piiall Jiod) a1 Gulols &siRe B g
Which is a differential equation that can separate the variables and the way to solve it is as

follows: By integrating the two sides

xdx dy 1 9 1
/1—x2+/? = 0:>—§ln(:c —1)—§:c

1 1
= In(z2-1)2*-==¢
-yt
= 1:111(1‘2—1)7% —c
y )
So the solution to the differential equation is o® Gubolail) &dyiRall s WL g
_1 -1
yz(ln(xZ—l) 2—c> .
. J

Linear differential equation ddasd| ddolal| Walaadl 2.2.5
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5.2.5 : Definition - wid yad

L Jo Y s 0 oo Islall b Bilhideg W pRiel) oW 15) Guls Gubblaill ods\Rall ogls
The differential equation is linear if the dependent variable and its derivatives in the equation

are of first degree.
L 095 Jg o M g dabsdt Sulioaill &s12el) bl 6 g0l

The general form of a linear differential equation of the first order is:

Y4 yP (@)= Q@)

It is called linear in y. Y SO Sulas- sauig
Poygall Jo Wle x b Gubsd) &lsral) e

As for the linear equation in x, it takes the form:

P JLE g Jg 30 G5 I oo Galiolail) als\Rall Rl s
The general solution of the differential equation of the first order is of the form:

y(z) = 1@ ( / ! @Q (2) dz + c)

where : Do

and c is a constant. 2ol sae c g

~\

i 9.2.5 : Example - Jti

;G Gl el &ds\Rall o) s s o

Find the general solution to the following differential equation:
(y +y*)dr — (y* + 2zy + x)dy =0

P JWI TG o Doog olay a1 b Subs blsleel) ;s
The solution :

The equation is linear in x, so it can be put in the following form:
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Dif ferential equations dalo\a) = Ys\2al! Solving diff. equa’s alo\ed) - ds\rad) I8 2.5

189 dy(y + v%) Js &ds\rad 69,.!0 Sty
Dividing both sides of the equation by dy(y + y*), we get

dx y2+2xy+x_

dy Y+ y?
so that J\\(\
d 2 2 2 + 1 2
de y~  2zyt+ax :>d_x_ Y+ g Y
dy y+y> y+y? dy y+y? Y+ y?

135 Jo Y ads\alt 20 G831 &s\Ral) &0 loes

By comparing the resulting equation with the first equation, we find

2
Y 20+ 1
b L —
W= "1p W=—""5
Then AT
_ [ 2yl 1 2 1
] = f y+y? Y = ln<y+7!2) = _ln(y+y ) =
(y) € € € Yy d yQ
and 9
1 Yy / 1 1
/ @><m1/(/y+¢y+ly @+D2y PN
be the solution of the equation N EAN S u;
waz/fww@ﬁ@+c
L ! +c
r=—
y+y? y+1
S0 \CG\

r=—y+cy*+y),ceR

. Sybolaill &Js\2el) plell Jsdf B

It is the general solution to the differential equation. D

.
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Homogeneous equations duwdbaied! O¥alaed!  3.2.5

LIS Ao LSS O (S Letie Awdilxvie oF o) Aoyt (e Al oy Aalacdl (y 9SS

A first order Differential Equation is Homogeneous when it can be in this form:

z-r ()
.u:%.gaeth@m@m%ios:ﬁqumetmg@u&g
We can solve it using separation of variables but first we create a new variable v = %
Adolaid) Walaodt Jo LiSan ;l—i :v+x;l—z 9y =vr Ja e alasiubs
Using y = vz and Z—z =v+ xZ—z we can solve the differential equation.

I i 2 o guw Jlad! 10

This example shows how this is done.

g 10.2.5 : Example - J 20 )
Solve Jols- ).}-99\
dy z? + y?
dr xy
Can we get it in F(¥) style? $F(2) J.\/.\"\d\ So 18LLs \.\.\T.m Jo
We have: oy
2 .2
rty oz n Y
xy Yy x
1
_ ()74
T x
So SWhy
dy y>—1 y
dv (m * T
Now use separation of variables = pRia) boo 03\ Yo
d d
y = vz and —y:v+x—v:v_1+v
dz dz
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N dv )
T— =0
dx
1
= vdv = —dx
%
02
— 5 = Inz+Inc
= v’ =2(Incr) = v =+/2(Incx)
Now substitute back v =¥ v =12 5 gl
g_ 2(Incz) =y=2++/2(Incx).
7
. J

Bernoulli equation ¢ ¢ » Al 4.2.5

Com I ¥ An judl (o Adasdl pd Alolatl) W slacll (po § 95 (b Adlolatll I g5 3 Walas
Alatt Uil sllac| @iy ddastl 5l g dased) JISAY) b JS 3 Walaadl B Al jaliall ygla

IIMS (e Aeliolanll (o 93y Walacd
A Bernoulli differential equation is a type of nonlinear first-order differential equation where the

dependent variable appears in the equation in both linear and nonlinear forms. The general form

of a Bernoulli differential equation is given by:

n# 1 Ce

where n # 1.
LTl (o 53 s Alalas gt ple daladie b Logd
Jliciw¥ 21,209 U e omd ool Mss Aewds Juadll AL Adolal Walas o) Walasdl J o
Z=yln
Here is a general outline for solving a Bernoulli differential equation:
Transform the equation into a separable differential equation by dividing both sides by y" and

making the substitution z = y*=".

dz

T (L= n)p(x)z = (1 - n)g(x)
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IS e Ll (ot ¥ Aoyt e Autad Zosle Adislal Walae 29

This is a first-order linear ordinary differential equation, the solution is in the form:

2(z) = 1@ ((1 —n) / e!@q (z) dz + c)

where : e

and c is a constant. CCalhaae ¢ o
2=y Alo¥ an galdl alusiwbs Y dai (e

For y by using the original substitution z = y'=".

1

y==+ (e_l(m) ((1 —n) / '@ (x) da + c)> o

11.2.5 : Example - J

r 5o )

Let the differential equation Gabo il &1l J.\/.\S

d
Sy ya® = 2ty
dz

:Ubggszil\éjz”.b.,,xﬂcn:79Q(x):x59P(x):x5geggsﬁ&>m§b)

It is a Bernoulli equation with P(x) = x°, Q(z) = x°, and n =T, let’s try the substitution:

In terms of y that is: b y 6,

1z J) Gl y Gk
Differentiate y with respect to x:

d _
dy _ -1 ety
dx 6 dx
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Sabod as\Ral) 5y g 2 092

Substitute g—z and y into the original equation

__1u*7/6% + x5u*1/6 — x5u77/6
6 dx

Multiply all terms by —6u"/6 —6u™% o _b\,bg\ Js — poo

B olay 5120 oI o
y

kWe now have an equation we can hopefully solve.

Riccati equation @& ) &alw  5.2.5

ey LB AlsTld I oWl Ayl e Adas 5l Adolal Walae o Adolal Sl Walas
AL L ,la g Asioliond) ekad Wl il o @Sl
Pl dlad Blolad Walae ) Lely g b Alblaill Gl ) Wslas do 3D Gus) d.m.u
Siglailt ale dalaiis by Logd o) A ewls 188 o) HLin Le LG .Gl piiall il
ZZ\-’«-e.m-Z”mJt
A Riccati differential equation is a nonlinear first-order differential equation used in control theory,
dynamic systems analysis, and system theory.
One way to solve a Riccati differential equation is by transforming it into a linear differential
equation using a change of variables. This is often referred to as the ”substitution method”. Here

is a general outline of the steps involved:

e ek U Com Y = 0 fut yuikelt Jladiuls o3
Yy Adas Alialad Aslae e J guamll Aloladl il Kalas Lo Y o3 9e
Aoy gl Ol pdied) Jed e (4B g jaedl OLGGW alddviwly Adasad Adolad) Waladd!
Badomadl pd O Melaod!

Make a substitution of the form: y = «’/u, where u is a new variable.
Substitute y into the Riccati differential equation to obtain a linear differential equation in terms

of u.

Solve the linear differential equation for u using standard techniques, such as separation of variables

or the method of undetermined coefficients.
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Y= U a1 il labials § ole ) siall (Sen U le ) siall 3 roan
Slol @3 cu 3 W1 sl Y pey Ao W Alola) LG ) Walacd aladl Joudl slo) (San ¢ |
Y e
Once u has been found, y can be found using the original substitution y = «’/u.
Finally, the general solution to the original Riccati differential equation can be found by integrating
y to find a function for u, and then finding " from .

A Riccati equation has this form: rUSad A SISy Walas

Y Py a0y ) =0 )

Cadas Walas (1) Walesd) L2« p(x) = 0 Sl 13)

If p(z) = 0; then equation (1) is linear;
£ T 90 3 Malas 2 (1) Walasdt pld ¢ 7(x) = 0 Gl 13)

If 7(x) = 0; then equation (1) is Bernoulli;
Jaall 2L18 O e Ofs (1) Walaadl Ola c Calgd 1 9 ¢ ¢p Ol 13)

If p; ¢ and r are constants, then equation (1) is separable

dy

o e
Py taqy+r
[ 12.2.5 : Example - J 2
Gabo el &dsirel) Js-
Solve the differential equation
Yy =y+y*+1

ey § g 7 03 piell 0 oy 1D S e e s Sy ST 615120 D slagal) s \xall
JUS oo G512l pledl dsdi o Jeasdt gl 14

The given equation is a simple Riccati equation with constant coefficients. Here the variables x

Unwversity of Mohamed Kheidar, Biskra 165 Brahim Brahimi-Jihane Abdelli
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and y can be easily separated, so the general solution of the equation is given by

dy

= y+y’+1, =
dx

S E—
y+y*+1

dy
= — = = [ dz,
/y+y2+1 /x

d
= / 5 yl 3:/dx,
Yy +y+1+z
d
= / 2y 2:/dx,
(+3)"+ (£
1 y+s
= Earctan 7 =x+C,
2 2
2 2y +1
= — arctan =z +C.
V3 V3
\_ )

Second order equation dwkill 4 | w Al 6.2.5

16 o) (e 20U AS M) (e Aclinlad Alslae S LiSe

We can solve a second order differential equation of the type:

&y
da?

+P@) % 4 Q= f(x)

Pl T 2 J19s oo f(2) 9 Qz) 9 P(2) cus
where P(x), Q(z) and f(x) are functions of x, by using:
““,.Jm 9l ¢ 3 gt suale f(7) 09Se Letie dadd Jead S| Baumadl jd Odlelaot) Ay b —
Logion Adad s I gl (alaldl o gl cocdl i
Undetermined coefficients which only works when f(z) is a polynomial, exponential, sine,

cosine or a linear combination of those.

J19ad) (e daul g Ao gams (Ao Joad Al B palied) Col o) dd o —

Variation of parameters which works on a wide range of functions.

Al Walae Lelas 108 9) f(2) = 0 Lesd O 980 Al A smdl @daly Tuds Lia

Here we begin by learning the case where f(x) = 0 (this makes it "homogeneous”):

d*y dy
Yy pa)Y —0.
702 + (x)da: +Q(x)y=0
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b gaculed Q) 9 P(x) OLdiad & ¢SS s Lianig

and also where the functions P(z) and Q(x) are constants a and b:

¥ AN BLELS) Aol Al
We are going to use a special property of the derivative of the exponential function:

" el (6 gl €7 Fidie (Aadh (6T B
At any point the slope (derivative) of e equals the value of e” :

And when we introduce a value r like this: (e T deual a0 beie g

flz) =€
We find: i

fl(x) =re™ and f'(x) =r’e™

Uaebu B gw taa . f(7) Olaclias (e LeaMss f(7) 3 20U 9 I oW1 Olaided O1d « g 457 5 yleas
N s

In other words, the first and second derivatives of f(z) are both multiples of f(x). This is

going to help us a lot!

r

1.2.5 : Theorem - 'Z\Q.J.an

Let the differential equation Gubolail &1l \;!:3

Py dy
@Jra%ery—Q(x)

) 6jnel) BIs\Rall jran A = a2 — b gLy

and let A = a® — 4b be the discriminant of the characteristic equation of her

‘rz—l—ar—irbzo‘

gD 1) 1R J8I1 016 6janal) GIs\Rall | jgis 1 g 1 ol g A >0 ol V) —(1

If A >0 and ry and ry are roots of the characteristic equation, the general solution is:

y = C1e™% + Cre™ + y,(x)
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w8 IS 4 (2) 9 ol Co g O 2>
where Cy and Cy are constants and y,(x) a particular solution.
14D 1) 12 JsII 016 6janal) &Is\Rall asbine 1 jis 7 ol g A =0 o1 1) —(2
If A =0 and r is a double root of the characteristic equation, then the general solution

18:

y = e (C1 + Cox) + yp()

Wl sy () g <2l O g Cr 2
where Cy and Cy are constants and y,(z) a particular solution.
19D B ol Y5 016 bjneall Bs\Rel Tjas 1 = a4+ iB o g A < 0 o 13} —(3
If A <0 andr = a+1if is a root of the characteristic equation, then the general

solution 1s:

y = e (C cos (Bz) + Cysin (Bz)) + y,(x)

w0\ U8 4, () g w2l O g O 2as

where Cy and Cy are constants and y,(x) a particular solution.

L J
2 13.2.5 : Example - JL’]’.?
Let the equation NNEAL \;1:3
d’y  dy
CYL Y _gy=0
dx? * dz Y
Let y = €™ so we get: 1SS Boss qieg y = €' Jljﬁ
d d?
ﬁ =re™” and d_xg = r2e™
Substitute these into the equation above: ol &ls\Rall (o voneilhy

7,,26rx _{_remr o 667"90 =0
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Simplify: TR
(P +r—6)=0=r+r—6=0.

lGosle Gan p &Is\1Re ) Sulolail) &s\Ral) W s el

We have reduced the differential equation to an ordinary quadratic equation!
t) ol 130 Jalss Uiley 6 janad! 31201 0o\ I Gy ) &s\Rall 030 0%
This quadratic equation is given the special name of characteristic equation. We can factor this

one to:
(r=2)(r+3)=0=r =2 and ry= -3

and so we have two solutions: foals oM cieg

2x 3x

Y1 =€ and Yy, = e~

SIS Jposd) gaols W oY Galisce s Lo g e Biles 06 Y SuSB) Sols Y ey 03 o
banges B8 Js

But that’s not the final answer because we can combine different multiples of these two answers

to get a more general solution:

y = Ay, + By, = Ae* + Be ™"

\_ J
i 14.2.5 : Example - J 20
Py dy
48Y 4
dz? * dz ty=0
The characteristic equation is: ) IO AN TAL

2 +4r+1=0

Then eA Y
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So the solution of the differential equation is: 1B Subolail) &s\Ral) US- cing

y = Ae(2)” + Brel-2) = (A+ Bx) el~2)®

. J
i 15.2.5 : Example - J 20 )
(1) : Zz—z +y=2
The characteristic equation is: ) 6 jpeal! &Js\%al)
r?+1=0
then Qe g
rr=1 and r9 = —i.

So the solution is in the form: Jl/.\”\d\ S s u; Qieg

y = Cre® 4+ Che ™ + Yp(2)

(o9} 6200 B9 & 51 6,90 (5 aRdg) ;1akall 13D Lyusd 195 WDy cwolsIl Y\ (1) 2o
Where y,(t) is the special solution, and here we want to simplify this amount (put it in another

form, which is Euler’s formula).

Cie" = Cjcos(t) +iCysin(t) and Che™ = Cycos(t) — iCysin(t)

189 (60 liel! 59281 618 1o ga) Ra gaids\20)) gaser

Adding the two equations together (taking into account similar terms), we get:

y = Cre + Cye™ = (C} + Cy) cos(t) + i(Cy — Cy) sin(t)

DD ARl ol 2 3 (ol oo IS o1 &1 (1) Bds\Rad) o vongills
And by substituting in the equation (I), that is, the special solution is equal to 2, so that the

equation becomes:

y = Acos(t) + Bsin(t) + 2,

Ghis is the general solution to the equation. &5\l o) U8 9B \}.Q«D
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Particular solution yel&d! Jadl  7.2.5

Walaod) Gass M g @ = [(7) JSa Ao de g (o w2 Yo 98 Al Walacll [olsdl fon
oLt Aa SO ol gl @B (ead o b e Adlolail) Aslacl) Golsdl dodf BLatal ol ddislatt

Al latl) alacl! alall
Particular solution of the differential equation is a unique solution of the form y = f(x), which
satisfies the differential equation. The particular solution of the differential equation is derived by

assigning values to the arbitrary constants of the general solution of the differential equation.

d? d
T+ P2+ Q) = f(@)

ol pllaae f(7) (el 31 i ¢ Eads pey plelll cun g cond) Bl e s f(2) (esad 43
Jodl e (o (43 9> g0 omdlaadd) M (950 O cona (dadd aldld) cus mlhias 9 dadd
o 9 ol g w1 J19udl g 3 gund | Ol S ae Liasi 3 pmcdiiadt OdLelasdl day plo Sl . polindl
J 9l 1 b (1) = B redl Slivesilly f(7) =3 At ;11 Z3Leld) any parsli @3 plell|

f(z) may include both sine and cosine functions. However, even if f(z) included a sine term only
or a cosine term only, both terms must be present in the guess. The method of undetermined
coefficients also works with products of polynomials, exponentials, sines, and cosines. Some of the

key forms of f(x) and the associated guesses for y,(z) are summarized in this Table.
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Dif ferential equations Gulo\a) = 3\Ral)

f(x)

Initial guess for y,(x)

yp(z) =3 L“,me REPES {

k (a constant)

A (a constant)

Culd Cols
Ax+ B
ar +b b=0yls ¢ i Hudhadd! M (reain O cow
The guess must include both terms even if b = 0.
ar? +bx + c Ax* + Bx +C

o € 9l b Ol o > AN Olndhainodl (reunln O coma

The guess must include all three terms even if b or ¢ are zero.

N Aoyl 4o 3 gt O ol
Higher-order polynomials

f(2) Jhie el 201 (udd (o 3 gt | ddalie
Polynomial of the same order as f(z)

aeAx

Ae)\x

ae® cos fr + be** sin fx

Ae®® cos fx + Be** sin fx

(ax? + bx + ¢)e?®

(Az? + Bz + C)e™®

(apx® 4+ a1 + ag) cos B

+(byx® + by + by) sin Bz

(AQIQ -+ All’ -+ Ao) COS BI
+(Byz? + Bix + Bp) sin S

(aex® + ayx + ag)e®® cos fx

+(byx® + by + by)e?® sin Sz

(Agz? + Ay + Ap)e®® cos Br
+(Boz? + Byz + By)e®® sin fx

Integrating both sides, we get

g 16.2.5 : Example - J 20 )
Let \:ﬂ
d
—y::z:2:>dy:x2dx
dz

Slo boss cond 0t ol

/dy:/:czdx

S8 bass 1 daad 310 GlslRal 040 Ll 1)
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If we solve this equation to figure out the value of y we get

3

=— 40
y=3

03 08 vl 7 b Alls ¥ ol & cade aule Jpasd) W LM IS o =l O s
u.ug\m.m Q.\.\JO\.QJJ\ OJ;\SZAH \s’)b _}3 t_uo: ¢ o;).)m.“ Q.\.\JO\.QJJ\ OJ;\SZAH co Y Gm.c.“
where C' is an arbitrary constant. In the above-obtained solution, we see that y is a function of

x. On substituting this value of y in the given differential equation, both the sides of the

differential equation becomes equal. D

.

Ezxercise series N° 5 ady o jbald| dds 3.5

Exercise N°— 1 — a8y gd g
Sulolail) &Is\Ral) 35 5 as-

Determine the solution to the differential equation
3y +4y =0
y(0) =2 \;\)&_)?‘ b i) gaso &3

which satisfies the initial condition y (0) = 2.

Jed |
S ISt e ST Wslaed sia

This equation is written in the following form

Y :—gy

58 SN do ;) Basg SO Jomdl )

So the solution that satisfies the initial condition is

then &
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Dif ferential equations dalo\a) = Ys\2al! Ezercise series N° 5 w9, 3 ;W) &lwlw 3.5

Exercise N°— 2 — gdy 4d w2

AR NP AR ERTING
Let the differential equation be:
Y+ 2zy = . (E)
S8l Gulio\aid) &I\l Jels- ss-9Y (1
Find the solutions to the homogeneous differential equation.

y(0) =1 8883 I (F) als\Rall ol asql (2
Find the solutions to the equation (E) which satisfies y(0) = 1.

Jed |

Aoy parss Cals 9o k € R cos A(z) = 22/2+ F J1 91 oo az) = 22 Wald Ldo¥I J) 9!
TUSA (e R e 48 yaell JI gl JS5 o B dwilniall Walaetl J ol

The primitive functions of a(x) = 2z are the functions A(x) = 2?/2+ k where k € R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(a) = ce
where ¢ € R is an arbitrary constant.
IS e B Y polsdl dadl e 0¥ o

Now we look for the particular solution of E of the form:

DLt Col gl yods das b Jleatuls
using the variable constants method. We've got :

2

Y, (r) 4 2xy,(2) = ¢ (x)e

ze® D Olen 13) dadd g 13) B 3 = g8 1, die g

re®” for each r € R.

2z €R U= i e ()
Of which y, is a solution to E if and only if: ¢/(z)
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DIl i e 267 ANl Ao ¥ I gidl G (e (1) AHAN S
Let the function ¢(x) be among the primitive functions of the function ze® | for example:

c(x) = =e

then the function y, where Co Yp I de g
1 - _» 1

Yp() = §€$ e’ = 5

DSl (e J1 9l JEs o F Alalasdl Jals cadde 9 F 3 g o2

is a solution to F. Therefore, the solutions to the equation E are all functions of the form:

1
y(z) = ce™ + 5 ic€ R.

c=1/2: 5210 y(0) = 1 o &3 La () Walasld J> y S

where y is a solution to equation Ej, here the condition y(0) = 1 is equivalent to: ¢ = 1/2.

Exercise N°— 3 — gy 3 ped

1B Gabotaid) GIs\Rel) ol as-q

Find the solutions to the following differential equation:

y+2y=-4, y(1)=-3.

e
AN Al latd Aalaod! Yo

Let’s solve the following differential equation
y +2y=—4
Ailmiad! Aalaedl Joud
We solve the homogeneous equation
y+2y=0
Il 9l oo Led gl Ll
whose solutions are the functions
t— Ce ™ CeR.
Wiolasdt J ol Lo gJCij el > ) y(t) = -2 Anld) A O Jas D (ols Jo> e G
Jigdl 2
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We are looking for a particular solution and we notice that the constant function y(t) = —2 is

solution. The solutions of the equation are therefore the functions

y(t) = =2+ Ce .

Then we have : Lo Oa)
y(1) = -3 = —2+Ce—2=-3=C = —¢e’.

52 e g yied] ASEl) ds o3| ol ol i

Finally, the only solution of the considered problem is

y(t) = —e* 2 - 2.

Exercise N°— 4 — a8y jd

:6alo &) &s1Ral 0, 00 b olas JWee pff o LT ¢ s
We propose to integrate over the largest possible interval in |0, 00[ of the differential equation:

V@) -2 gy =0 (B)

(E) &5\l 4 00\8- I y(2) = az 2as a €]0,00[ a9} (1
Find a €]0, 00] where y(z) = ax is a particular solution yy of equation (E).
16qbb el &ds\Rall ) (F) slral) Jgs y(2) = o(w) — o5 1 V) i o) a8t (2
Prove that changing the function: y(z) = yo(x) — ﬁ Converts the equation (E) to the

differential equation:

2 (z) + (6a: + %) z(z) = 1. (Ey)

10,00[ J& (E1) Jgls ss1 (3
Solve (E1) by 10, 00].

10, 00[ J& 60 2l (E) &s\Rall Jols- JS 591 (4

Find all solutions to the equation (E) defined on |0, col.
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Jmnd |

LA Al ot Walasd) Jomid

Let’s solve the following differential equation

y(z
yw)~ D ey = 002
OY g (Wslasll ol U (950 Yo(7) = ax cus a €]0,00[ e ceomd (1
We are looking for a € [0, 00| where yo(z) = ax is a special solution to the equation, and

because

= —a"x”",

! (z) — ?JOif) — yo(2)? 2,2

a =3 H8d 9.0 =13 Ol 13) dadd o 13) J> 92 Yp
Yo is a solution if and only if a = £3, we take a = 3.

s (puaid ¥ g O aiall (ye Ay 2 SOl 13) (2

If z is a function of class C! and does not null, we set

y(x) =3z — 1/2(z).

PO 13 dabd g 1) S Y A g

of which y is a solution if and only if:

G 2 OlES 13) dadd g 13) Aaslud) Walaall Jo y (e Juasd 2(7)? S8 O patly

Multiplying by z(x)? we get y is a solution to the previous equation if and only if z satisfies
, 1
2'(x) + | 6z + . z(z) = 1. (Ey)

WA o 6 + 1/x Al Adol W aal 0,00 Jlwed! Sl (Br) Walaedt ot (3
x> 322 + In(x)
fAA) (o dudlmied! Walacd! J ol dle g
Let’s solve the equation (Fj) over the interval ]0,00[. We take a primitive function of
z +— 6x + 1/z the function x — 3z% + In(z). Then, the solutions of the homogeneous

equation are the function:
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2 —In(z) )

x> Ae?

IS8 e (B) Walasl (ols Jo (He Comdd
Let’s find a special solution to the equation (E;) of the form

() = ala)e

Ol 13 U 9 2, da g
Hence, z, is a solution if

a(z) = /6 ole 13) Jladl Juw e o (z) = 2% Hlea 1) i
R (E1> alalaat J}.\.ﬁb

i.e. for example if o/ (z) = ze**” and a(z) = €3*° /6. The solutions to the equation (E;) are:

1+ Ae3

., where AeR.
6x

10, 00[ Jlnadt Ao 4d jaadt (E) J ol 0¥ pridddw (4

We will now derive the solutions of (£) defined on the interval |0, co.

Ao y(@) > 3 O Wdaws (b yaity J0,00[ Jlaadl e B yae C1 caliall e J> Y S
s g (ySaw jud sl o CJ0, 00[ 7 giaed! Jined!

Let y be a solution of class C! defined on the interval ]0, co[. Let’s assume that y(z) > 3z is

on the open interval I C [0, 0[], as large as possible. Then

y(a) =3z —1/z()

0T 8 9 yatly Lot ¢ Gabedd) J1 5t cews T e Ch Gaiual) o 27 < 0 J1 gt ams Jai (pe

For some functions z; < 0 of class C! on I. According to the previous question, we necessarily
have that:
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o 1+ A[@fsx?

21(z) 6x

3 1 > Ae ™ 5% T #]0,+00] o3 A7 < 0 Ol 2; <0 0¥y A € R colld) Jai e
J e y(x) < 3r 9%y Cusa J paiae Jlawe i g (L a0 L s T ol

for the constant A; € R, and because z; < 0 then A; < 0 but I #]0, +oo[ because 1 > A16_3”2

if  is big enough. Thus, there is an open interval J such that y(z) < 3z over J.

Jlgdt paad y(z) = 32 — 1/25(7) «J B OF 9 ORI judy yuss J O G315 50 o s
(@t J15wt o 43T 8 40 . Cl aualt o 27 >0
We assume again that J is as large as possible and that in J , y(z) = 3z — 1/2,(x) for some

functions z; > 0 of class C! . Again from the previous question,

calh Ay G

where A is a constant.

Y ) EoD s g (B Y| a0 98 O (b yiaed! (e Olss J =a, bl 7 giaed! Jlaed) O
13) s ddl pudd g y(a) = 3a Ol a > 0 plss 13) [0, +00] Jlowad) e dadn yad @l OF (o iy
Jlmadl e y(7) < 3z Lo O 950 y ANl &l jelwly (S @ o) % y(b) = 3b b < 00 pl
Leie 27(7) — 400 OlE 13 AN g1 e dadd (Sae 1aa . ydw € > 0 Jai o Ja — 6,0+ ¢

POl Ll uaY (S8 — b beade 25(2) = +00 gl —a
Because the open interval J =|a, b[ was supposed to be the maximum, and since y is assumed
to be defined on the interval |0,4+o00[ if @ > 0 then y(a) = 3a and the same if b < oo,
y(b) = 3b, because if it weren’t for the continuity of the function y we would have y(z) < 3x
over Ja — €,b + €[ for small € > 0. This is only possible respectively if z;(z) — +oo when

x — a or zy(x) — 400 when x — b. But we have said that:

o 1+ AJ€73I2
N 6x ’

<J
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(D=0 90a=0 M e Gl 13) sldliuls) GMLYI e (San il lia St
So this is not possible at all (except if respectively a = 0 and b = 0).

sin o 10, +oo| Jlell e y(r) < 3z oSt g 0, Too] Jimall e y(r) = 31 (Su3 4ie g
LGS0 9]0, +00] Jloadt e @ yae 2(7) = 1/(37 — y(x)) by 1 ALt

So, let y(z) = 3z over the interval |0, +oo[ and let y(x) < 3z over ]0, 00| in this last case,
z(z) = 1/(3x — y(z)) defined on the interval |0, +o00[ and write:

2(x) = [1+ Ae™%"] /6.
OB Ja Y OlEs 13} Ao g A > —1 5,9 patly 2 > 0 O

Because z > 0, is necessarily that A > —1. Hence, if y is a solution, then:

y(x) =3z 9l y(x) =3z — G A > —1.

4]0,00[‘_’\_?-.43“,.‘.:61 L&.L«AJ‘Q.A3dﬁnydlﬁ¢dﬂygﬁ‘§!4é}3wuﬂm“,‘c
Jo AT (e Gasd) LiSew 9
Conversely, if y is defined, then y is defined and of class C' on the interval ]0, oo, and we

can verify that it is a solution.

Exercise N°— 5 — a8y gd g

Sl Gl et &s\Ral) oIl
Let the following differential equation

y'+2y=0
Solve this equation. B\ 0 a® U (1

g £(0) =1 :60)5) bg i) a8 g Guirlud) Subblasdl &Js1Ral) Y& sass WY f &I asg) (2

J1(0) = =2
Find the function f that solves the previous differential equation and that satisfies the
following conditions: f(0) =1 and f'(0) = —2.
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Jmnd |

DS (e Aalaedt CasS (1

Write the equation in the form:
2
y// _|_ <\/§> y — 0

USAN 3E GIIR e A8 paolt J1 gt oo Lgd gl aie g

and its solutions are the functions defined on R that take the form:

acosV2r + BsinV2z,a, 8 € R

9 [(0) =1:20U3) do gyl 3amd 5 g Adslad! Aliolaid) Walacld M Gammd S f adiad) (2
o @, 3 €R ax g i f1(0) = -2

The function f that achieves a solution to the previous differential equation and that fulfills
the following conditions: f(0) =1 and f’(0) = —2, i.e. there is alpha, f € R where:

f(z) = acos V2 + BsinvV2r = f(0)=a =1

f(x) = V2B cos V2 —V2asinV2r = V26 = -2 = f = —/2

L o ! BamG A AT (i

Which function satisfies both conditions is:

f () = cos V2x — v/2sin V2z.

Exercise N°— 6 — @) (d w2

;S Galotaid! oY\l Jols as-qf

Find the solutions to the following differential equations:

1) o' =3y +2y=c¢"
2) ¢y —y=—6cosz+ 2xsinx.
3)  4y" + 4y + 5y = sinxe /2.
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St |
Tl alaed) SO

Let the equation:

/" / T

Yy =3y +2y=e".

RPN { RPN (e T

the characteristic polynomial is
flr)=(r—=1)(r-2)

(J1 9! ace 2 ddlmiiad! Walaod! J gl Ol ‘“_,.N:dbj

So the solutions to the homogeneous equation are all functions:

2x

y(r) = cre” 4+ 2™ Gus 1,09 € R.

D P ole (%) dopat (n) Wl L3 e yy(7) = Pz)e” il e pels (o e G
da=e P(x)=—x ¢ P"— P =1

We are looking for a special solution of the form y,(z) = P(x)e”. We are in the condition (u2) (x)
over Pis: P”"— P'=1 and P(x) = —x verifies:

TUSEN (e J1 9ttt o Aalasdl Jgls Ola Soti
Therefore, the solutions to the equation are functions of the form:

y(x) = (1 —x)e” + c2e®™ where ¢, co € R,

Lo .y —y = —6cosz + 2zsinx
PSS (e J gl Lt dcdloniied) Walaodt 0= (r — 1)(r + 1)
Here 0 = (r — 1)(r + 1) the homogeneous equation has solutions of

the form:

xT

y(x) = c1e” 4+ coe™® where ¢, € R.

Walaoll ¥ Jo> dlow) Lude I ) —y = —6cosa @ Walaed) Ga>3 3cosz A Of Jas
OF das S dagl dw g yiet! dlalaolt S 085w Yp(x) = 3cosz +yi(x) O¥ ¥ —y = 2wsinz
Y=y = 22e™ D Walasd 2 o slou¥ odel dowd godl day yhall adsviwd g 22 sing = Im(2ze™)
Load f(i) = =2 # 0 0¥ 1 ds judl (e 3 gumdl 5 plisa oo P oo P(r)e™ JSadt le 21 (o ot
Pr) = -2 —i cay yaid) way Glaay W1 2P (2) —2P(2) =22 dde g P Ao (%) do pad) f/(i) = 2i

k)
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We note that the function 3 cos x satisfies the equation: y” —y = —6 cos x, so we need to solve ¥,
for the equation y” — y = 2z sinx because y,(z) = 3cosx + y;(x) will be a solution to the studied
equation. For this, we note that 2z sinz = Im(2z¢™®) and we use the above method to solve z
for the equation: 3" —y = 2ze™. We are looking for z; of the form P(z)e™ where P. It is a
polynomial of degree 1 because f(i) = —2 # 0. we've got f'(i) = 2i condition (x) on P, from
which: 2iP'(z) — 2P(x) = 2x which gives the definition dimension P(z) = —z — i. Then

y1(z) = Im((—2 +i)e™) = —zsinz — cos .

1190l o J eddl Old JLIL
So the solutions are functions:

y(x) = c1€” + coe” ¥ + 2cosx — wsinx where ¢y, € R.
y1(x) = A(x) sinz+B(x) cos & S (o Jomd ! (o G 1y —y = 20 sin 2w 3 Jo sl 6 50 4da ybo

é.j.h."jyiltyllMSM‘MAM‘)L\Q&‘JZ'QE1%)M|MAQM‘Q|%9AA,BC%}
P pddl e e L LY e dw g yuted| Aalaedd

(A" — A—2B")sinz + (B" — B—2A") =2zsinx

DOl 13) Gasv gt
Another way to solve for v —y = 2zsinz : We look for the solution from the form y;(z) =
A(x)sinx + B(x)cosx where A, B are polynomials of degree 1 because i is not the root of the
characteristic equation. We calculate ], y{ and apply the studied equation to y; ...we get the

condition:
(A" — A—-2B")sinz + (B" — B—2A") = 2zsinx

which is achieved if:

A" — A—2B' =2
B"—-B_-2A"=0

Yrawes g b=c=0w=d=—1"! Juasd cou=idl das B(r) =cr+d & A(r) = ar +b 10Gss 9
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And we write: A(z) = ax + b et B(x) = cx + d, after defining we get: a =d = —-1,b=c=0
which defines v;.

Ay" + 4y + 5y = sinze 2

lop Audlaiiedl Walaott Jolsg 1o = T1 9 71 = —5 1 Ol pe Ol)ix Led 5 rceed! Walaatl

The characteristic equation has two complex roots r; = —% + ¢ and r9 = 1. The solutions to the
homogeneous equation are:

y(x) = e %?(ci cosz 4 ¢cpsinz) where ¢y, ¢ € R

NIE]

sinxe 2 = Im(e(_%“)m),

Walaad! Ham ga —5 41 0¥ 2T umdt LS G el ae Walaedl (e 2, Jo o Comdls Tu
e G 5}.’.4.4.4.”

we've got

MIE]

sinze 2 = Im(e(_%”)m),

We start by finding the solution to the z, of the equation with the new second side e(~1/2+0)®

Because —% + 4 is the root of the characteristic equation, we look for:

zp(x) = P(x)e(_%J“i)m

PP e (#) do pidl I g 1 A jud) (pe P o
Where P is of degree 1. Hence the condition (%) on P :

4P" + f{(=1/2 +4)P' + f(—1/2+4)P =1

Writes ! s
- D/ " L. o1 ,
8P =1(P" =0 f(_§+"):0 9 f(—§+2):82)
e st L ey z(2) = —éxe(_%Jri)m 9 P(z) = —i/8z sl o LiSey =3
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So we can take P(x) = —i/8z and z,(x) = —éxe(_%”)z Hence the imaginary part is:

: ' )
yp(x) = Im(—%xe(_%ﬂ)x) =37 sin xe”

(NI

PSAY e J1 o) e (o2 J el Gla 30T Ll slas S 92
is the solution to our equation. So the solutions are all functions of the form:

o 1
y(x) = e 2(cicos + (ca + gw) sinz) where c¢1,c0 € R.
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Multivariate functions Q) il 34 C13 JIga 1.6

oy s O pdie bue O Adiidad! I guld Aoluasd) SLOAGD jlalibl g £ jadl 108 B (w jud
O 9 Juadll O eSa of Lidiad 1agd Adlgedt At IS Al dcwidls Jund Jof 98 Juadll laa

Jadd Lo ﬁ:x.LuL Leaisai o (yo yled Al
In this part, we study briefly the computational techniques of real functions with several real

variables. This chapter is the first chapter for students during the following year. Therefore,

187
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we preferred that the chapter be without a series of exercises, and we contented ourselves with

illustrative examples only.

Real functions ddud> Jiga 1.1.6

Lasi 5Sang « R? 9T R? e 4d yaell Sacaied) Of pdliall GI3 JIgad) (pu yold B gw s jndl 10 (2
PSS (e J1 gt 0l O 5w AL 9 R™ Gl (T aladt HUa ¥ 2 Lgiwl Ha
In this part, we will study functions with multivariables defined on R? or R3, and they can also

be studied in the general framework, i.e. on R™ and thus will be these functions are of the form:

f: ECR" L R
(X1, X,y Tp) > f(21,20,...,2,).

where n > 1 is a natural number b due n > 1 ces

robie 09w g @ = (T,...,&y) JSGI o Aadi F 140! de geme pobic O 9w (6 351 5 ey
Audias slae] Adlgd! de gasmad!
In other words, the elements of the starting set £ will be vectors of the form =z = (xy,...,x,) and

the elements of the final set will be real numbers.

Curve of a multivariate function &f piile dde SI3 W13 e 2.1.6

pudia GEBLS N > 3 Wt alaa¥l LBLg zslad) S 1= 2 W50 Qg ) gl gl
PEIRURT
To make it easier to visualize, we’ll take n = 2 to represent the surfaces and the rest of the

dimensions. The case n > 3 is discussed in the same way.

1.1.6 : Definition - «aJ yad

D DIa) G gasee 03 pRie w13 Gy ishe g ol (e

We call the statement or the curve of a function in two variables the set of points:
Ff {(xvya Z) € RS e = f(l‘,y)}

o) 130 kel jolien 25 gliss JWhg 2 5 B 5 ) 20y & gmall oo £lgj I &
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FEach pairs of plane xOy are related to z. Thus we need three axes to represent this statement.

( )

1.1.6 : Example - Jbi

e f(r) &I ) Deif : TCR-R ;=148 oo
Forn=1, f:1 CR — R: In the simplest case, x +— f(x)
gl St pgm ) Ly L
Here are the graphs of the functions: .

T +— xrcosx and T+ arccosx

. J

g 2.1.6 : Example - J 2 )

(z,y) jp b N pRi) ) jop FECRZ SR m=2d8) oo
Forn=2, f: E CR? - R. We denote variables as (z,y).
Db Y JYS o JBa) daw o (BIRS iy <(2, 1) > f(2,) g a)

The functions (x,y) — f(x,y), are represented, for example, by surfaces:
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47
i,

1/
fisansy

o

The curve represents the function [\ BURN AR CE W |

(x,y) — cos(y) + sin(z).
. J

O pdin Be D13 Jl gy Ao gy o h ) (e J gt lua caaall e > 2§50 OF 3 jove
Once n > 2, it is very difficult to get a graphical view of functions with several variables.

Definition set wid yall| 4 gape  3.1.6

g 2.1.6 : Definition - u,ua'.a

f(x1, 9, .y x,) RS g\ (21,22, ..., ) 20}) &S qaden GB = pRie 648 s Ay 8y ;R &S et
Dy jo o W jo g 1,20
The set definition of a function with several variables is the set of (x1, 2, ..., x,) that makes

f (@1, 29, ...,x,) is identifier. We denote it by Dy.

\_ J

( )

3.1.6 : Example - Jti

cas &y [ RZ 5 R o8
Let f:R? — R be a function where
1
r =Y

loule g 7~y # 0 ogh of sy 6by20 f &N ogf T

f(x7y> =
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For the function f to be defined, it must be x —y # 0, so:

Diy={(z,y) eR*:x#y}.

Limit in R" 8 Glilgd! 4.1.6

QS.Q,}LL’.«:-.Rn;l.t'a.é.nu‘ﬂ?'\fl.g.'d‘?%é.nam&i%:n&bu:d|3%j).qlu¥1&c&mﬁ&idg§
(dal O 93 O yate Bue OID JI gl e sl g e O3 JI gt 5 yoiwWi g Silgdl a ggd e mucald
Aele daway mdad of GAdBY) jlaotly Aallaoll Ao lal Jldw! a5

Before we talk about continuity and differentiation, we need to define the concept of limit in
space R™. Where the concept of limits and continuation of functions with one variable can be
generalized to functions with several variables without complication, it is sufficient to replace the

absolute value with the Euclidean standard or the norm in general.

3.1.6 : Definition - w&J yad

Snbil) £ S5 b ons (B =R plo Jliy pasins ) R Jisd) Jo 012 ¢biad £ oL

E — Ry

z = |
which achieves the following: AN PRCLINENS ]
Separation boall e

Ve e E||z|| =0« z =0,

Positive homogeneity @\.59}1\ Rt CSUNE

VYA e R, Vz € E|Xz|| = |A| - |z,
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Triangle inequality Gullial) Gt pall @

Vo,y € B, |z +yll < [lz]l + [lyll-

o Yoty o sbenadl Sllunally upidl Ay Jisls @alaldl p ggde poiiucian cdassi (ol Jand
Leogd IS (o A iadl Ol luwadl Blow pos Lobad by OF (o A Lo 031 A yied) Sl Luwad!

REUT="1 'L VI
To make the lesson simpler, throughout the rest of the lesson we will use the concept of regularity,
and standard spaces instead of metric spaces. So what follows can fit perfectly into the context of

metric spaces, by understanding them more easily.

4.1.6 : Definition - «ad yad

L 955 39 () nerr Gllidal) o Jois 1 € R™ g R” b Gullida (2,)ncn oy R™ Jo pbs | ol

-,
Let ||| be a norm on R™. Let (x,)nen be sequence in R™ and | € R". We say that the
sequence (T,)nen converges to | and we write
lim =z, =1
n—-+oo
If we have: :\5_3)._\ ol \5!

Ve > 0,3IN e NNVm > N, ||z, — I]| < e.
SRV 323 0 Y Jg§ (|7, — 1] Suinasd) beadd) w3\ 13) 1 g86 Jo 1, & 51 ol u

In other words, x,, converges to l if the true value ||z, — || converges to 0 in the usual sense.

D st g [ llgm petaidls R™ claddt o [flgn e b a3 5w 0 i) edaidls R cladll 2950
R™ 453 D (o 42 pa0 Ws f 9 R" (o 45 5 e gomae

We provide the space R" with the norm denoted by ||-||z. and the space R™ with the norm ||-
and let D be a subset of R" and f is a function defined from D to R™.

Rm>
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5.1.6 : Definition - wid yad

1R gacD ol
LetaeD andl € R™:
jgaéhiﬂ\ﬂlgkjdgﬁf&‘ﬂ\ Ug\dgm
We say that the function f converges to l at the point a and we write

lim f(x) =1

xX—a

if we have o\ 1)

Ve>0,30 >0,Vx €D :|x—alr <0 = ||f(x) = ||gm < e

Properties yaf $&

.

1.1.6 : Proposition - dmsiad

d o A ER B acD ol R b Wayp 3B R go D Yl o i 120 caills g g f ol
‘odeg @ J g% X LS Iy g 11 ¢ —d g3 o o g(x) g f(x) o) w08 Lo €R

Let f and g be a functions defined on the domain D of R™ that take their values in R and

aeD. Let A€ R and Iy, Iy € R. Suppose that f(x) and g(x) respectively converges to ly and ly

when x converges to a. Then:
}1{1&1}\(]‘" + Ag)(x) — 1 + Ay

lim (fg)(x) — l1ls.

X—a
\u)J Q:l.o a l‘9>-' SO 03910 g9l =0 ol \5! c\:o;\
Also, if 1 = 0 and g are bounded in the neighborhood of a then we have:

lim(fg)(x) — 0.

X—a

g a Ghail) les o\l pasY [ AN ol Iy # 0 18 15) ) s
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Finally, if l; # is0 then the function f never nulls in the neighborhood of the point a and

2.1.6 : Proposition - Amgad

U\\Jo:\uo,mﬁ lim  f(z,y) =1 2o &\ f: R? R ol

(z,y)—(a,b)

Let f :R? = R be a function where " l)m% B f(z,y) =1. Let’s also assume that

tolo 3¢90 iﬂf(l’,y) weR 3¢ Js- V09 839590 ilirlljf(a:,y) € R J4 U8 OR
For all x € R, liIIll7 f(z,y) exists and for every y € R, lim f(x,y) exists, then:
Yy— T—a

lim(lim f(z,y)) = im(lim f(z,y)) = L.

T—a y—b y—b T—a

2o €ER™ g RM\zg Ae 48 420 [ ECR" - R W f (s
Let f be a function f: E C R" — R defined on R"\zy and =, € R™.

6.1.6 : Definition - «ad yad

In the same way, we define the limit in infinity lim,_,,, f(z) = +00 as follows:

VA>036>0Vz e E:0< ||z -0 <0 = | f(x)] > A.

2 4.1.6 : Example - JL’]’.D

Let the function [ be defined as follows <0 P4 6o ,2al\ f &1 o \;3:3
f(z,y) = 2* + ysin(z + y?).

(2, 9) = (0,0) W) 0 J) Jg8 f o) —addd (1
Let’s prove that f converges to 0 because (z,y) — (0,0).
89 1 [sin(t)] < 1 YRl dygan f(z,y) &I
The function f(x,y) is bounded by |sin(t)| < 1 : we find
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|f(z,y)| = |2* + ysin(z + y*)| < 2° + [yl| sin(z + y*)| < 2° + [y

y €] —b,b[ I8 oo @? < £ W cxe]—a,a[&g\misl cbzgga:\/§¢0<e<1}&-9\3
1189 (2,y) €] — a,a[X] — b,b[ 31 oo iy Jy| < & G

We take 0 < e <1, a= /5 and b= §, so for x €] —a,a[ , we have 2* < §, fory €] — b, ]

we have |y| < 5 and then, for (z,y) €] — a,a[X] — b, b we find:

€

2

fay| <z +lyl<5+5=c
g lo] <0 =35 < /5 0b [yl <5 o¥ 15) & =5 D B b3 5 wp s

(0,0) ) 9% (z,7) Wb 0 o\ Jads f: b [ f(,y)| < € oing |yl <0 =5
One of the values of 6 that meets the limit is § = 5, if ||(z,y)|| <6 the [z| <d =5 < \/g
and |y| < 6 =5 from which |f(x,y)| < e. We conclude: f accepts the limit 0, when (z,y)
becomes (0,0).

If@ )] < 1 xd ogy (2.9) € U I8 381 0o 2a3a (0,0) Ego toiin Y U 08 2w (2
We are looking for U open interval containing (0,0) such that for every (x,y) € U we have
£ (= 9)] < 155
Lo | —a,a[X] —b,b] JBad) 00 (2,9) M&‘M'b:ﬁ9a:¢%@*@ bde= 7538 oo
1f (9| < 156
1

For e = 155 we have a = = and b = 505 For each (z,y) of the interval | — a, a[X] — b, b|,

we have | f(z,y)| < 1—(1)0.

T?J
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5.1.6

Operations on limit Gl kgd| e Glikes
e Thsladl SLIAU i« Eadd (e Yo g OLLE! olus 3 i el A Le |l

I A Wi 9f Dgaw Qi A i ME (O pate Sue DIy Jlgudl Ll Obilgd) e Oldee

The definition is rarely used in calculating limits. Instead, we use general theorems: operations

on limits on functions with several variables, there is no difficulty or novelty in this.

3.1.6 : Proposition - duad

S 0ol byl 7 458 G\ Jul g g f Lo mp € R™ s b 0aidp20f. g i R — R oI

Let f,g: R™ — R be defined in the neighborhood of x¢o € R™ where f and g accept a limit at xy.
We have the following properties

lim(f + g) = lim f + lim g, lim(fXg) = lim fXlim g
xo xo zo o xo Zo

1 oy g

lim — = = , lim = = —=

z g limg x g limg
zo

5.1.6 : Example - J 30

b Wf B2\ ((0,0)} Jo 68,2 [ &1 oI
Let the function f defined on R*\{(0,0)} as follow:

_
f(x>y)_x2_'_y2'

(0,0) 58 1 € R &) 955 Jo f o) vo s 13 (0,0) shadid) 6o Sl Jads ¥ f &M of i

Z@&JSnGNJ}-g\M

Let’s prove that the function f does not accept a limit at the point (0,0). For this we assume
that f converges to Il € R at (0,0). Forn € N we put:

1 11
Uy = (—,O) 9 Un = (—,—).
n n'n
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We have \» o

lim u, = (0,0) ¢ lim f(u,) =0
n— o0 n—oQ
MNod & 51688 ol =0 =LA posbos —ws aieg
Then, according to the properties of the limits, [ = 0. On the other hand we have:

lim v, = (0,0) 9 f () = 5 = lim f () = 3

n—o00 n—00 2

(0,0) a5 Gu\®5 Babs Y f N o rady o ba03g ) GBI = L Ly} Wy ceg
So, we also have | = % The limit is not unique, which proves that the function f does not

Laccept a limit at the point (0,0).

J

g 6.1.6 : Example - J 20 )

Gl sf B2\ {(0,0)} Jo b pzalt 1 6010 G
Let the function f defined on R*\{(0,0)} as follow:

222
flx,y) = O
3\13A9€R9T>0\1>.-9\0.o
Forr >0 and 0 € R we have:
4. .2 . 9
| f(rcos(8), rsin(0))] = 22 wgsm ©)
r r—0

(0,0) 6l 58 0 J) o f ol oy 130

Ghz’s proves that f converges to 0 at the point (0,0). y

Continuity y) ¥l 6.1.6

O e 3 o ATt A 5l peliw W) LB pad (B guud (dalgid) a ggae Lisus 0l g Y
Now that we’ve defined the concept of limit, we’ll define continuity for a function of several

variables.
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‘ 7.1.6 : Definition - uq).f.a

IR g8 R™ e 602\ £ SN olidg .a € D g R go Yo D o1
Let D be an interval of R™ and a € D. Let the function f be defined from R™ to R™ :

:jg a Jd e x e f(a) J) Je9 f(a) ol 13) (x) ohaid! P & pedane f e gl Jogos (4
We say that the function f is continuous at the point (x) if f(a) converges to f(a) when

X converges to a and we write:

lim £ () = f (a).

D oo 6085 I8 NS 6 peime 3 13 D S b pabue £ AN o) Jeis (i
We say that a function f is continuous on D if it is continuous on every point of D.

. J

@ 8.1.6 : Definition - uﬁl).f.a

tbh W 68,20 fi, ..., fru Jgal) Oiog @ = (a1,...,a) € B Mg .f : E C R™ — R 5T
Let f : ECR™ — R and a = (ay, ..., an) € E, of which the functions fi,..., fm are defined as

follows:
\V/ZCER, (alw-)ai—laxaai-‘rl)--7am) S

T f(CLl,..,CLifl,.’L',aiJrl,..,CLm)

ashel) (o &ujs s ans i =1,..,m 31 oo

ori=1,...,m is called a partial function at the point a.

Y y

.

4.1.6 : Proposition - dmuad

Gb\nf

Let f: E C R™ — R"™ be continuous at the point a = (ay, ..., ay,), then the functions f1, ..., fm
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defined as follows:
\V/I'GR, (al,..,ai_l,x,aiﬂ,..,am) GE,

Tr f(al,..,&i,l,x,aiﬂ,..,am)
LA NS & pedwe d\gg \sﬁi:L...,m \1>¢‘UJ°
fori=1,...,m are a continuous functions at a;.
Coo s [ R? = R colss 13) 1 € R (S50 1 I Jiow e oo Lo 93 (rued (uSal!

The opposite is not always true! For example: let [ € R if f : R?> — R is a function where

Va € R, lim f(z,ax) = I.
z—0

N Oigndl §(0,0) Aadid wie b potue fOT pdcid (o

Do we conclude that f is continuous at point (0,0) ? The answer is no.

Continuity criteria &) yl peiuw¥| pt Lo

1.1.6 : Theorem - 'Z\Q.)Jﬂ\

160 Sl volgs) ol b et &5 f 1 E C R™ — F C R” gLy

Let f: E CR™ — F CR" a continuous function, then the following properties are equivalent:

E oo 605 8 o poime [0

f is continuous at each point of E

E 90 tgiie Yo ¢85 f1(U) F 00 U tgite Jo 3 J-1 0o o

For every U open interval from F, f~Y(U) is open interval from E.

B 90 8920 Yo ¢80 f7H(V) F 00 V 9iR0 Yo JF U5 00 @
For every closed interval V of F, f=1(V') is closed interval of E.

xo € FE \1;

Unwversity of Mohamed Kheidar, Biskra 199 Brahim Brahimi-Jihane Abdelli



Multivariate functions <\ pRe 618 Vs gy .1.6 Multivariate functions <\ pRal) 63 1280 Jgs

For each sequence (x,)nen of E converges to xo then the sequence (f(xn)n N converges
f(zo) for each xy € E.

Derivation pLaii¥l 7.1.6

WadUl e AN Gidee Ol T C R Jlowadl le BLaiad alld ais f: T CR = R (S @ &l
ISl Ghasace ]
Reminder: Let f : I C R — R be a differentiable function on the interval I C R. The derivative

of the function at the point a € I is given in the form:

e — i FOTW = @) @)~ )

h—0 h z—a T —a
Y OY g e ¥ Bl psixsle @€ R o f 1 ECR™ 5 R ol 13) lislw Lus 43 Less
LiSosd Bl g s Liiuls X ¢ Ladd) Olis po L 15) (8 31 Al (po g lad o Aowdll SoiSen
DU A Hdalls f AN il A joudl Olaidied! oy yad Lgis
As previously assumed, if f : F C R”™ — R” and a € E. The previous recall statement is
meaningless because you cannot divide by a vector. On the other hand, if we fix the components
of the vector x except for one, then we can define the partial derivatives of this function f in the

following way.

9.1.6 : Definition - wad yad

Samily S o ams i = 1om J8) ge A= (a1,00) EE g f: ECR" = R ol
a; &8 395-Lo f a8 ) SNl al) 2L (a) joJb o jo o9 a Sl wis f &Il 7; pRell

of )= Jhua Fla, ooy @iy ooy ) = flan; ooes @iy oy )

ox; Ti—a; T; — a;

f&\,\ﬂéﬁ,‘ﬁ\;’\iﬁmﬂa:(al,ag)EEM\QRQ%Rf:EC@ﬁB&e;B&\;d}‘\M
Zas o = flar,x2) 9 21 = f(21,02) pRad) 58 G5 &) Jlgad) = \aido D (a1, a0) Gosdl e
\ts&\ﬂ\d\fﬁd\:m :ZL‘QGRQZI&L

of flai + h,az) — f(ai, az)

—(al, (12) = lim

0x h—0 h g
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9
of . flar,as + h) — f(ay, a9)
8_x2<a1’ az) = }ngé h .
We denote this limit by: Dl Al Algd e
0
o )

Ll 3o 3 g.d rond 1y 0 e ) g Aadid) wie 7, il duwidly f ANALY 5 3ol Gidiodl ga g
Do el B A e Fide m O] Lot L f (20) 9f Or, f(20)

It is the partial derivative of the function f with respect to the variable x; at the point xq3. The

symbol 0 is read as d rond. We also denote by 0., f(zo) or f;.(2o). So we have m partial derivative

at the point zy :

0 0 0
8—;(%’0), 8—:52(%'0), ey —f(l'o)

0T,

Dlowt (7,y) o f(T,Y) o wdtie OI3 WS Wi B
In the case of a bivariate function (x,y) — f(x,y) we have:
of f(@o+h,yo) — f(wo,90)  Of - f(zo,y0 + h) — f (w0, o)

%(%,yo) = }ng(l) A ) 8_y<x0’y0) = }IL1—>0 7 .

( 1.1.6 : Remark - %)&D

WS e m a8 i =1, .., n d8 Y oo £ AN £ SuSjsd) Wgah oo 1 B C R™ — R 5\ 13
bargesa)) bogaaell 8y, (o Uy & p
If f: E CR™— R" then the partial functions f; of the function f fori=1,...,n accepts m

\partial deriwative. We will see this in the definition of the Jacobian matriz. y

g 7.1.6 : Example - JL’ZD

Oibuel! 39%9 6}“9 R Je ‘9\51.\”»}%.3 &bo 2 e cosy AW (ol y (mas- yxo J4 Js- R
reas Jo I pRially s ead (5!
For every constant real number y, the function x — e” cosy is differentiable on R, which

justifies the existence of the partial derivative with respect to the first variable where:

g(z, y) = e” cosy.

ox
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The same for the second variable

a—f(a: ) = —e”sin

10.1.6 : Definition - «&J yad

f A 90 of Gupgasal) Gogmandl ams 1 B C R™ — R™ &I bud jodl - \akhiel| Sbginone
Do g 3908 K9S G T(f)ag jo Sl WY jo
The matriz of partial derivatives of the function f : E C R™ — R"™ it’s called The Jacobean

matriz or Jacobean function f. We denote it by J(f)z, which contains m column and n line :

Ofi(zo) ... O9fi(zo)
a.’El axm
I(f)ao = : : € My n(R).
Ofn(zo) .. Ofn(zo0)
ox1 OTm,

R (> Wayd k86 30 f(21, .00, 2) S0\ SN U8 g0 20 = (21,0, ) 0¥ 1) & 5T 602

SRR o Janis pieo m oty &My I3 oa Sl Giay 2 626 Y asras | b dasy il
D Gogroe o 6L

In other words, if x = (1, ...,xy) is for the vector function f(xy,...,x,,) that takes its values

in R™, the Jacobian carries in his columns the vectors g—é. Specifically, for a function with m

real variables, the Jacobian is a line matrix:

T(Deryiom) = <@f<x>, af(x))

dry 7 Oy,

o o jo s ) 550l Gbghae 9 pul 13D Jgiog

The transpose of this line is the column matriz, which we denote by:

0f () af(x))f

oxy 7 Oxy,

grad(f)(m ..... Tim) (

(3 F ol Y &) V(@) jogb o jopg f oM 18 amy grad
grad is called the gradient of the function f and denoted by V f(x) (which reads nabla f for x).

8.1.6 : Example - Jki
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902! Bogine sy (Jolail) Sb1s S gt of us

Prove that the following functions are differentiable, and calculate the Jacobi matriz.

flz,y,2) = (%(mz — 2%), sinxsiny) :
flz,y) = (xy, %x2 +y, In(1+ :1:2)) :
fla,y) = 2%y,

—500l) go W51 wolgll ooy (SEEW AL - 151as Y Jlgs of Gusjsdt Jlgallg o we Eas) GG
:\5\\9&\\ S Lo O
It 1s enough to verify that the partial functions or coordinate functions are differentiable, and

they are obuviously of the class Coo. We have respectively:

[ ]
T 0 —z
() @y = ( : . > :
cosxsiny sinxcosy 0
Yy x
J(f)(z,y) = T 1
o 0
[}
3 2 92 21’3/3
J(fey = 22y*,32%%) = Vi(z,y) = ., |
3rcy
\_ )
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