
بسكرة خيضر محمد جامعة

11

 

مقياس الرياضيات للسنة الأولى علوم المادة حسب المقرر الوزاري

دروس وتمارين محلولة

:إعداد  
 الأستاذ الدكتور براهيمي ابراهيم

 الدكتورة عبدلي جيهان

 
 

 

و التحليل الرياضي   الجبر  

 

 
 

 
 

University Mohamed Khider Biskra 

Mathematics module for the first year of Material Sciences according to the ministerial curriculum

Lessons and solved exercises in both Arabic and English

2



xAyqm� ­C�Ew�� �rV �� �dqm�� �hnm�� ��¤ ­ Am�� �wl� �sq� Y�¤±� Tns�� 
®W� TOO�� x¤Cd�� £@¡

�y� �yyF�C �yyF�dF Yl� �yy¶z� Y�� �sq� xAyqm�� �@¡ .¨RA§C �yl��¤ rb� �� Y�¤±� Tnsl� �AyRA§r��

­ Am�� £@¡ d`�¤ ,2 �AyRA§C xAyq� ¨�A��� ¨F�ds�� ¨�¤ 1 �AyRA§C xAyq� �¤±� ¨F�ds�� ¨� TblW�� xCd§

�� 33% �wm�m� ­ Am�� ¢�A¡ �d`� 	st�§ .6 dy}C¤ 3 ��A`� Ah� ¨t�� TyFAF±� ­d�wl� T`�A� TyFAF� ­ A�

.¨F�dF �� ¨� x¤r�m��  A�t�¯� TWq� �� 67% ¤ Tyhy�wt�� �Am�±� TWq�

These lessons are intended for first-year students of Material Sciences department, according to

the curriculum provided by the ministry, the mathematics scale for the first year of algebra and

mathematical analysis. This scale is divided into two parts over two semesters, where students

study in the first semester Maths 1, and in the second semester Maths 2. The average for this

course is calculated by the sum of 33% of the TS point and 67% of the exam point score in each

semester.

�� d§zm� T§�db�� TWq�  wk�¤ Ty�A��� Tnsl� T§dyhm�¤ Y�¤±� Tnsl� TysyF�� x¤Cd�� ­@¡  wk�  � �km§

Tq§rW� x¤Cd�� £@¡ T�At� 
m� .TylRAft�� �¯ A`m�� ��¤ �A�wfOm��¤ �®�Akt�� 
As� ¨� 	§Cdt��

T�¤A�� ¨� ,¨RA§r�� �yl�t��¤ rb�l� TyFAF±� �y¡Afm��¤ ¹ Abm�� �l`� Yl� 
®W�� zyf�t� TWys�¤ T�R�¤

­r¡A\�� �}¤ 	lWt§ ©@�� ,TylRAft�� �¯ A`m��¤ ��Akt��¤ �RAft�� �rW� ��rysft��¤ �§CA`t�� Xysbt�

.�Any`�� ¤� ,�A\�®m�� ¤� ,r¡�w\�� £@¡ �w� Tny`� ºAyJ� T�r`�¤ A¡ry� ¤� Ty¶Aymyk�� ¤� Ty¶A§zyf��

These lessons can be foundational for the first year and introductory to the second year, at the

starting point for further training in calculating integrals and matrices and solving differential

equations. These lessons have been written in a clear and simple way to motivate students to
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learn the basic principles and concepts of algebra and mathematical analysis, in an attempt to

simplify definitions and interpretations of calculus methods and differential equations, which re-

quires describing a physical, chemical or other phenomenon and knowing certain things about

these phenomena, observations, or samples.

���wm�� ¨� d��wt�  � �km§ �§CAmt�� {`�¤ .T§An`� Aht��A`� 
m� �§CAm�¤ Tl��� ��d� Anm� ,x¤Cd�� £@¡ ¨�

rb�l� PO�� Ah�¤� ,�yy¶z� Y�� �m`�� �@¡ �sqn§¤ ,Ty�r`�� T�l� Ahtm�r�¤ Ahy� �y�dt�� �� Tflt�m��

T�wl�m�� �§CAmt�� �� Tlsls� �O� �� r�� ¨� �rWt� �y� ,¨F�C ¨F�dF �� ¨� ¨RA§r�� �yl�tl� ¨�A���¤

.�y¡Afm�� �yFr�¤ �ym`� ¨� d�As� ¨t��

In these lessons, we have incorporated carefully processed examples and exercises. Some of the

exercises can be found in different sites that have been scrutinized and translated into Arabic.

This work is divided into two parts, the first of which is devoted to algebra and the second is

devoted to mathematical analysis in each semester. At the end of each chapter, we discuss a series

of solved exercises that help in deepening and consolidating concepts.
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Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

�A�wFC ¨� AS§�¤ TblO�� �As�±� T�r� ��� Ty¶A§zyf�� r¡�w\�� TF�Cd�¤ �k�� ¨ky�Aky�¤

¨� �d�ts� Am� , A`�±� Ty¶An� TJAJ Yl� AhRr�¤  A`�±� Ty�®��� �ÐAmn�� T��A`�¤ r�wybmk��

.T§ AOt�¯� �A�®`�� Tm\�� �}w� �d�ts�  AOt�¯� ¨�¤ ,ºAO�³�¤ �¯Amt�¯� �A§r\�

In 1855 Arthur Cayley introduced the matrix as a representation of linear elements, and this period

is considered the beginning of linear algebra and matrix theory. Matrices and their applications

are used in most scientific fields, in every branch of physics, such as mechanics, engineering optics,

electromagnetism, quantum mechanics, and for studying physical phenomena such as the move-

ment of solid bodies, as well as in computer graphics, processing three-dimensional models and

displaying them on a two-dimensional screen, as well as in probability theories and statistics, and

in economics is used to describe systems of economic relations.

Definitions �þþ§CA`� 1.1

1.1.1 : Definition - �§r`�

Let n and p be two non-zero natural numbers. .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Tyqyq���  �d�±� T�wm��  wk§  � �km§ ©@�� K �q��� r}An� �� �yWts� �¤d� ¨¡ A T�wfOm�� (1

.C Tb�rm�� ¤� R
The matrix A is a rectangular table of elements of the field K which can be the set of

real numbers R or the complex C.

 wm� p ¤ rWF n ��  wkt� �¤d���  A� �Ð� n✕p �nO�� �� ¤� Tb�r�� �� ¨¡ A (2

A is of order or of class n✕p if the table consists of n rows and p columns.

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 or A = (aij)1≤i≤n;1≤j≤p .

.A T�wfOm�� ���w� Yms� �¤d��� r}An� (3

The elements of the table are called the coefficients of the matrix A.

Brahim Brahimi-Jihane Abdelli 10 University of Mohamed Kheidar, Biskra



Matrices �A�wfOm��Definitions �þþ§CA`� .1.1

.aij z�r�A� ¢� z�r§ j  wm`�� �� i rWs�� �VAq� Ty`R¤ ¨� d��wtm�� ��A`�� (4

The coefficient at the intersection of the line i and the column j are denoted by aij.

1.1.1 : Example - �A��

A =


5 −2
0 3

1 9


.a22 = 3 ¤ a11 = 5 �A�m�� �ybF Yl� ¤ ,�§ wm�¤ rWF� T�®� ©� 3✕2 �nO�� �� T�wfO� ¨¡

It is a matrix of class 3✕2 i.e. three rows and two columns, for example a11 = 5 and a22 = 3.

2.1.1 : Example - �A��

.

The matrix T�wfOm�� (1

A =

(
1 17 0
1
2

√
5 5

)

.­dm�� T�®�¤ �§rWF ��  wkt� 2✕3 T�wfO� ¨¡

is a 2✕3 matrix consisting of two lines and three columns.

.5 ©¤As§ w¡ ��A���  wm`��¤ ¨�A��� rWs�� �VAq� dn�  w�wm�� ��A`m�� w¡ a23 (2

a23 is the coefficient at the intersection of the second line and the third column is equal

to 5.

2.1.1 : Definition - �§r`�

z�r�A� Ah� z�r§ K ¨� �®�A`m�� ��Ð  wm� p ¤ rWF n Yl� ©wt�� ¨t�� �A�wfOm�� T�wm��

.Tyqyq� �A�wfO� Yms� Mn,p(R) ¨�A`K�� ºASf�� r}An� ¤ .Mn,p(K)

The matrix set containing n line and p column with coefficients in K denoted by Mn,p(K).

The vector space elements of Mn,p(R) are called real matrices.

University of Mohamed Kheidar, Biskra11Brahim Brahimi-Jihane Abdelli



Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

Special matrices T}A� �A�wfO� 1.1.1

:�Amt¡®� ­ry�m�� �A�wfOm�� ��w�� {`� ¨l§ Amy�

Here are some interesting types of matrices:

T�wfOm�� �� �wq� T�A��� £@¡ ¨� ,(­dm�±�  d`� ©¤As� rWF±�  d�) n = p  A� �Ð� (1

.Mn,n(K) z�r�� �d� Mn(K) z�r�A� �A�wfOm�� T�wm�m� z�r� A¡dn� T`�r� Ah��

If n = p (the number of rows is equal to the number of columns), in this case we say that

the matrix is square, then we denote the set of matrices by Mn(K) instead of Mn,n(K).


a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann


.T�wfOm�� rW� �kK� a11, a22, . . . , ann r}An`��

The elements a11, a22, . . . , ann make up the diagonal of the matrix.

: wm� T�wfO� �� ­CAb� A  �� , p = 1  A� �Ð� (2

If p=1, then A is a column matrix:

A =


a1

a2
.
.
.

an

 .

:rWF T�wfO� �� ­CAb� A  �� , n = 1  A� �Ð� (3

If n = 1, then A is a line matrix:

A =
(
a1 a2 · · · ap

)
.

¤� T§rfO�� T�wfOm�� Yms� �CAf}� Ah�®�A`� �ym�  wk� ¨t�� ( n✕p �nO�� ��) T�wfOm�� (4

T�wfOm�� 	`l� ,T�wfOm�� 
As� ¨� .0 TVAsb� r��� ¤� 0n,p z�r�A� Ah� z�r§¤ T�¤d`m��

.Tyqyq���  �d�°� Tbsn�A� 0 ��r�� C¤ T§rfO��
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Matrices �A�wfOm��Definitions �þþ§CA`� .1.1

A matrix (of class n✕p ) whose coefficients are all zeros is called a zero, or zero-matrix and

is denoted by 0n,p or more simply 0. In matrix arithmetic, the zero matrix plays the role of

the number 0 for real numbers.

3.1.1 : Example - �A��

.

The matrix T�wfOm�� (1

M =

(
2

−4

)

is a column matrix. . wm� T�wfO� ¨¡

The matrix T�wfOm�� (2

N =
(
−1 5 3 5

)
is a line matrix. .rWF T�wfO� ¨¡

The matrix T�wfOm�� (3

P =


2 4 −3
0 −1 6

−4 0 π


it is a square matrix of order 3. .3 Tb�r�� �� T`�r� T�wfO� ¨¡

The matrix T�wfOm�� (4

O =

(
0 0 0

0 0 0

)

is the zero matrix or the null matrix. .T�¤d`m�� T�wfOm�� ¤� T§rf} T�wfO� ¨¡

­d�w�� T�wfOm� Ty�At�� T`�rm�� T�wfOm�� Yms�

University of Mohamed Kheidar, Biskra13Brahim Brahimi-Jihane Abdelli



Definitions �þþ§CA`� .1.1 Matrices �A�wfOm��

The next square matrix is called the unity matrix

In =


1 0 . . . 0

0 1 . . . 0
.
.
.

.

.

.
. . .

.

.

.

0 0 . . . 1


TVAsb� ¤� In z�r�A� Ah� z�r�¤ .0 ©¤As� «r�±� A¡r}An� �ym�¤ 1 ©¤As� T§rWq�� A¡r}An�

.I z�r�A�

Its diagonal elements are 1 and all its other elements are 0. We denote it by In or simply by I

.Tyqyq���  �d�°� Tbsn�A� 1 ��r�� C¤d� Ah�AK� �C¤ ­d�w�� T�wfO� 	`l� , T�wfOm�� 
As� ¨�

.º�d��� Tylm`�Tbsn�A� © Ay��� rOn`�� wh�

In matrix arithmetic, the unit matrix plays a role similar to that of the number 1 for real

numbers. It is the neutral element for the multiplication.

1.1.1 : Proposition - TþyS�

 �� n✕p �nO�� �� T�wfO� A 
�A� �Ð�

If A is a matrix of class n✕p then

In · A = A and A · Ip = A.

: A� �Ð� ©� ,Ah�wqnm� T§¤As� 
�A� �Ð� T§rZAn� T`�rm��A T�wfOm��  wk� (5

The matrix A squared is symmetric if it is equal to its transpose, that is, if we have:

A = AT ,

T�wfOm�� �®�A`�  wk� ,«r�� ­CwO� .i, j = 1, . . . , n �� ��� �� aij = aji  A� �Ð� ¤�

.rWql� Tbsn�A� ­rZAnt�

or if aij = aji for all i, j = 1, . . . , n. In other words, the coefficients of the matrix are

symmetric with respect to the diagonal.
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Matrices �A�wfOm�� Definitions �þþ§CA`� .1.1

4.1.1 : Example - �A��

The following matrices are symmetrical matrices: :­rZAnt� �A�wfO� Ty�At�� �A�wfOm��

(
0 2

2 4

)
,


−1 0 5

0 2 −1
5 −1 0



: A� �Ð� T§rZAn� dR T`�rm�� A T�wfOm��  wk� ¤ (6

A square matrix A is antisymmetric if we have:

AT = −A,

.i, j = 1, . . . , n �� ��� �� aij = −aji  A� �Ð� ¤�

or if aij = −aji for all i, j = 1, . . . , n.

5.1.1 : Example - �A��

(
0 −5
5 2

)
,


0 4 9

−4 1 −3
−9 3 2



Equal matrices �A�wfO� ©¤As� 2.1.1

.n✕p �nO�� Hf� �� B ¤ A �yt�wfOm�� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Let n and p be non-null natural numbers and let the matrices A and B be of the same class n✕p.

3.1.1 : Definition - �§r`�

:	tk�¤ T§¤Ast� Amhy� ­rZAntm�� r}An`�� 
�A� �Ð� �y�¤Ast� B ¤ A �yt�wfOm��  � �wq�

We say that the two matrices A and B are equal if their corresponding elements are equal
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

and we write:

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 = B =


b11 b12 · · · b1p

b21 b22 · · · b2p
...

...
. . .

...

bn1 bn2 · · · bnp

⇐⇒ ∀i, j : aij = bij

6.1.1 : Example - �A��

Let the two matrices be A and B where �y� B ¤ A �yt�wfOm�� �kt�

A =

(
a11 a12 a13

a21 a22 a23

)
, B =

(
2
√
3 π

2i 7 1
2

)

We say that A is equal to B if  A� �Ð� B ©¤As� A  � �wq�(
a11 a12 a13

a21 a22 a23

)
=

(
2
√
3 π

2i 7 1
2

)

⇔

{
a11 = 2, a12 =

√
3, a13 = π,

a21 = 2i, a22 = 7, a23 =
1
2
.

2.1.1 : Proposition - TþyS�

�� ��� �� aij = bij  A� �Ð� Xq�¤ �Ð�  At§¤Ast� n✕p �nO�� �� B = (bij) ¤ A = (aij)  At�wfOm��

.i, j

The two matrices A = (aij) and B = (bij) of class n✕p are equal if and only if aij = bij for

each i, j.

Calculation on matrices �A�wfOm�� Yl� 
As� 2.1

Product of a matrix by a scalar ¨mls� T�wfO� º�d� 1.2.1
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

3.2.1 : Proposition - TþyS�

C = (cij) T�wfOm�A� λA �r`� ,λ ∈ R ¨mls�� ¤� ¨qyq���  d`�� ¤ A = (aij) T�wfOm�� An§d�  A� �Ð�

.i, j �� ��� �� cij = λaij �y�

If we have the matrix A = (aij) and the real or scalar λ ∈ R, we define λA by the matrix

C = (cij) where cij = λaij for each i, j.

7.2.1 : Example - �A��

Let the matrix T�wfOm�� �kt�

A =

(
1
2

1

0 −3
4

)
,

then ¢n�¤

−2✕A =

(
−2✕1

2
−2✕1

−2✕0 −2✕(−3
4
)

)
=

(
−1 −2
0 3

2

)
.

Matrices addition �A�wfOm�� �m� 2.2.1

4.2.1 : Proposition - TþyS�

T�wfOm�� w¡ A + B �yt�wfOm�� �wm�� �r`� n✕p �yt�wfO� B = (bij) ¤ A = (aij) An§d�  A� �Ð�

.i, j �� ��� �� cij = aij + bij �y� n✕p �nO�� �� C = (cij)

If we have A = (aij) and B = (bij) two matrices n✕p we define the sum of the two matrices

denoted by A+B is the matrix C = (cij) of class n✕p where cij = aij + bij for each i, j.

8.2.1 : Example - �A��

The sum of two matrices of class 2✕3 : : 2✕3 �nO�� ��  At�wfO� �wm��(
1 0 −1
2 1 4

)
+

(
0 −1 −2
−3 1 5

)
=

(
1 + 0 0− 1 −1− 2

2− 3 1− 1 4 + 5

)
=

(
1 −1 −3
−1 2 9

)
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1Matrices �A�wfOm��

5.2.1 : Proposition - TþyS�

.�yymlF β ∈ K ¤ α ∈ K �ky� ¤ ,Mn,p(K) T�wm�m�� �� �A�wfO� �®� C ¤ B ,A �kt�

Let A, B and C be three matrices of the set Mn,p(K), and let α ∈ K and β ∈ K be a scalars.

The addition is commutative: :¨l§db� �m��� (1

A+B = B + A,

The addition is associative: :¨`ym�� �m��� (2

A+ (B + C) = (A+B) + C,

:�A�wfOm�� T�wm�� ¨� �m�l� Tbsn�A� © Ay��� rOn`�� ¨¡ T�¤d`m�� T�wfOm�� (3

The null matrix is the neutral element with respect to addition in the set of matrices:

A+ 0 = A,

(α + β)A = αA+ βA, (4

α(A+B) = αA+ αB. (5

9.2.1 : Example - �A��

Let �kt�

A =

(
3 −2
1 7

)
and B =

(
0 5

2 −1

)
then A+B =

(
3 3

3 6

)
.

But, if: : A� �Ð� �k�

C =

(
−2
8

)

A+ C is undefined. �r`� ry� A+ C  ��
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

Product of matrices �A�wfOm�� º�d� 3.2.1

6.2.1 : Proposition - TþyS�

¢� z�r� ©@��) A✕B º�d��� �r`� p✕q �nO�� �� B = (bjk) ¤ n✕p �nO�� �� A = (aij) �kt�

:¨l§ Am� T�r`m�� C = (cik) T�wfOm�� (AB z�r�A� AS§�

Let A = (aij) be of class n✕p and B = (bjk) be of class p✕q we define the product A✕B

(which is also denoted by AB) of the matrix C = (cik) knowledge as follows:

cik =

p∑
j=1

aijbjk, ∀i, k : 1 ≤ i ≤ n and 1 ≤ k ≤ q.

:¨¡¤ ®yl�� r��� Tq§rW� ��A`m�� T�At� Annkm§

We can write the coefficient in a more analytical way:

cij = ai1b1j + ai2b2j + · · ·+ aikbkj + · · ·+ aipbpj.

1.2.1 : Remark - T\�®�

�A�wfOm�� º�d� �@h� .B ¨� rWF±�  d� ©¤As§ A ¨� ­dm�±�  d�  A� �Ð� Xq� �r`� º�d���  wk§

.¨l§db� Hy� T�A� TfO�

A product is defined only if the number of columns in A equals the number of rows in B.

This is why the multiplication of matrices is generally not commutative.

10.2.1 : Example - �A��

Let �kt�

A =

(
1 2 3

2 3 4

)
, B =


1 2

−1 1

1 1


.2✕2 w¡ Ahyl� �wO��� �� ¨t�� T�wfOm�� �n} : �y�} �kK� º�d��� ¾¯¤� �db�

First we multiply correctly: the class of the obtained matrix is 2✕2.

�¤±� ��A`m�� �� �ºd� , �®�A`m�� �� �� 	s�� ��
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

Then we calculate each of the coefficients, starting with the first one

c11 = 1✕1 + 2✕(−1) + 3✕1 = 2

then the rest Tyqb�� ��
1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
c11 c12

c21 c22

)


1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
2 c12

c21 c22

)


1 2

−1 1

1 1


(
1 2 3

2 3 4

) (
2 7

3 11

)

11.2.1 : Example - �A��
0 1 1

2 2 0

−1 3 1


(

1 2 −1
1 0 3

) (
· c12 ·
· · ·

)
We have: :�Ð� An§d�

c12 = 1✕1 + 2✕2− 1✕3 = 2.

: Yl� �O�t� T�wfOm�� r}An� ¨�A� �� Tq§rW�� Hfn�

in the same way with the rest of the matrix elements, we get:

(
1 2 −1
1 0 3

)
✕


0 1 1

2 2 0

−1 3 1

 =

(
5 2 0

−3 10 4

)

An§d�  wk§  � �km§ , r�� Yn`m� .rf} w¡ �yt�¤d`� ry� �yt�wfO� 
rR �}A�  wk§  � �km§

.AB = 0 �k� B ̸= 0 ¤ A ̸= 0

The product of two non-null matrices can be zero. In other words, we could have A ̸= 0 and

B ̸= 0 but AB = 0.
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Matrices �A�wfOm�� Calculation on matrices �A�wfOm�� Yl� 
As� .2.1

12.2.1 : Example - �A��

Let �kt�

A =

(
0 −1
0 5

)
B =

(
2 −3
0 0

)
so AB =

(
0 0

0 0

)
.

2.2.1 : Remark - T\�®�

.B ̸= C ¤ AB = AC �wO��� �km§ .B = C ¨n`§ ¯ AB = AC

AB = AC does not mean B = C. AB = AC and B ̸= C can be obtained.

13.2.1 : Example - �A��

Let �kt�

A =

(
0 −1
0 3

)
, B =

(
4 −1
5 4

)
, C =

(
2 5

5 4

)
so AB = AC =

(
−5 −4
15 12

)
.

Properties Q�w�

7.2.1 : Proposition - TþyS�

.

The product is associative: :¨`ym�� º�d��� (1

A(BC) = (AB)C.

The product is distributive on addition: :�m��� Yl� ¨`§Ew� º�d��� (2

A(B + C) = AB + AC and (B + C)A = BA+ CA

(3

A · 0 = 0 and 0 · A = 0.
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Calculation on matrices �A�wfOm�� Yl� 
As� .2.1 Matrices �A�wfOm��

Transposed matrix T�wfO� �wqn� 4.2.1

4.2.1 : Definition - �§r`�

rWF±� �§db� ©� rWF� Ah�dm��¤ ­dm�� A¡rWF� �`�� T�wl`� T�wfO� �� TqtK� T�wfO� ¨¡

: Ty�At�� Tq§rW�A� rWF±A� ­dm�±�¤ ­dm�±A�

It is a matrix derived from a known matrix by making its lines into columns and its columns

as lines, i.e. replacing lines with columns and columns with lines in the following way:

(
a11 a12 a13

b21 b22 b23

)
−→


a11 b21

a12 b22

a13 b23

 ,

and we denote the A matrix transpose by AT . .AT z�r�A� A T�wfO� �wqnm� z�r�¤

3.2.1 : Remark - T\�®�

. p✕n �nO�� �� ­d§d� T�wfO� �tn§ n✕p �nO�� �� T�wfO� �wqn�

The transpose of a matrix of class n✕p produces a new matrix of class p✕n.

14.2.1 : Example - �A��

We have An§d�
4 2 3

4 5 −6
−7 8 0


T

=


4 4 −7
2 5 8

3 −6 0




0 3

1 −5
−1 2


T

=

(
0 1 −1
3 −5 2

)
, (3 − 2 5)T =


3

−2
5


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Matrices �A�wfOm�� Square matrices T`�rm�� �A�wfOm�� .3.1

Properties Q�w�

1.2.1 : Theorem - T§r\�

.(A+B)T = AT +BT •

.(αA)T = αAT •

.(AT )T = A •

.(AB)T = BTAT •

:An§d�¤ AS§� TFwk� AT  �� TFwk� A 
�A� �Ð� •
If A is invertible, then AT is also invertible and we have:

(AT )−1 = (A−1)T .

Square matrices T`�rm�� �A�wfOm�� 3.1

.Mn(K) �� T`�r� �A�wfO� ¨¡ ¨��§ Amy� AhFCd� �wF ¨t�� �A�wfOm��

The matrices we will study in the following are square matrices of Mn(K).

Matrix trace T�wfO� r�� 1.3.1

.T§rWq�� r}An`�� (a11, a22, . . . , ann) r}An`�� Yms� ,n✕n �nO�� �� T`�r� T�wfO� T�A� ¨�

In the case of a square matrix of type n✕n, the elements (a11, a22, . . . , ann) are called diagonal

elements. 
a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann


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Square matrices T`�rm�� �A�wfOm�� .3.1 Matrices �A�wfOm��

5.3.1 : Definition - �§r`�

:«r�� ��CAb`� .A T�wfOml� T§rWq�� r}An`�� �m� �}A� w¡ A T�wfOm�� r��

The trace of the matrix A is the sum of the diagonal elements of the matrix A. in other

words:

tr(A) = a11 + a22 + · · ·+ ann.

15.3.1 : Example - �A��

If we have An§d�  A� �Ð� •

A =

(
2 7

0 5

)
,

then  ��

tr(A) = 2 + 5 = 7.

for ��� �� •

B =


1 1 3

5 2 8

11 0 −10

 , then tr(B) = 1 + 2− 10 = −7.

Properties Q�w�

2.3.1 : Theorem - T§r\�

: ¢n�¤ .n✕n �nO�� �� �yt�wfO� B ¤ A �kt�

Let A and B be matrix of class n✕n. Including:

,tr(A+B) = tr(A) + tr(B) •

,tr(AT ) = tr(A) •
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Matrices �A�wfOm�� Square matrices T`�rm�� �A�wfOm�� .3.1

,tr(AB) = tr(BA) •

for every α ∈ K, ,α ∈ K �� ��� �� •

tr(αA) = αtr(A)

Square matrix determinant T`�r� T�wfO�  d�� 2.3.1

Tl�A� 
�A� A� �Ð� ��� ,T�wfOm�� �� ­z�w� �A�wl`� AnyW`u� T§ d� Tmy� ¨¡ T`�r� T�wfO� diÄd��

.T�wfOm�� �aÌmSt� T§rb� Tylm� ÃÌ§� º�r�� T�¤A�� �b� �A�wl`m�� £@¡ �r`�  � dyfum�� ��¤ ,Hk`l�

.��Ð �yq�t� Ah�At�� ¨t�� Ty�As��� �Aylm`��  d� �ylq� Am¶� �iÌSf� �y�

The determinant of a square matrix is a numerical value that gives brief information about the

matrix, such as whether it is invertible. It is useful to know this information before attempting to

perform any algebraic operation involving the matrix. We always prefer to reduce the number of

mathematical operations that we need to achieve this.

.K = C ¤� K = R  wk§  � �km§ ,K ¨l§db� �q� ¨� �®�A`m�� ��Ð �A�wfOm�� rbt`� ,¨l§ Amy�

.­ry�}  A`��� T�wfOm��  d�� 
As� Tyfy� �rK� �wF¤

In the following, we consider matrices with coefficients in a commutative field K, which can be

K = R or K = C. We will explain how to calculate the determinant of a matrix with small

dimensions.

6.3.1 : Definition - �§r`�

�y� Mn(K) �� A T`�rm�� T�wfOm�� �kt�

Let the square matrix A of Mn(K) where

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann


:	tk� ¤ |A| ¤� det(A) z�r�A� ¢� z�r� ©@�� K ��  d`�� A T�wfOm��  d�� ¨ms�

We call the number in K which we denote by det(A) or |A| with the determinant of the matrix A
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and write:

det (A) =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
,d§d� À�whf� �k� TWys� �A�yRw� �dqnF ­r� �� ¨� .�� d�ml� TyFAF� Q�w� ­d� �iÌRÁwu� �wF

�Aylm`�� ��  d� º�r�� Y�� T�A��  wk� ��Ð �� Yl�� ¤� 4✕4 T�wfOm�  d�� Tmy� 
As� dn�

,ºdb�� �b�¤ .3✕3 ¤� 2✕2 Tb�r�� �� �A�wfO� ��d�tFA� Xq� ¨ftknF ,�a� ��¤ .T�wlWm�� Ty�As���

�� �A�wfOm�A� �ºd� ,�A�wfOm�� �� �y�wn�� �§@¡ �� d�� �ayi� 
As� Tyfy� CAOt�A� ���rnF

. 2✕2 Tb�r��

We will demonstrate several key properties of determinants. Each time we will give simple expla-

nations for each new concept, when calculating the value of the determinant of 4✕4 or higher we

need to perform a number of required calculations. So we’ll just use 2✕2 or 3✕3 matrices. Before

we get started, we’ll briefly review how to compute the values of the determinants of these two

types of matrices, starting with 2✕2 .

Determinant from dimension 2 and 3 ¤ 2 d`b�� ��  d��

Yl� 2✕2 Tb�r�� �� T�wfOm��  d�� Tmy� 	as�� �y�  d�m�� 
As� �d� �hs�� �� , 2 d`b�� ¨�

:¨�µ� w�n��

In dimension 2, it is very easy to compute the determinant as the value of the determinant of the

matrix of order 2✕2 is computed as follows:

det

(
a11 a12

a21 a22

)
= a11a22 − a21a12.

More clearly, the process is as follows: :¨�At�� �kK�A� Tylm`�� �t� �R¤� ­CwO�

∣∣∣∣∣ Q
Q

Q
Q

Q
Q

Qs

a11 a12

�
�

�
�
�

�
�3

a21 a22

∣∣∣∣∣
−a21a12

= a11a22 − a21a12

+a11a22
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r��� d�wu§ ,Yl�� Tb�C �� T�wfO�  d�� Tmy� 
As� dn`� ,2✕2 Tb�r�� �� T�wfOm�� Hk� Yl�

.Ty�As��� Tylm`�� T`�Atm� CAy� ��

Unlike the 2✕2 matrix, when calculating the determinant of a higher-order matrix, there is more

than one option to proceed with the calculation.

Let A ∈M3(K) be a 3matrix✕3: :3✕3 T�wfO� A ∈M3(K) �kt�

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

The formula for the determinant is as follows: :¨�µA�  d�m�� T�y}  wk�

det (A) =

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
=


a11 a12 a13

a21 a22 a23

a31 a32 a33

 -


a11 a12 a13

a21 a22 a23

a31 a32 a33

 +


a11 a12 a13

a21 a22 a23

a31 a32 a33



= a11

∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣− a21

∣∣∣∣∣ a12 a13

a32 a33

∣∣∣∣∣+ a31

∣∣∣∣∣ a12 a13

a22 a23

∣∣∣∣∣
T��A��� Tb�r�� �� �A�wfOml� ¯� �lO� ¯ ¨t��¤ x¤CAF Tq§rV ¨¡¤ ,TlhF «r�� Tq§rV �An¡

:Xq�

There is another easy method, which is Saros’s method, which only works for 3rd order matrices:


rR �}A� �m�� �� ,(ºA�Cz��¤ º�rm��� ­dm�±�) T�wfOm�� �ym§ Yl� �§ wm� �¤� �sn� �wq�

 ¤d� T�®� 
rR �}A� �rW� �� ,(CAsy�� Y��) �EAn�� rWql� £A��¯� 	s� Ah`ym�t�  ¤d� T�®�

.(�ym§) d�AO�� rWq�� £A��� 	s� T`m��

We copy the first two columns to the right of the matrix (the red and blue columns), then add the

product of three terms by grouping them by the direction of the descending diagonal (left), then

subtract the product of the three terms grouped by the direction of the upward diagonal (right).
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∣∣∣∣∣∣∣∣
Q

Q
Q
Q

Q
Q
Qs

a11
Q
Q

Q
Q
Q

Q
Qs

a12
Q

Q
Q

Q
Q
Q
Qs

a13

a21 a22 a23

�
�
�

�
�
�
�3

a31 �
�

�
�
�

�
�3

a32 �
�
�

�
�
�
�3

a33

∣∣∣∣∣∣∣∣
− − −

a11 a12

a21 a22

a31 a32

+ + +

16.3.1 : Example - �A��

Let’s calculate the determinant of the matrix T�wfOm��  d�� 	s�n�

A =


2 1 0

1 −1 3

3 2 1


.

According to the Sarros method: :x¤CAF Tq§rV 	s��

det (A) =

∣∣∣∣∣∣∣∣
2 1 0

1 −1 3

3 2 1

∣∣∣∣∣∣∣∣
2 1

1 −1
3 2

detA = 2✕(−1)✕1 + 1✕3✕3 + 0✕1✕2

− 3✕(−1)✕0− 2✕3✕2− 1✕1✕1 = −6.

Properties Q�w�

3.3.1 : Theorem - T§r\�

: ¢n�¤ .n✕n �nO�� �� �yt�wfO� B ¤ A �kt�

Let A and B be a two matrices of class n✕n. Then:

,det(A+B) = det(A) + det(B) •

,det(AT ) = det(A) •
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,det(A✕B) = det(A)✕det(B) •

.det(A−1) = 1/det(A) •

for every α ∈ K, ,α ∈ K �� ��� �� •

det(αA) = αdet(A)

Similar matrices Th�AKtm�� �A�wfOm�� 3.3.1

7.3.1 : Definition - �§r`�

�d�¤ �Ð� A T�wfOml� ThybJ B T�wfOm��  � �wq� .Mn(K) T�wm�m�� �� �yt�wfO� B ¤ A �kt�

:�y� P ∈Mn(K) TFwk� T�wfO�

Let A and B be matrices of the set Mn(K). We say that the matrix B is similar to the matrix A

if there is an inverse matrix P ∈Mn(K) where:

B = P−1AP.

.Mn(K) T�wm�m�� Yl� ¥�Ak� T�®� ¨¡ Ty�At�� T�®`��  � T�whs� �¡rb�  � �km§

We can easily prove that the following relation is an equivalence relation on the set Mn(K).

∀A,B ∈Mn(K) : ARB ⇐⇒ A T�wfOm�A� ThybJ Similar to B

.Ahsfn� ThybJ A T�wfOm�� : TyFAk`�� T�®`�� •
Reflexive: the matrix A is similar to itself.

.A T�wfOml� ThybJ B  �� B T�wfOml� ThybJ A 
�A� �Ð� : T§rZAn� T�®`�� •
Symmetric: if A is similar to the matrix B then B is similar to the matrix A.

ThybJ A  �� C T�wfOml� ThybJ B ¤ B T�wfOml� ThybJ A 
�A� �Ð� : T§d`t� T�®`�� •
.C T�wfOml�

Transitive: if A is similar to the matrix B and B is similar to the matrix C then A is similar

to the matrix C.

.�yth�AKt� B ¤ A �yt�wfOm��  � Ð� �y� �wq�

We say when since the two matrices A and B are similar.
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4.3.1 : Remark - T\�®�

¨� Ahn� ryb`t�� �t§ �k� ,(�zy�Cw�¤d�±�) ¨��@�� ¨W��� �ybWt�� Hf�  ®�m� Amh�  Ath�AKt�  At�wfO�

.Tflt�� �AFAF�

Two matrices are similar then they represent the same endomorphism, but are expressed in

different bases.

Matrix inverse T�wfO� 
wlq� 4.3.1

8.3.1 : Definition - �§r`�

:�y� n T�Cd�� �� B T`�r� T�wfO� ­d�¤ �Ð� .n T�Cd�� �� T`�r� T�wfO� A �kt�

Let A be a square matrix of degree n. If there is a square matrix B of degree n where:

AB = I and BA = I,

.A−1 z�r�A� ¢� z�r�¤ .A T�wfOm�� 
wlq� B ¨ms�¤ .TFwk� A  � �wq�

We say that A is invertible and we call B the inverse of the matrix A we denote it by A−1.

5.3.1 : Remark - T\�®�

.BA = I ¤� AB = I Ty�At�� ª¤rK�� �� Xq� d��¤ ªrJ �� �q�t�� ���w�� ¨� ¨fk§

In fact, it is sufficient to check only, the following conditions AB = I or BA = I.

: ^�®� p ∈ N �� ��� �� ,TFwk� A 
�A� �Ð� T�A� TfO� •
In general, if A is inverse, for every p ∈ N we note:

A−p = (A−1)p = A−1A−1 · · ·A−1︸ ︷︷ ︸
­r� p time

.

.GLn(K) z�r�A� ¢� z�r§ Mn(K) �� TFwk`�� �A�wfOm�� T�wm�� •
The set of inverse matrices Mn(K) is denoted by GLn(K).

Inverse of a matrix by comparison method T�CAqm�� Tq§rV �Am`tFA� T�wfO� 
wlq�
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17.3.1 : Example - �A��

Let �ky�

A =

(
1 2

0 3

)

T�wfOm�� Ty��d�¤ ©� A T�wfOm�� 	l� Tyl�A� xCd�

We study the invertibility of the matrix A, that is, the affectivity of the matrix

B =

(
a b

c d

)

: ¸�Ak� AB = I �y� ¨� .BA = I ¤ AB = I �y� K �� �®�A`m�� ��Ð

with coefficients in K where AB = I and BA = I. while AB = I is equivalent to :

AB = I ⇐⇒

(
1 2

0 3

)(
a b

c d

)
=

(
1 0

0 1

)
⇐⇒

(
a+ 2c b+ 2d

3c 3d

)
=

(
1 0

0 1

)

This equality is equivalent to the system: : Tlm��� � A`� ­�¤Asm�� £@¡
a+ 2c = 1

b+ 2d = 0

3c = 0

3d = 1

T�wfOm�� ¢n�¤ .d = 1
3
,c = 0 ,b = −2

3
,a = 1 : w¡ Ahl�

Its solution is: a = 1, b = −2
3
, c = 0, d = 1

3
. Then, the matrix

B =

(
1 −2

3

0 1
3

)
.

Ah�wlq�¤ TFwk� A T�wfOm�� ¢n�¤ .BA = I ­�¤Asm�� �� �q�t�� AS§� ©C¤rS�� �� ,TbFAn� Ah�� �Ab�³

To prove that they are suitable, it is also necessary to check the equality BA = I. The matrix A
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is invertible and his inverse is

A−1 =

(
1 −2

3

0 1
3

)
.

Inverse of a matrix by Gauss method Qwþ� Tq§rV �Am`tFA� T�wfO� 
wlq�

T�wfO� Y�� Ahl§w�� Yt� A T�wfOm�� rWF� Yl� Ty�¤� �Aylm� ­d� @yfn� �� Tq§rW�� £@¡ ��mt�

¨htn� �� .I T�wfOm�� �� �ºd� d��¤ 
�¤ ¨� Ty�¤±� �Aylm`�� Hf� @yfn� �t§ �y� .I ­d�w��

.r��� �hfl� TlhF Tl���� ��Ð �RwnF .A−1 Ahtmy� T�wfOm�

This method consists in performing several preliminary operations on the lines of the matrix A

until it is converted into the unit matrix I. Where the same initial operations are performed

simultaneously starting with the matrix I. Then we end up with a matrix A−1. We will explain

this with easy-to-understand examples.

A T�wfOm�� 	�A�� :¨�At�� 	y�rt��  Amt�� �®� �� 
�w�� Hf� ¨� �ytylm`�� Atlk� �wq� , Aylm�

.(A | I) ­Ez`m�� T�wfOm�� �ykKt� ­d�w�� T�wfO� �yS� , Ahbl� d§r� ¨t��

Practically, we do both operations at the same time by adopting the following order: next to the

matrix A that we want to invert, we add the unity matrix to form the augmented matrix (A | I).

�O�n� .(I | B) �¤d��� Yl� �wO��� Yt� Ty�¤±� �Aylm`�� @yfn� �t§ ,T�wfOm�� £@¡ rWF� Yl�

.B = A−1 Yl�

On the lines of this matrix, the initial operations are performed until the table (I | B) is obtained.

We get B = A−1.

: rWF±� Yl� Ty�At�� �Aylm`�� �bt� �wF

We will follow the following operations on the lines:

.(K \ {0} �� rOn� ©� ¤�) �¤d`� ry� ¨qyq�  d� ¨� rWF ©� 
rR Annkm§ (1

We can multiply any line by a non-zero real number (or any element of K \ {0}).

Li ← λLi, λ ̸= 0

.Lj r�� rWF �Af�AS� �� ��AS� Li rWs�� Y�� �yS�  � Annkm§ (2

We can add to line Li a multiple of another line’s Lj.

Li ← Li + λLj, λ ∈ K : (j ̸= i)
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We can exchange two lines. .�§rWF T� Ab� Annkm§ (3

Li ↔ Lj.

6.3.1 : Remark - T\�®�

�m§±� 	�A��� ¨� ¢� �Ayq�� �yl� ,­Ez`m�� T�wfOm�� �� rs§±� 	�A��� Yl� ¢l`f� A� ��  �r�@�

.AS§�

Remember that whatever you do on the left side of the augmented matrix, you have to do on the

right side as well.

18.3.1 : Example - �A��

We calculate the inverse of the following matrix: :Ty�At�� T�wfOm�� 
wlq� 	s��

A =


1 2 1

4 0 −1
−1 2 2

 .

The augmented matrix with numbered lines: :Tm�r� rWF�� ­Ez`m�� T�wfOm��

(A | I) =


1 2 1 1 0 0

4 0 −1 0 1 0

−1 2 2 0 0 1


L1

L2

L3

Ty�¤±� Tylm`�� TWF�w� ¨�A��� rWs�� ¨� ¾¯¤� ,�¤±�  wm`�� ¨� rh\§ 0 �`�� Qw� Tq§rV �bW�

:­Ez`m�� T�wfOm�� Y�� © ¥§ Am� L2 ← L2 − 4L1

We apply a Gauss method to make 0 appear in the first column, first in the second line by the

initial operation L2 ← L2 − 4L1 which leads to the augmented matrix:
1 2 1 1 0 0

0 −8 −5 −4 1 0

−1 2 2 0 0 1

 L2←L2−4L1

: L3 ← L3 + L1 �§w�t�A� , ��A��� rWs�� ¨� ¤ ,�¤±�  wm`�� ¨� 0 ��
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Then 0 in the first column, and in the third line, by transforming L3 ← L3 + L1 :
1 2 1 1 0 0

0 −8 −5 −4 1 0

0 4 3 1 0 1


L3←L3+L1

: 1 Yl� �O�� ¨� −1/8  d`�� ¨� L2 rWs�� 
rS�

We multiply the line L2 by the number −1/8 to get 1 :
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 4 3 1 0 1

 L2←− 1
8
L2

Tq§rV �� �¤±� ºz��� �� ¨htn� Yt� ,rWq�� 
�� ��A�±� �� ¨� rh\§ 0 �`�� ¨� Tylm`�� ¨� rmts�

:Qw�

We continue the process to make 0 appear everywhere under the diagonal, until we’ve finished

with the first part of the sink method:
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1
2
−1 1

2
1


L3←L3−4L2

then ��
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1 −2 1 2


L3←2L3

:rWq�� �w� rh\� CAf}±� �`��  w`O�� w¡ ¤ Qw� Tq§rV �� ¨�A��� ºz��� w¡ Yqb� A� ��

All that’s left is the second part of the Gauss method which is to go up to make the zeros appear

above the diagonal: 
1 2 1 1 0 0

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2

 L2←L2− 5
8
L3

Brahim Brahimi-Jihane Abdelli 34 University of Mohamed Kheidar, Biskra



Matrices �A�wfOm�� Square matrices T`�rm�� �A�wfOm�� .3.1

then ��
1 0 0 −1

2
1
2

1
2

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2


L1←L1−2L2−L3

1
4
C�dqm�� ��r�� d`�¤ �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

:Yl� �O�t� �rtK� ��A`�

So, the inverse of the matrix A is the matrix obtained on the right and after taking out the

expression 1
4
as a common factor we get:

A−1 =
1

4


−2 2 2

7 −3 −5
−8 4 8


.A✕A−1 = I  � �� �q�t�  � ¨fk§ ,�A�As��� Yl� �·mW� ¨� ,�ry��¤

Finally, to be sure of the calculations, it is enough to check that A✕A−1 = I.

Inverse of a matrix by adjoint matrix T�wfOm�� ���r� �Am`tFA� T�wfO� 
wlq�

9.3.1 : Definition - �§r`�

Let the matrix A where: :�y� A T�wfOm�� �kt�

A =



a1,1 . . . a1,j−1 a1,j a1,j+1 . . . a1,n
...

...
...

...

ai−1,1 . . . ai−1,j−1 ai−1,j ai−1,j+1 . . . ai−1,n

ai,1 . . . ai,j−1 ai,j ai,j+1 . . . ai,n

ai+1,1 . . . ai+1,j−1 ai+1,j ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j an,j+1 . . . an,n


�� �CE±�  wl�A�  wlm�� i rWs�� �@�¤ rm�±�  wl�A�  wlm�� j  wm`�� �@�� Aij T�wfOm�� ºAK��� �wq�

.n− 1 Tb�r�� �� T�wfO� Yl� �O�n� ,Tq�As�� T�wfOm��

We create the matrix Aij by deleting the column j colored in red and deleting the line i colored
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in blue from the previous matrix, so we get a matrix of order n− 1.

Aij =



a1,1 . . . a1,j−1 a1,j+1 . . . a1,n
...

...
...

ai−1,1 . . . ai−1,j−1 ai−1,j+1 . . . ai−1,n

ai+1,1 . . . ai+1,j−1 ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j+1 . . . an,n


T�wfOm�� A∗ z�r�A� Ah� z�r�¤ A T�wfOml� Tq��r� T�wfO� ¨ms�

We call the adjoint matrix of the matrix A and we denote it by A∗ the matrix

A∗ =
(
(−1)i+j det (Aij)

)
i,j≤n

=


+det (A11) − det (A12) +det (A13) − det (A14) · · ·
− det (A21) +det (A22) − det (A23) +det (A24) · · ·
+det (A31) − det (A32) +det (A33) − det (A34) · · ·

...
...

...
...

. . .



19.3.1 : Example - �A��

Let the matrix be A where: :�y� A T�wfOm�� �kt�

A =


1 3 −1
2 0 0

1 −1 1


From which the adjoint matrix is: :¨¡ Tq��rm�� T�wfOm�� ¢n�¤

A∗ =



+

∣∣∣∣∣ 0 0

−1 1

∣∣∣∣∣ −

∣∣∣∣∣ 2 0

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 2 0

1 −1

∣∣∣∣∣
−

∣∣∣∣∣ 3 −1
−1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 −11 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 3

1 −1

∣∣∣∣∣
+

∣∣∣∣∣ 3 −10 0

∣∣∣∣∣ −

∣∣∣∣∣ 1 −12 0

∣∣∣∣∣ +

∣∣∣∣∣ 1 3

2 0

∣∣∣∣∣


=


0 −2 −2
−2 2 4

0 2 −6


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4.3.1 : Theorem - T§r\�


�A� �Ð� ¤ .det(A) ̸= 0 Tmy� 
�A� �Ð� Xq�¤ �Ð� 	lql� Tl�A� ¤� TFwk� A T`�rm�� T�wfOm��  wk�

 �� ,TFwk� A T�wfOm��

The square matrix A is invertible if and only if det(A) ̸= 0.

If the matrix A is inverse, then

A−1 =
1

det (A)
(A∗)T .

20.3.1 : Example - �A��

Let the matrix A from the previous example be: :��As�� �A�m�� �� A T�wfOm�� �kt�

A =


1 3 −1
2 0 0

1 −1 1


Its adjoint matrix is: :¨¡ Tq��rm�� Aht�wfO�

A∗ =


0 −2 −2
−2 2 4

0 2 −6


Its transpose matrix is: :w¡ T�wfOm�� �wqn� ¢n�¤

(A∗)T =


0 −2 0

−2 2 2

−2 4 −6


Finally the inverse of the matrix A is: :w¡ A T�wfOm�� 
wlq� ry�±� ¨�

A−1 =
1

det (A)
(A∗)T =

1

−4


0 −2 0

−2 2 2

−2 4 −6

 =


0 1

2
0

1
2
−1

2
1
2

1
2
−1 3

2

 .
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Exercise series N° 1 ��C �§CAmt�� TlslF 4.1

Exercise N°− 1 − ��C �§rm�

Let �kt�

A =


−7 2

0 −1
1 −4

 , B =


1 2 3

2 3 1

3 2 1

 , C =


2

0

−3

 , D =
1

2

(
1 0

1 1

)

and ¤

E =


1 2

−3 0

−8 6

 .

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� �� 	s�� (A

Calculate all possible sums of two of these matrices.

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ��º�d��� �� 	s�� (B

Calculate all possible products of two of these matrices.

.5B + 4EAT ¤ 3A+ 2E 	s�� (C

Calculate 3A+ 2E and 5B + 4EAT .

.T�¤d`m�� T�wfOm�� A− αE �y� α d�¤� (D

Find α where A− αE is the null matrix.

Solution - �þþ���

¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� (A

The possible sums of two of these matrices are

A+ E =


−6 4

−3 −1
−7 2


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.Tnkm� ry� �y�A�m�� ¨�A�

Other combinations are not possible.

:¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ry� ��º�d��� (B

The non-possible products of two of these matrices are:

AB,AC,CA,DA,AE,EA,CB,BD,DB,EB,CD,DC,CE,EC,DE

:¨¡ Tnkmm�� ��º�d��� ¤

The possible products are:

BA =


1 2 3

2 3 1

3 2 1



−7 2

0 −1
1 −4

 =


−4 −12
−13 −3
−20 0



AD =
1

2


−7 2

0 −1
1 −4


(
1 0

1 1

)
=


−5

2
1

−1
2
−1

2

−3
2
−2



BC =


1 2 3

2 3 1

3 2 1




2

0

−3

 =


−7
1

3



BE =


1 2 3

2 3 1

3 2 1




1 2

−3 0

−8 6

 =


−29 20

−15 10

−11 12



ED =
1

2


1 2

−3 0

−8 6


(
1 0

1 1

)
=


3
2

1

−3
2

0

−1 3


(C

3A+ 2E =


−19 10

−6 −3
−13 0

 .
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5B + 4EAT =


−7 2 −13
94 15 −7
287 −14 −123

 .

�y� α d�w§ ¯ (D

There is no α where

A− αE =


−α− 7 2− 2α

3α −1
8α + 1 −6α− 4

 =


0 0

0 0

0 0


. 0 ̸= −1  ±

because 0 ̸= −1 .

Exercise N°− 2 − ��C �§rm�

.

:Ty�At�� �¯A��� �� �� ¨� ,�r`�  wk§ A�dn� BA ¤ AB �y¶�d��� 	s�� (1

Calculate the product AB and BA when is defined, in each of the following cases:

A =

(
1 0

2 0

)
, B =

(
0 0

0 3

)
(a

A =


0 3 6

−2 0 0

2 1 2

 , B =

(
1 −1 1

0 1 0

)
(b

A =


1 3

1 1

0 2

 , B =

(
1 −1 0 1

0 1 0 2

)
(c

.Tq�As�� �A�wfOm�� �wqn� 	s�� (2

Calculate the transpose of the previous matrices.

Solution : �þþ���
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:Tnkmm�� ��º�d��� 
As� (1

Calculation of possible product:

¤ . Ankm� BA ¤ AB �y¶�d���  �� ,Tb�r�� Hf� ��  At`�r�  At�wfO� B ¤ A  ± �r\� •
:d��

Since A and B are square matrices of the same order, the product AB and BA are

possible and we find:

AB =

(
0 0

0 0

)
, BA =

(
0 0

0 0

)
.

.T�¤d`� B ¯¤ A T�wfOm�� ¯ Amny� AB = BA = 0 ,QwO��� ¢�¤ Yl�

In particular, AB = BA = 0 while neither the matrix A nor B is zero.

d�� �@� .�§rWF Yl� B ¤ ­dm�� T�®� Yl� ©wt�§ A  ± �r`� ry� AB º�d��� •

The product of AB is undefined because A has three columns and B has two rows. So

we find

BA =

(
−1 2 1

−1 −5 −3

)
.

An§d� ,«r�� Ty�A� �� �k� �r`� ry� BA º�d��� •

The product BA is undefined but on the other hand, we have

AB =


3 3 0 1

1 2 0 1

6 3 0 0

 .

:Tq�As�� �A�wfOm�� �wqn� 
As� (2

Calculation of transpose of the past matrices:
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AT =

(
1 2

0 0

)
, BT =

(
0 0

0 3

)
= B (a

AT =


0 −2 2

3 0 1

6 0 2

 , BT =


1 0

−1 1

1 0

 (b

.AT =

(
1 1 0

3 1 2

)
, BT =


1 0

−1 1

0 0

1 2

 (c

Exercise N°− 3 − ��C �§rm�

:þ� T�r`m�� T�wfOm�� A, B ∈M2(R) �kt�

Let A, B ∈M2(R) be the matrix defined by:

A =

(
3 −1
−2 0

)
¤ B =

(
0 1

3 2

)
.

.A2+AB+BA+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA� �� .A2+2AB+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA�

Compare the two matrices (A+B)2 with A2 + 2AB +B2. Then compare the two matrices

(A+B)2 with A2 + AB +BA+B2.

Solution : �þþ���

d�n� Tflt�m�� �A�As��� ©r��

We make various calculations and find out

(A+B)2 = A2 + AB +BA+B2 =

(
9 0

5 4

)
and ¤

A2 + 2AB +B2 =

(
8 1

0 5

)
.
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­�¤Asm�� ,«r�� Ty�A� �� .�A�wfOml� Tbsn�A� �W� (A+B)2 = A2+2AB+B2
 � ^�®� ,¨�At�A�¤

�A�wfOm�� �ym�� T�y�} ,�¤ zm�� �§Ewt�A� A¡Antb�� ¨t�� (A + B)2 = A2 + AB + BA + B2

.B ¤ A T`�rm��

So we can see that (A + B)2 = A2 + 2AB + B2 is false for matrices. On the other hand, the

equality (A + B)2 = A2 + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°− 4 − ��C �§rm�

Let �kt�

A =

(
1 1

0 1

)
.

Find all matrices �A�wfOm�� �� d�¤�

B =

(
c d

e f

)
∈M2(R)

.AB = BA ¨n`§ ,A �� � Abt�  � Ahnkm§ ¨t��

which can be exchanged with A, i.e. AB = BA.

Solution : �þþ���

We have An§d�

AB =

(
c+ e d+ f

e f

)
, BA =

(
c c+ d

e e+ f

)
.

because we assume AB = BA, we get the system: : Tlm��� Yl� �O�t� AB = BA AnRr� An�±
c+ e = c

d+ f = c+ d

f = e+ f

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f then, all the matrices B are of the form:

B =

(
c d

0 c

)
.
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Exercise N°− 5 − ��C �§rm�

T�wfOm�� ¤ T�¤d`� ry� Tyqyq�  �d�� b ¤ a �kt�

Let aandb be non-zero real numbers and the matrix

A =

(
a b

0 a

)

.AB = BA ©� ,A �� � Abt�  � Ahnkm§ ¨t�� B ∈M2(R) �A�wfOm�� �� d�¤�

Find all the matrices B ∈M2(R) that can interchange with A, i.e. AB = BA.

Solution : �þþ���

Let �kt�

B =

(
c d

e f

)

then, we have An§d� ¢n�¤

AB =

(
ac+ be ad+ bf

ae af

)
, BA =

(
ac bc+ ad

ae be+ af

)
.

: Tlm��� Yl� �O�t� AB = BA AnRr� An�±

because we assume AB = BA, we get the system:


ac+ be = ac

ad+ bf = bc+ ad

af = be+ af

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f , and then, all the matrices B are at the form:

B =

(
c d

0 c

)
.
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Exercise N°− 6 − ��C �§rm�

.BA ̸= 0 ¤ AB = 0 : �y�M2(R) �� B ¤ A d��

Find A and B fromM2(R) where: AB = 0 and BA ̸= 0.

Solution : �þþ���

: �� b ̸= 0 ¤ a ̸= 0 �¤d`� ry� ¨qyq�  d� �� ��� �� ®��

For example, for each non-zero real number a ̸= 0 and b ̸= 0, then:

A =

(
0 a

0 0

)
, B =

(
b 0

0 0

)
Note that  � ^�®�

AB =

(
a 0

0 0

)(
0 b

0 0

)
=

(
0 ab

0 0

)

and ¤

BA =

(
0 b

0 0

)(
a 0

0 0

)
=

(
0 0

0 0

)

Exercise N°− 7 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


0 1

1 0

1 1


.

.B T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?AB = I3 �y� B ∈M2,3(R) T�wfO� d�w� �¡ (1

Is there a matrix B ∈M2,3(R) where AB = I3? If yes, give the matrix formula of B.

.C T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?CA = I2 �y� C ∈M2,3(R) T�wfO� d�w� �¡ (2
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Is there a matrix C ∈M2,3(R) where CA = I2? If yes, give the matrix formula of C.

Solution : �þþ���

:¨�At�� �kK�� Yl� 	tk� B ∈M2,3(R) �kt�

Let B ∈M2,3(R) be written in the following form:

B =

(
a b c

d e f

)
.

So the product of AB is equal to ©¤As§ AB º�d��� ¢n�¤

AB =


d e f

a b c

a+ d b+ e c+ f

 .

¨¡¤ .a + d = 0 ¤ a = 0 ¤ d = 1 Yl� QwO��� ¢�¤ Yl� �O�ns� ,AB = I3 An§d�  A� �Ð�

.Tly�ts�

In particular, if we have AB = I3, we get d = 1, a = 0, and a+ d = 0. It is impossible.

:¨�At�� �kK�� Yl� 	tk� C ∈M2,3(R) �kt�

Let C ∈M2,3(R) be written in the following form:

C =

(
a b c

d e f

)
.

So the product of CA is equal to :©¤As§ CA º�d��� ¢n�¤

CA =

(
b+ c a+ c

e+ f d+ f

)
.

: A� �Ð� Xq�¤ �Ð� CA = I2 An§d�

We have CA = I2 if and only if: 
b+ c = 1

a+ c = 0

e+ f = 0

d+ f = 1
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the solution of the system is :w¡ Tlm��� ��
a = −c
b = 1− c

e = −f
d = 1− f

:�A�m�� �ybF Yl� ,C TbFAn� T�wfO� d��  � �km§ ��@�

So we can find a suitable matrix C, for example:

C =

(
0 1 0

1 0 0

)
.

Exercise N°− 8 − ��C �§rm�

Let the following matrices as: : Ty�At�� �A�wfOm�� �kt�

A =

(
1 −1
−1 1

)
, B =

(
1 1

0 2

)
.

.n ≥ 1 �� ��� �� An �� �tntF� �� .A3 ,A2 	s�� (1

Calculate A2, A3. Then deduce from An for every n ≥ 1.

.B T�wfOm�� ��� �� ��¥s�� Hf� Yl� 	�� (2

Answer the same question for the matrix B.

Solution : �þþ���

An§d� .Ty¶Ahn�� T�yO�� �ym�� T�¤A�m� An
þ� Y�¤±�  ¤d��� 
As�� �dbnF

We’ll start by calculating the first terms of An to try to guess the final formula. we’ve got

A2 =

(
2 −2
−2 2

)
, A3 =

(
4 −4
−4 4

)
.

: n ≥ 1 ��� ��  � ���rt�A� 
b�� ��

Then we prove by induction that for n ≥ 1:

An =

(
2n−1 −2n−1

−2n−1 2n−1

)
.
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2n−1 + 2n−1 = 2n Yl� TVAsb� dmt`§¤ ,T§A�l� Xys� ���rt�A� �Ab�³�  �

The induction proof is very simple, it simply depends on 2n−1 + 2n−1 = 2n

:B þ� Tbsn�A� ¢sf� º¨K�� �`f�

We do the same for B:

B2 =

(
1 3

0 4

)
, B3 =

(
1 7

0 8

)
.

: n ≥ 1 ��� ��  � ���rt�A� 
b�� ��

Then we prove by induction that for n ≥ 1 :

Bn =

(
1 2n − 1

0 2n

)
.

Exercise N°− 9 − ��C �§rm�

T�wfOm�� 
wlq� ,Tq��rm�� T�wfOm�� Tq§rV �� Qw� Tq§rV �Am`tF�� 	s��

Calculate using the submerged method and then the conjugate matrix method, the inverse of the

matrix

A =


1 1 2

1 2 1

2 1 1

 .

Solution - �þþ���

:­Ez`m�� T�wfOm�� ,Qw� Tq§rV �Am`tFA� A T�wfOm�� 
wlq� 
As� (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

(A | I) =


1 1 2 1 0 0

1 2 1 0 1 0

2 1 1 0 0 1


L1

L2

L3

:�¤±�  wm`�� ¨� rh\§ 0 �`��

We make 0 appear in the first column:
1 1 2 1 0 0

0 1 −1 −1 1 0

0 −1 −3 −2 0 1

 L2←L2−L1

L3←L2−2L1
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then ��
1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 −4 −3 1 1


L3←L3−L2


1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 1 3
4
−1

4
−1

4


L3←−1

4
L3


1 1 0 −1

2
1
2

1
2

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−2L3

L2←L2+L3

and finally ry�±� ¨� ¤
1 0 0 −1

4
−1

4
3
4

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−L2

: �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

Thus, the inverse matrix of A is the matrix obtained on the right:

A−1 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1


 d�m�� 	s�� :Tq��rm�� T�wfOm�� Tq§rV �m`ts� (2

We use the adjoint matrix method: we calculate the determinant

A =


1 1 2

1 2 1

2 1 1

 =⇒ det (A) = −4

We calculate the adjoint matrix Tq��rm�� T�wfOm�� 	s��
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A∗ =



+

∣∣∣∣∣ 2 1

1 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣
−

∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣
+

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 1

1 2

∣∣∣∣∣


=


1 1 −3
1 −3 1

−3 1 1



Calculate the transpose of the adjoint matrix Tq��rm�� T�wfOm�� �wqn� 	s��

(A∗)T =


1 1 −3
1 −3 1

−3 1 1


T

=


1 1 −3
1 −3 1

−3 1 1


:d�� ,
wlqm�� 
As�� T§r\n�� �bW�

Applying the theorem to calculate the inverse, we find:

A−1 =
1

det (A)
(A∗)T =

1

−4


1 1 −3
1 −3 1

−3 1 1

 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1



Exercise N°− 10 − ��C �§rm�

Prove that  � 
b��

D =

∣∣∣∣∣∣∣∣
1 + a a a

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ = 1 + a+ b+ c.

Solution : �þþ���

Annkm§ 1 + a + b + c ��  wkt§ rWF Yl� �O�� .�¤±� rWs�� ¨� Ah`S�¤ rWF±� �� �m��

:¨l� �O�� ©� , d�m�� �� Ah}®�tF�

Brahim Brahimi-Jihane Abdelli 50 University of Mohamed Kheidar, Biskra



Matrices �A�wfOm��Exercise series N° 1 ��C �§CAmt�� TlslF .4.1

We sum all the lines and put them on the first line. We get a line consisting of 1 + a+ b+ c that

we can extract from the determinant, that is we get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 1 1

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ .
:Yl� �O�� C3 ←− C3 −C1, C2 ←− C2 −C1 :­dm�±� Yl� ¨�At�� �§w�t�A� �wq� ��

Then we do the following transformation on the columns: C2 ←− C2 − C1 , C3 ←− C3 − C1 we

get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 0 0

b 1 0

c 0 1

∣∣∣∣∣∣∣∣ .
 d�m�� ¢n�¤ .1 A¡rW� r}An� ,TylfF Ty�l�� T�wfO�  d�� Yl� �O��

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D = 1 + a+ b+ c.
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ª¤rK�� d§d�t� �wqnF �Of�� �@¡ ¨� .�A�wfOm�� T�wm�� ¨� TyFAF� Tylm� w¡ T�wfO� ryWq�

��As�� �Of�� �y¡Af� CAbt�³� �y`� @��nF �@h� .ryWqtl� Tl�A� T�wfOm��  wk� ¨� T�E®��

.TyW��� �AqybWtl�

Matrix diagonalization is a basic process in Matrices set. In this chapter we will define the

conditions necessary for the matrix to be diagonalizable For this we will consider the concepts of

the previous chapter for linear applications.

.K ¨l§dbt�� �q��� Yl� ,¢tn� d`� ¤Ð ¨�A`J ºAS� w¡ E , �Of�� �@¡ ¨�
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Eigenvalues and eigenvectors Ty��@�� T`J±�¤ �yq�� .1.2 Matrix diagonalization T�wfO� ryWq�

In this chapter, E is a finite-dimensional vector space on the commutative field K.

Eigenvalues and eigenvectors Ty��@�� T`J±�¤ �yq�� 1.2

.¨W� �ybWt� Ty��@�� T`J±�¤ Ty��@�� �yq�� d§d�t� �dbn�

Let’s start by defining the eigenvalues and eigenvectors of a linear application.

Definitions �þ§CA`� 1.1.2

.¢sf� ¨� E �� ¨W� �ybW� f  A� �Ð� (�zy�Cw�¤d��) ¨l�� ��AK� f : E → E :ry�@�

: α ∈ K �� ¤ u, v ∈ E �� ��� �� ,AS§� ¤ f(v) ∈ E  �� v ∈ E �� ��� �� ,«r�� ­CAb`�

Reminder: f : E → E is an endomorphism if f is a linear application of E in itself. In other

words, for each v ∈ E the f(v) ∈ E and also, for each u, v ∈ E and each α ∈ K :

f(u+ v) = f(u) + f(v) and f(αv) = αf(v)

1.1.2 : Definition - �§r`�

Let f : E → E be an endomorphism. .¨l�� ��AK� f : E → E �ky�

: �y� v ∈ E �¤d`� ry� �A`J d�¤ �Ð� f ¨l�� ��AKtl� Ty��Ð Tmy� λ ∈ K Yms� (1

We call λ ∈ K an eigenvalue of the endomorphism f if there is a non-zero vector v ∈ E

where:

f(v) = λv.

.λ Ty��@�� Tmyql� ���rm�� f ¨W��� �ybWtl� ¨��@�� �A`K�� A¡dn� v �A`K�� ¨ms� (2

Then, we call the vector v the eigenvector of the linear application f according to the

eigenvalue λ.

SpK(f) ¤�) Sp(f) : z�r�A� ¢� z�r�¤ .f ¨W��� �ybWtl� Ty��@�� �yq�� T�wm�� w¡ f �ybWt�� �yV (3
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Matrix diagonalization T�wfO� ryWq� Eigenvalues and eigenvectors Ty��@�� T`J±�¤ �yq�� .1.2

.(¨�A`K�� ºASf�� ¢yl� �r`m�� �q��� AnOO� �Ð�

The spectrum of the application f is the set of eigenvalues of the linear application f . We

denote it by: Sp(f) (or SpK(f) if we specify the field defined by the vector space).

1.1.2 : Remark - T\�®�

.¨��Ð �A`J AS§� w¡ αv  �� α ∈ K∗ �� ��� ��  �� ¨��Ð �A`J v  A� �Ð�

If v is an eigenvector then for every α ∈ K∗ then αv is also an eigenvector.

.�A�wfOm�A� T}A��� �§CA`t�� �� �Af§r`t�� £@¡ ���wt�

These definitions correspond to the special definitions of matrices.

2.1.2 : Definition - �§r`�

:¨l§ Am� �r`� ¨W� �ybW� f : Kn → Kn �ky�¤ .A ∈Mn(K) �kt�

Let A ∈Mn(K) and f : Kn → Kn be a linear application defined as follows:

f(v) = Av

.A Tq��rm�� T�wfOml� Ahsf� ¨¡ f ¨W��� �ybWtl� Ty��@�� T`J±� ¤ Ty��@�� �yq��  ��

the eigenvalues and eigenvectors of the linear application f are the same as the associated

matrix A.

:Ty��@�� T`J±�  d�� ¨t�� Tl��dtm�� TyW��� T�®`l� «r�� T�At� �� ��bn�

Let’s look for another writing for the collinear defining the eigenvectors:

f(v) = λv ⇐⇒ f(v)− λv = 0

⇐⇒ (f − λidE)(v) = 0

⇐⇒ v ∈ Ker(f − λidE)

Hence it comes the term Eigenvector space. .¨��@�� ¨�A`K�� ºASf�� �lWO� ¨��§ An¡ ��¤

Eigen-vectorial space ¨��@�� ¨�A`K�� ºASf�� 2.1.2
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Eigenvalues and eigenvectors Ty��@�� T`J±�¤ �yq�� .1.2 Matrix diagonalization T�wfO� ryWq�

3.1.2 : Definition - �§r`�

ºASf�� λ Ty��@�� �yql� ���r� ¨��Ð ¨¶z� ¨�A`J ºAS� ¨ms� .λ ∈ K �ky�¤ .E �� ¨��Ð ��AK� f �kt�

: þ� �r`m�� Eλ z�r�A� ¢� z�r� ©@�� ¨¶z��� ¨�A`K��

Let f be an endomorphism of E and λ ∈ K. We call the sub-eigen-vectorial space associated

with the eigenvalues λ the sub-vector space which we denote by Eλ defined by :

Eλ = Ker(f − λidE).

:©� .f ¨W��� �ybWt�� �� ¢W��r� CAhZ� T�A� ¨� Eλ(f) z�r�A� ¢� z�r�  � �km§ ¤

we can denote it by Eλ(f) in the case of showing its correlation with the linear application f .

Eλ =
{
v ∈ E | f(v) = λv

}
.

Or in matrix form: : Ty�wfOm�� T�yO�A� ¤�

Eλ =
{
v ∈ E | Av = λv

}
.

2.1.2 : Remark - T\�®�

Let E be the vector space of finite dimension. .¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky�

.≥ 1 d`� ¤Ð Eλ ¨��@�� ¨¶z��� ¨�A`K�� ºASf��  �� f þ� Ty��Ð Tmy� λ 
�A� �Ð� (1

If λ is an eigenvalue of f then the eigen-sub vectorial space Eλ is of dimension ≥ 1.

:�R¤� ­CwO� .f(Eλ) ⊂ Eλ :¨n`§ f þ� Tbsn�A� rqts� Eλ ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� (2

The eigen-sub vectorial space Eλ is stable with respect to f means: f(Eλ) ⊂ Eλ.

v ∈ Ker(f − λidE) =⇒ f(f(v)) = f(λv) = λf(v) =⇒ f(v) ∈ Ker(f − λidE)

Examples Tl��� 3.1.2
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1.1.2 : Example - �A��

Let f : R3 → R3 defined by þ� �r`m�� f : R3 → R3 �ky�

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

:f(X) = AX ©� ¨�wfOm�� �kK�� Yl� f ¨W��� �ybWt�� 	tkn� (1

Let’s write the linear application f in matrix form f(X) = AX:

X =


x

y

z

 and A =


−2 −2 2

−3 −1 3

−1 1 1


¤ .f(v1) = −4v1 AS§� T�At� �km§ ¤ f(1, 1, 0) = (−4,−4, 0)  �� v1 = (1, 1, 0)  A� �Ð�  � ^�®� (2

.λ1 = −4 Ty��@�� Tmyql� ���r� ¨��Ð �A`J w¡ v1 ¨�At�A�

Note that, if v1 = (1, 1, 0) then f(1, 1, 0) = (−4,−4, 0) and can also be written

f(v1) = −4v1. So v1 is an eigenvector to the associated eigenvalue λ1 = −4.

	s��¤  wm� �A`K� v1 rbt`� An��� , �A�wfOm�� ��d�tFA� Ty�As��� �Aylm`�� º�r�� AnlS� �Ð�

.Av1 = −4v1
If we prefer to conduct the mathematical calculations using matrices, we take v1 as a

vector column and calculate Av1 = −4v1.

λ2 = 2 is an eigenvalue. .Ty��Ð Tmy� λ2 = 2 (3

	s�� �@h� .λ2 = 2 ��� �� Ker(f − λ2IdR3) ¨� �¤d`� ry� �A`J  A�§� Anyl� , ��Ð �Ab�³

: A− λ2I3

To prove this, we need to find a non-zero vector in Ker(f − λ2IdR3) for λ2 = 2.

For this we calculate A− λ2I3 :

A− 2I3 =


−4 −2 2

−3 −3 3

−1 1 −1


,«r�� ­CAb`�¤ .�¤d`m�� �A`K�� w¡ (A− 2I3)v2 ©� A− 2I3 ­�wn�� Y�� ¨mtn§ v2 = (0, 1, 1) d��

���r� ¨��Ð �A`J v2 :ry�±� ¨� .f(v2) = 2v2 ¢n�¤ f(v2)− 2v2 = 0 ©� ,v2 ∈ Ker(f − λ2IdR3)

.λ2 = 2 Ty��@�� Tmyql�
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We find that v2 = (0, 1, 1) belongs to the kernel A− 2I3 ie (A− 2I3)v2 is the zero vector.

In other words, v2 ∈ Ker(f − λ2IdR3). That is, f(v2)− 2v2 = 0, from which f(v2) = 2v2.

Finally: v2 is an eigenvector associated with the eigenvalue λ2 = 2.

λ3 = 0 is an eigenvalue. .Ty��Ð Tmy� λ3 = 0 (3

¨�At�A�¤ .f(v3) = (0, 0, 0) �q�� v3 = (1, 0, 1)  � d��¤ £®��  C¤ A� ��� �`f�  � Annkm§

.λ3 = 0 Ty��@�� Tmyql� ���r� ¨��Ð �A`J v3 : ry�±� ¨� .f(v3) = 0 · v3
We can do like above and find that v3 = (1, 0, 1) checks f(v3) = (0, 0, 0). So f(v3) = 0 · v3.
In the last: v3 eigenvector concomitant to the eigenvalue λ3 = 0.

:�tnts� .3 Tb�r�� �� A T�wfOm��  ± ���Ð �� r���  A�§� �yWts� ¯¤ ,Ty��Ð �y� �®� A�d�¤ (4

.Sp(f) = {−4, 0, 2}
We found three eigenvalues, and we can’t find more than that because the matrix A is of

order 3. We conclude: Sp(f) = {−4, 0, 2}.

1.1.2 : Theorem - T§r\�

.k ≤ n �y� f þ� Tflt�� Ty��Ð �y� λ1, . . . , λk �kt�¤ .n ¢tn� d`� ¤Ð E þ� ¨��Ð ��AK� f �ky�

 wk§ Eλ1 , . . . , Eλk
Ty��@�� �yql� ���rm�� Eλ1 , . . . , Eλk

Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� �wm�� ¢n�¤

.�rJAb� A�wm��

Let f be an endomorphism of E with finite dimension n. Let λ1, . . . , λk be different eigenvalues

of f where k ≤ n. From which the sum of the sub-eigen-vectorial spaces Eλ1 , . . . , Eλk
associated

with the eigenvalues is a direct sum.

:�A�wfOm�� T�A� ¨� Ty�At�� T�ytn�� d��

In the case of matrices, we find the following result:

1.1.2 : Corollary - T�yt�

���r� ¨��Ð �A`J vi �ky� 1 ≤ i ≤ k ��� �� ¤ f ¨W��� �ybWtl� Tflt�� Ty��Ð �y� λ1, . . . , λk �kt�

.AyW� Tlqts� vi T`J±�  �� .λi Tmyql�

Let λ1, . . . , λk be different eigenvalues of linear application f and for 1 ≤ i ≤ k let vi be an

eigenvector of λi. The vectors vi are linearly independent.
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.E ºASf�� d`� �� ���  wk§ Ty��@�� �yq��  d�  � ¨n`§ �@¡

This means that the number of eigenvalues is less than the space dimension of E.

2.1.2 : Example - �A��

þ� �r`m�� f : R3 → R3 @��� ��As�� �A�m�� ��

From the previous example we take f : R3 → R3 defined by

f(x, y, z) =
(
− 2x− 2y + 2z, −3x− y + 3z, −x+ y + z

)
.

:Ty�At�� Ah� Tq��rm�� Ty��@�� T`J±�¤ Ty��@�� �yq�� A�d�¤ dq�

We found the following eigenvalues and their associated eigenvectors:

λ1 = −4 v1 = (1, 1, 0), λ2 = 0 v2 = (1, 0, 1), λ3 = 2 v3 = (0, 1, 1).

¨h� R3 �� AyW� Tlqts� T`J� �®� �k� R3 þ� Tlqts� Tlm� �kK� (v1, v2, v3) T`J±� T�ytn�� ��

.R3 þ� ¨��@�� xAF±� Yms§ xAF� �kK� (v1, v2, v3) :¢n�¤ .xAF� �kK� Amt�

From the result the vectors (v1, v2, v3) form an independent family of R3 but three linearly

independent vectors of R3 they forms a basis. Then: (v1, v2, v3) forms the basis called the

eigen-basic of R3.

: AS§� 	tk�  � �yWts�

We can also write:

R3 = E−4 ⊕ E0 ⊕ E2.

Characteristic polynomial zymm��  ¤d��� ry�� 2.2

.Ty��@�� �yq�� Yl� Cw�`�� ¨� ­zymm��  ¤d��� ­ry�� d�As§

Characteristic polynomials help in finding the eigenvalues.

Characteristic polynomial zymm��  ¤d��� ry�� 1.2.2
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4.2.2 : Definition - �§r`�

�ybWt�� T�wfO� A ∈ Mn(K) �kt� .n ¢tnm�� d`b�� ¤Ð E ºASf�� Yl� ¨��Ð ��AK� f : E → E �ky�

.B xAF±� ¨� f ¨W���

Let f : E → E be an endomorphism on the space E of finite dimension n. Let A ∈Mn(K) be

the matrix of the linear application f in the base B.
: 	tk�¤ A T�wfOml� zymm��  ¤d��� ry�� ¢sf� w¡ f þ� zymm��  ¤d��� ry�� ¨ms�

We call the characteristic polynomial of f the same as the characteristic polynomial of the

matrix A and write:

Pf (X) = PA(X) = det(A−XIn).

¨¡ B 
�A� �Ð� ¨�At�A�¤ .(B xAF±� CAyt��¤) A T�wfOm�� �� �qts� zymm��  ¤d��� ry��

�y� TFwk� P ∈ Mn(K) d�w§ ¢��� ,B′ r�� xAF� ¨� �k�¤ f ¨l��d�� ��AKt�� Hf� T�wfO�

: 	tk�¤ .B = P−1AP

The characteristic polynomial is independent of the matrix A (and the choice of the base B). So

if B is another matrix of the endomorphism f but in another base B′, then there is an inverse

matrix P ∈Mn(K) where B = P−1AP . We write:

B −XIn = P−1(A−XIn)P.

then ¢n�¤

PB(X) = det(B −XIn) =
1

det(P )
· det(A−XIn) · det(P ) = det(A−XIn) = PA(X).

i.e. .r�� Yn`m�

PB(X) = PA(X).

Calculating eigenvalues Ty��@�� �yq�� �yy`� 2.2.2

1.2.2 : Proposition - TþyS�

:	tk�¤ ,¢� Ty��@�� �yq�� ��m� zymm��  ¤d��� ry�� C¤@�
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The roots of the characteristic polynomial represent its eigenvalues, and we write:

f þ� Ty��Ð Tmy� (eigen value of) λ ⇐⇒ Pf (λ) = 0

.λ ∈ K ¤ .B xAF±� ¨� ¢t�wfO� A ∈Mn(K) �kt�¤ .f : E → E �kt� :«r�� T�yO�

In other words, let f : E → E and A ∈Mn(K) the matrix in the base B and λ ∈ K.

: ¢n�¤

Then

f þ� Ty��Ð Tmy� (eigen value of) λ ⇐⇒ det(A− λIn) = 0

3.2.2 : Example - �A��

If D is a diagonal matrix where �y� T§rW� T�wfO� D 
�A� �Ð�

D =


λ1 0 · · · 0

0 λ2
. . .

...

...
. . .

. . . 0

0 · · · 0 λn


then  ��

PD(X) = (λ1 −X) · · · (λn −X)

.D T�wfOml� Ty��@�� �yq�� AS§� ¨¡¤ PD(X)  ¤d��� ry�� C¤@� ¨¡ λi �yq�� ¢n�¤

The values λi are the roots of the characteristic polynomial PD(X) and are also the eigenvalues

of the matrix D.

Endomorphism reduction ¨��Ð ��AK� CAOt�� 3.2

(¨��Ð ��AK�) ¨W� �ybW� f ¤ K ¨l§dbt�� �q��� Yl� ,¢tn� d`� ¤Ð ¨�A`J ºAS� E rbt`� ¨l§ Amy�

.A ¨¡ Tq��rm�� ¢t�wfO�
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Here we consider E as a finite-dimensional vector space, on the commutative field K and f is a

linear application (endomorphism) whose associated matrix is A.

T�wfO� ¢y�� Tbsn�A� f T�wfO�  wk� �y��E þ�xAF�  A�§� w¡ ©rW� �kJ Yl�A CAOt�A� dOq�

©� D = P−1AP �y�� Cwb`�� T�wfO� Yms� P 	lql� Tl�A� T`�r� T�wfO� d�w� @·ny� .T§rW�

. Ah�AK� D ¤ A  �

We mean by short A in diagonal form, is to find a basis for the space E for which the matrix of f

is a diagonal matrix. Then there is an invertible square matrix P called transit matrix such that

D = P−1AP i.e. A and D are similar matrices.

2.3.2 : Theorem - T§r\�

¤ ¨W� �ybW� f : E −→ E �ky�¤ ,K ¨l§dbt�� �q��� Yl� ,¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky�

.f þ� Tflt�� Ty��Ð Tmy� m ,K �� λ1, λ2, · · · , λm

Let E be a finite-dimensional vector space, on the commutative field K, and let f : E −→ E be

a linear application and λ1, λ2, · · · , λm are an m-different eigenvalue of f from K.

rJAb� �wm�� E  A� �Ð� T§rW� T�wfOm� Th�AK� ¢� Tq��rm�� T�wfOm�� ¤� ryWqtl� ��A� ¢�� f �� �wq�

:©� Ty��@�� Ty¶z��� ¢��ºASf�

We say that f is indivisible or its associated matrix is similar to a diagonal matrix if E is a

direct sum of its sub-eigen-vectorial spaces, i.e.:

E = Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλm

3.3.2 : Remark - T\�®�

Eλ ¨��@�� ºASf�� d`�  �� zymm��  ¤d��� ry�� ¨� r ��AS� Tb�C ��Ð λ Ty��@�� Tmyq�� 
�A� �Ð�

:¨�At�A�¤ .m r��±� Yl� λ Ty��@�� Tmyql� ���rm��

If the eigenvalue λ is of the order of multiples of r in the distinct polynomial, then the

dimension of the sub-eigen-vectorial spaces Eλ associated to the eigenvalue λ is at most m.

Therefore:

1 ≤ dim (Eλ) ≤ r.

Amt�  �� T§rW� T�wfOm� Th�AK� ¢� Tq��rm�� T�wfOm�� ¤� ryWqtl� ��A� f  A� �Ð� ¤

If f is diagonalizable or its associated matrix is similar to a diagonal matrix, then inevitably we
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have:

dim (Eλ) = r.

4.3.2 : Example - �A��

Let �kt�

A =


1 0 0

0 1 0

1 −1 2

 .

T�wfO�  wk� Yt� P−1AP �y� P T�wfOm�� �� ��b� �� M3(R) ¨� ryWqtl� Tl�A� A  � 
b�n�

.T§rW�

Let’s prove that A is diagonalizable to M3(R) and then find the matrix P where P−1AP is a

diagonal matrix.

: A þ� zymm��  ¤d��� ry�� 
As�� �db� (1

We start by calculating the characteristic polynomial of A :

PA(X) = det(A−XI3) =

∣∣∣∣∣∣∣∣
1−X 0 0

0 1−X 0

1 −1 2−X

∣∣∣∣∣∣∣∣ = (1−X)2(2−X)

��ASt�� T�C 2 ¤ m(1) = 2 ��AS� T�Cd� 1 Tyqyq���  �d�±� ¨¡ zymm��  ¤d��� ry�� C¤@� (2

.m(2) = 1

The roots of the characteristic polynomial are the real numbers 1 with a multiple of

m(1) = 2 and 2 with a multiple of m(2) = 1.

Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  d�n� (3

Let’s define the sub-eigen-vectorial spaces

: 1 Tf�ASm�� Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E1 �ky� (1.1

Let E1 be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

E1 = Ker(A− I3) = {X ∈ R3 | A ·X = X}.
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If we put An`R¤ �Ð�

X =
(

x
y
z

)
then: : ¢n�¤

X ∈ E1 ⇐⇒ AX = X ⇐⇒


x = x

y = y

x− y + z = 0

⇐⇒ x− y + z = 0

E1 =
{(

x, y, y − x
)
| x ∈ R, y ∈ R

}
.xAF� �kK� X2 =

(
0
1
1

)
¤ X1 =

(
1
0
−1

)
T`J±� �� �A�m�� �ybF Yl� d�wm�� ©wtsm��

The generated plane for example from the vectors X1 =
(

1
0
−1

)
and X2 =

(
0
1
1

)
forms a

basis.

: 2 TWysb�� Ty��@�� Tmyql� ���rm�� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E2 �ky� (2.1

Let E2 be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :

E2 = Ker(A− 2I3) = {X ∈ R3 | A ·X = 2X}.

then : ¢n�¤

X ∈ E2 ⇐⇒ A ·X = 2X ⇐⇒


x = 2x

y = 2y

x− y + 2z = 2z

⇐⇒ x = 0 and y = 0

.¢� xAF� �kK§ ¤ X3 =
(

0
0
1

)
¢hy�w� �A`J �yqts� w¡ E2 =

{(
0
0
z

)
| z ∈ R

}
E2 =

{(
0
0
z

)
| z ∈ R

}
he is straight with vector beam X3 =

(
0
0
1

)
and forms the basis

for it.

:Ah� Tq��rm�� Ty��@�� �yq�� ��AS� T�Cd� T§¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`�� (3

The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:

dimE1 = 2 = m(1), dimE2 = 1 = m(2).
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.ryWqtl� Tl�A� A T�wfOm�� ¢n�¤

So the matrix A is diagonalizable.

:T�wfOm�� ¢� (¨�w�Aq�� xAF±� ¨�) A T�wfOm�A� ��mm�� ¨��@�� ��AKt�� ,(X1, X2, X3) xAF±� ¨� (4

In the base (X1, X2, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

D =


1 0 0

0 1 0

0 0 2

 .

:©� 	y�rt�� Yl� X3 ¤ X2 ,X1 Ah�dm�� T`J� ¨t�� Cwb`�� T�wfO� P �S� ,«r�� TfO�

In other words, we put P the transit matrix whose column vectors are X1, X2 and X3 in

order, i.e.:

P =


1 0 0

0 1 0

−1 1 1

 ,

then, P−1AP = D. .P−1AP = D ¢n�¤

Exercise series N° 2 ��C �§CAmt�� TlslF 4.2

Exercise N°− 1 − ��C �§rm�

: ¨l§Am� T�r`m�� M3(R) �� T�wfO� A �kt�

Let A be a matrix of M3(R) defined as follows:

A =


0 1 0

−4 4 0

−2 1 2

 .

Is the matrix A diagonalizable? ? ryWqtl� Tl�A� A T�wfOm�� �¡ (1

.An �tntF� .n ∈ N �� ��� �� (A− 2I3)
n �� (A− 2I3)

2 	s�� (2
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Calculate (A− 2I3)
2 then (A− 2I3)

n for each n ∈ N. Deduce An.

Solution - �þþ���

.A T�wfOml� zymm��  ¤d��� ry�� 
As� (1

We compute the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
−X 1 0

−4 4−X 0

−2 1 2−X

∣∣∣∣∣∣∣∣ = (2−X)(X2 − 4X + 4) = (2−X)3.

,2.I3 T�wfOml� Th�AK�  wkts� ,T§rW�  A� �Ð� 2 ¨¡ ­d��¤ Ty��Ð Tmy� �bq� A T�wfOm��

.ryWqtl� Tl�A�  wk�  � �km§ ¯ ��@� , �A��� w¡ Hy� �@¡¤ 2I3 þ� T§¤As�  wktF ��@�

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.I3, so it would be equal to 2I3 which is not the case, so it cannot be diagonalizable.

we have :An§d� (2

(A− 2I3)
2 =


−2 1 0

−4 2 0

−2 1 0



−2 1 0

−4 2 0

−2 1 0

 =


0 0 0

0 0 0

0 0 0

 ,

So (A− 2I3)
0 = I, ,(A− 2I3)

0 = I ¨�At�A�¤

(A− 2I3)
1 =


−2 1 0

−4 2 0

−2 1 0


.(A− 2I3)

n = 0 An§d� n ≥ 2 ��� �� ¤

and for n ≥ 2 we have (A− 2I3)
n = 0.

2 Tmyql� ¨��@�� ¨�A`K�� ºASf��  � ^�®�

We note that the eigen-vectorial space associated to 2

Eλ=2 =
{
(x, y, z) ∈ R3 : 2x− y = 0

}
=

{
(x, 2x, z) : x, y ∈ R3

}
= ⟨(1, 2, 0) , (0, 0, 1)⟩

Brahim Brahimi-Jihane Abdelli66University of Mohamed Kheidar, Biskra



Matrix diagonalization T�wfO� ryWq� Exercise series N° 2 ��C �§CAmt�� TlslF .4.2

: R3
ºASf�� d`� �� �lt�§ d`� ¤Ð

It has a dimension different from the space dimension of R3 :

dim (Eλ=2) = 2 ̸= 3

.ryWqtl� Tl�A� ry� A T�wfOm��  � AS§� d�¥§ A� �@¡¤

This also confirms that the matrix A is not diagonalizable.

­¤®� .n ≥ 2 ��� �� Bn = 0 �y� A = A − 2I3 + 2I3 = B + 2I3 An§d�¤ B = A − 2I3 �S�

��@� ,T� Abt� 2I3 ¤ B �A�wfOm�� , ��Ð Yl�

We put B = A − 2I3 and we have A = A − 2I3 + 2I3 = B + 2I3 where Bn = 0, for n ≥ 2.

Furthermore, the matrices B and 2I3 are interchangeable, therefore:

An = (B + 2I3)
n =

n∑
k=0

Ck
nB

k(2I3)
n−k

: �§d��� ��Ð ��wy� �®�A`� ¨¡ Ck
n �y�

where Ck
n are Newton’s binomial coefficients:

Ck
n =

n!

k!(n− k)!
.

,n ≥ 2 ��� �� Bk = 0 An§d� k ≥ 2 ��� �� , ��Ð ��¤

However, for k ≥ 2 we have Bk = 0, for n ≥ 2,

An = C0
nB

0(2I3)
n + C1

nB
1(2I3)

n−1

= 2nI3 + 2n−1nB

= 2nI3 + 2n−1n(A− 2I3)

= 2n(1− n)I3 + 2n−1nA.

then ¢n�¤

An = 2n(1− n)I3 + n2n−1A.

= 2n(1− n)


1 0 0

0 1 0

0 0 1

+ n2n−1


0 1 0

−4 4 0

−2 1 2



=


− (n− 1) 2n n2n−1 0

−n2n+1 (n+ 1) 2n 0

−n2n n2n−1 2n


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Exercise N°− 2 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


3 0 −1
2 4 2

−1 0 3


.A T�wfOml� zymm��  ¤d��� ry�� d�¤� (1

Find the characteristic polynomial of the matrix A.

TFwk`�� P Cwb`�� T�wfO�¤ T§rWq�� D T�wfOm�� d�¤� �� ryWqtl� Tl�A� A T�wfOm��  � 
b�� (2

.A = PDP−1 �y�

Prove that the matrix A is diagonalizable and then find the diagonal matrix D and the

invertible transit matrix P where A = PDP−1.

.n ∈ N ��� �� An 	s�� (3

Calculate An for n ∈ N.

Solution - �þþ���

.A T�wfOml� PA zymm��  ¤d��� ry�� 
As� (1

Compute the characteristic polynomial PA of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
3−X 0 −1

2 4−X 2

−1 0 3−X

∣∣∣∣∣∣∣∣ = (4−X)

∣∣∣∣∣3−X −1
−1 3−X

∣∣∣∣∣
= (4−X)(X2 − 6X + 8)

= (4−X)(X − 4)(X − 2)

= (2−X)(4−X)2

Tmy� λ1 = 2 �yty��Ð �ytmy� �lm� A T�wfOm�� ¢n�¤ �§C@� �bq§ PA zymm��  ¤d��� ry�� (2

. Tf�AS� Ty��Ð Tmy� λ2 = 4 ¤ TWys� Ty��Ð
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The characteristic polynomial PA accepts two roots, of which the matrix A has two eigen-

values λ1 = 2 simple eigenvalue and λ2 = 4 a double eigenvalue.

�ky� .Tq��rm�� Ty��@�� Ty�A`K�� ��ºASf��  d�n�

Let’s define the associated eigen-vectorial spaces. So let

E1 = {V = (x, y, z) : AV = 2V }

We solve the system: :Tlm��� ��� �wq�
3x− z = 2x

2x+ 4y + 2z = 2y

−x+ 3z = 2z

⇐⇒

{
z = x

y = −2x

.e1 = (1,−2, 1) w¡ ¢hy�w� �A`J �yqts� w¡ 2 Ty��@�� Tmyql� ���rm��E1 ¨��@�� ¨�A`K��ºASf��

The eigen-vectorial space E1 associated to the eigenvalue 2 is a straight line whose directional

vector e1 = (1,−2, 1).

Let �ky�

E2 = {v = (x, y, z) : Av = 4v}

We solve the system: :Tlm��� ��� �wq�
3x− z = 4x

2x+ 4y + 2z = 4y

−x+ 3z = 4z

⇐⇒ z = −x

z = −x :T� A`m�� ¤Ð ©wtsm�� w¡ 4 Ty��@�� Tmyql� ���rm�� E2 ¨��@�� ¨�A`K��ºASf��

.e3 = (1, 0,−1) ¤ e2 = (0, 1, 0) T`J±� �b� �� �A�m�� �ybF Yl� , AhFAF� ºAW�� �t§ ¨t��

The eigen-vectorial space E2 associated to the eigenvalue 4 is the plane with the equation:

z = −x whose basis is given, for example by the vectors e2 = (0, 1, 0) and e3 = (1, 0,−1).

TWb�r� ¨��Ð �A`J w¡ e⃗2 �A`K��  � Tqyq� ,A T�wfOm�� �� ­rJAb� ­º�rq�� Annkm§ ¢�� ^�¯

.4 Ty��@�� Tmyq�A�
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Note that we can read directly from the matrix A, the fact that the vector e⃗2 is an eigenvector

associated with the eigenvalue 4.

ºASf�� ,¨y�At�A�¤ Tq��rm�� Ty��@�� �yq��  d`� ©¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`��

.ryWqtl� Tl�A� A T�wfOm��¤ Ty��@�� T`J±� xAF� �bq§ R3

The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated

eigenvalues. Thus, the space R3 accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

:¢n�¤ ,Cwb`�� T�wfO� P �S�

We put P as the transit matrix, from which:

P =


1 0 1

−2 1 0

1 0 −1


Ah� Tq��rm�� D T§rWq�� T�wfOm�� ¤

and the associated diagonal matrix D

D =


2 0 0

0 4 0

0 0 4

 ,

We have the relationship: :T�®`�� An§d�

A = PDP−1 =


1 0 1

−2 1 0

1 0 −1



2 0 0

0 4 0

0 0 4




1
2

0 1
2

1 1 1
1
2

0 −1
2

 .

.n ∈ N ��� �� An

As� (3

Compute An for n ∈ N.

¤ An = PDnP−1 ,n ∈ N ��� �� ¢n�¤ A = PDP−1 An§d� ��As�� ��¥s�� ��

From the previous question we have A = PDP−1, then for n ∈ N, An = PDnP−1 and

Dn =


2n 0 0

0 4n 0

0 0 4n

 ,
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 � �l`�¤ .P−1 
As� Anyl� Yqb§

We are left with the calculation of P−1 and we know that

P−1 =
1

detP
(P ∗)T

where �§�

detP = −2, P ∗ =


−1 −2 −1
0 −2 0

−1 −2 1

 ¤ P−1 = −1

2


−1 0 −1
−2 −2 −2
−1 0 1

 .

then, we have: :An§d� ¢n�¤

An = −1

2


1 0 1

−2 1 0

1 0 −1



2n 0 0

0 4n 0

0 0 4n



−1 0 −1
−2 −2 −2
−1 0 1



= 2n−1


2n + 1 0 1− 2n

2n+1 − 2 2n+1 2n+1 − 2

1− 2n 0 2n + 1

 .

Exercise N°− 3 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =

(
0 1

1 0

)

.A T�wfOm�� rW�� (1

Diagonalize the matrix A.

.Ah��CAs� �FC�¤ Ty��@�� T`J±� ­d�A� ¨� X ′ = AX TylRAft�� Tlm��� �wl� �� rb� (2

Express the solutions of the differential system X ′ = AX in the eigenvector rule and draw

their paths.

Solution - �þþ���
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.A T�wfOm�� ryWq� (1

Diagonalization of the A matrix.

zymm��  ¤d��� ry��

characteristic polynomial

PA(X) =

∣∣∣∣∣−X 1

1 −X

∣∣∣∣∣ = X2 − 1 = (X − 1)(X + 1).

.ryWqtl� Tl�A� ¨h� ¢n�¤ �ytflt�� �yty��Ð �ytmy� �bq� A T�wfOm��

The matrix A accepts two different eigenvalues, therefore it is diagonalizable.

.A þ� ¨��@�� xAF±�  A�§�

Finding the eigen-basic vectors of A.

,u = (x, y) ∈ R2
�ky�

Let u = (x, y) ∈ R2,

Au = u ⇐⇒ x = y ¤ Au = −u ⇐⇒ x = −y.

¤ 1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u1 : �y� , u2 = (−1, 1) ¤ u1 = (1, 1)  � ^�®�

R2
þ� AFAF�  ®kKy� �@� ,AyW�  ®qts� Am¡ −1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u2

�y� A = PDP−1 An§d� ¨�At�A�¤

Note that u1 = (1, 1) and u2 = (−1, 1), where: u1 eigenvector of eigenvalue 1 and u2

eigenvector of eigenvalue −1 are linearly independent, so they form the basis of R2 and thus

we have A = PDP−1 where

P =

(
1 −1
1 1

)
and D =

(
1 0

0 −1

)

 Ð� An§d� PY = X �y� Y �ky� (2

Let Y where PY = X then we have

X ′ = AX ⇐⇒ PY ′ = APY ⇐⇒ Y ′ = P−1APY ⇐⇒ Y ′ = DY.

.Y ′ = DY Tlm��� �wl� ¨¡ (u1, u2) Ty��@�� T`J±� xAF� ¨�X ′ = AX TylRAft�� Tlm��� �wl�

¤ x(t) = aet ¨¡ Tlm��� �wl� ¨�At�A� y′(t) = −y(t) ¤ x′(t) = x(t) An§d� Y = (x, y)  A� �Ð�

�� ­CAb� (u1, u2) ¨��@�� xAF±� ¨� Ah��CAs�  wk�¤ .Tyqyq� 
��w� b ¤ a �y� y(t) = be−t

.­d¶�z�� �wWq�� �� �¤r� c ∈ R �� y = c/x T� A`m�� ��Ð �Ayn�n�
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The solutions of the differential system X ′ = AX in the eigenvector (u1, u2) are the solutions

of the system Y ′ = DY . If Y = (x, y) we have x′(t) = x(t) and y′(t) = −y(t) then the

solutions to the system are x(t) = aet and y(t) = be−t where a and b are real constants, and

their trajectories in the eigenvalue (u1, u2) are curves of the equation y = c/x with c ∈ R
branches of hyperboles.

Exercise N°− 4 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =


3 2 4

−1 3 −1
−2 −1 −3


.T�wfOml� Ty��@�� �yq�� d�¤� �� ���w� º�d� Y�� A þ� zymm��  ¤d��� ry�� �l� (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matrix.

.A þ� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� d�¤� (2

Find the sub-eigen-vectorial spaces of A.

?ryWqtl� Tl�A� A T�wfOm�� �¡ (3

Is the matrix A diagonalizable?

Solution - �þþ���

An§d� :���w� º�d� �kJ Yl� A T�wfOml� zymm��  ¤d��� ry�� T�At� (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

PA(X) =

∣∣∣∣∣∣∣∣∣∣
C1 C2 C3

3−X 2 4

−1 3−X −1
−2 −1 −3−X

∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣
C1 ←− C1 − C3

−1−X 2 4

0 3−X −1
1 +X −1 −3−X

∣∣∣∣∣∣∣∣∣∣
L1

L2

L3

=

∣∣∣∣∣∣∣∣
−1−X 2 4

0 3−X −1
0 1 1−X

∣∣∣∣∣∣∣∣ L3 ←− L3 + L2

= (−1−X)(X2 − 4X + 4) = −(X + 1)(X − 2)2

.Tf�AS� Ty��Ð Tmy� λ2 = 2 ¤ TWys� Ty��Ð Tmy� λ1 = −1 ¨¡ A T�wfOml� Ty��@�� �yq��

The eigenvalues of A are λ1 = −1 a simple eigenvalue and λ2 = 2 multiplicative eigenvalue.

.A T�wfOml� Ty¶z��� Ty��@�� Ty�A`K�� ��ºASf��  A�§� (2

Find the eigen-sub-vectorial spaces of the matrix A.

�r`m�� E−1 ¨¶z��� ¨�A`K�� ºASf�� �ky� −1 Ty��@�� Tmyql� Tbsn�A�

For the eigenvalue −1 let the sub-vectorial space E−1 be defined as

E−1 = {u ∈ R3, Au = −u}.

let u = (x, y, z) ∈ R3, ,u = (x, y, z) ∈ R3
�ky�

u ∈ E−1 ⇐⇒


4x+ 2y + 4z = 0

−x+ 4y − z = 0

−2x− y − 2z = 0

⇐⇒

{
2x+ y + 2z = 0

x− 4y + z = 0

w¡ ¢hy�w� �A`J �yqts� w¡ E−1 ºASf��

The space E−1 is a straight line whose directional vector

u1 = (1, 0,−1).

�r`m�� E2 ¨�A`K�� ºASf�� 2 Tmyql� ���rm�� ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space associated with the value 2 is the vectorial space E2 defined by
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E2 = {u ∈ R3, Au = 2u}.

let u = (x, y, z) ∈ R3 u = (x, y, z) ∈ R3
�ky�

u ∈ E2 ⇐⇒


x+ 2y + 4z = 0

−x+ y − z = 0

−2x− y − 5z = 0

⇐⇒

{
x+ 2y + 4z = 0

x− y + z = 0

¢hy�w� �A`J �yqts� w¡ E2 ºASf�� (3

The space E2 is a straight line whose directional vector

u2 = (2, 1,−1).

.ryWqtl� Tl�A�
sy�A T�wfOm�� ¢n�¤ ,1 d`� ¤ÐE2 ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space E2 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°− 5 − ��C �§rm�

 A� �Ð�¤ T�¤d`� ¤� Tb�w� Tyqyq�  �d�� Ah�®�A`� 
�A� �Ð� Ty¶�wK� A ∈Mn(R) T�wfO� ¨ms�

.1 ©¤As§ A¡rWF� �� �� �®�A`� �wm��

We call a matrix A ∈Mn(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

.|λ| ≤ 1  �� A T�wfOml� Ty��Ð Tmy� λ ∈ C 
�A� �Ð� ¢�� 
b�� (1

Prove that if λ ∈ C is an eigenvalue of A then |λ| ≤ 1.

.¢� ���rm�� ¨��@�� �A`K�� d�¤� �� Ty��Ð Tmy� 1  � 
b�� (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution - �þþ���

�ky� .Ty��@�� Tmyql� ���r� ¨��Ð �A`J z �ky�¤ A T�wfOml� Ty��Ð Tmy� λ ∈ C  � |rf� (1

�q�� Az T�wfOm�� �Ay��d�� �� i ��C  wm`�� |zi| = maxj=1,...,n |zj|. �y� i ∈ {1, . . . , n}
�O�� Ty�®��� ­d�Aq�� ��d�tF�¤ TqlWm�� Tmyq�� @��� .λzi ©¤As§  � 	�§ �@¡¤

∑n
j=1 ai,jzj

Yl�
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Let λ ∈ C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i ∈ {1, . . . , n} where |zi| = maxj=1,...,n |zj|. be column number i from the coordinates of

the matrix Az, make
∑n

j=1 ai,jzj and this should equal λzi. By taking the absolute value

and using the triple rule, we get

|λ||zi| ≤
n∑

j=1

ai,j|zj| ≤
n∑

j=1

ai,j|zi| ≤ |zi|

|zi| ̸= 0  ± |λ| |zi| ≤ |zi| . Yl� AnlO�� d� ¢n�¤ .
∑n

j=1 ai,j = 1 ¤ ai,j ≥ 0 AS§� �m`ts� �y�

.|λ| ≤ 1  � ¨n`§ �@¡ (�¤d`m�� �A`K��  wk§ z ¯�¤)

We also use ai,j ≥ 0 and
∑n

j=1 ai,j = 1. Then, we get |λ| |zi| ≤ |zi| . because |zi| ≠ 0

(otherwise z is the zero vector). This means that |λ| ≤ 1.

Enough take @�� ¨fk§ (2

z =


1
.
.
.

1


.1 Ty��@�� Tmyql� ���r� ¨��Ð �A`J z  wk§ ¨�At�A�¤ .Az = z  � ^�®� ¨�

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°− 6 − ��C �§rm�

Explain without calculating why the : Ty�At�� T�wfOm�� ryWq� Ty�Ak�� �d� 	bF 
As�  ¤d� �rJ�

following matrix diagonalization is not possible:

A =


i 1 1

0 i 1

0 0 i

 .

Solution - �þþ���

�Ð� .i ¨¡ ­d��¤ Tmy� ¨� Tl�mtm�� A¡rW� r}An� ¨¡ Ty��@�� Ahmy� T§wl� Ty�l�� A T�wfOm��

:�q�� P ∈ GL3(C) TFwk� T�wfO�  A�§� �yWts� Amt�� ryWqtl� Tl�A� A T�wfOm�� 
�A�
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The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value i

of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P ∈ GL3(C)
check:

A = P (iI3)P
−1.

: �� �A�wfOm�� �ym� �� Ty� Ab� I3 T�wfOm��  ±¤ �k�

However, because the matrix I3 is commutative with all matrices, then:

A = iI3PP−1 = iI3 =


i 0 0

0 i 0

0 0 i

 .

.ryWqtl� Tl�A� ry� A T�wfOm��  �� �@h� �A��� w¡ Hy�¤

this is not the case, so the matrix A is not diagonalizable.

Exercise N°− 7 − ��C �§rm�

:¨l§ Am� ¨�w�Aq�� xAF±� ¨� ­AW`m�� A T�wfOm�� ¤Ð R3 Yl� ¨��Ð ��AK� f ¨qyq�  d� m �ky�

Let m be a real number and f endomorphism of R3 with matrix A given in canonical basis as

follows:

A =


1 0 1

−1 2 1

2−m m− 2 m

 .

? f �ybWtl� Ty��@�� �yq�� d�¤� (1

Find the eigenvalues of f?

? ryWqtl� ��A� ¨W��� �ybWt��  wk§ Yt� m �y� ¨¡A� (2

What are the values of m for a linear application to be diagonalizable?

.k ∈ N �� ��� �� Ak 	s�� .m = 2  � |rf� (3

Suppose that m = 2. Calculate Ak for each k ∈ N.

Solution : �þþ���
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.A T�wfOml� zymm��  ¤d��� ry��  A�§� (1

Find the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
X − 1 0 −1

1 X − 2 −1
m− 2 2−m X −m

∣∣∣∣∣∣∣∣ =C1+C2→C1

∣∣∣∣∣∣∣∣
X − 1 0 −1
X − 1 X − 2 −1

0 2−m X −m

∣∣∣∣∣∣∣∣
=L2−L1→L2

∣∣∣∣∣∣∣∣
X − 1 0 −1

0 X − 2 0

0 2−m X −m

∣∣∣∣∣∣∣∣ = (X − 1)

∣∣∣∣∣ X − 2 0

2−m X −m

∣∣∣∣∣
= (X − 1)(X − 2)(X −m).

.�yty��Ð �ytmy� Xq� �bq§ f  �� 2 ¤� m = 1 A�@�� �Ð� QA� �kK� 2 ¤ 1 ¨¡ f þ� Ty��@�� �yq��

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

: Tflt�� Ty��Ð �y� �®� �bq§ ©@�� R3
�� ¨��@�� ��AKt�� f  �� m ̸= 2 ¤ m ̸= 1  A� �Ð� (2

.(1−X)2(2−X) w¡ f þ� zymm��  ¤d��� ry��  �� m = 1  A� �Ð� ¤ ryWqtl� ��A� f An¡  wk§

1 Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� d`�  A� �Ð� Xq� ryWqtl� ��A� f  wk§¤

u = (x, y, z) ��� �� .(m = 1  � r�@�) Ty¶z��� Ty�A`K�� ��ºASf�� ¢�A¡ �� ��bn� .2 ©¤As§

:An§d�

If m ̸= 1 and m ̸= 2 then f is an endomorphism of R3 which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1−X)2(2−X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (x, y, z) we

have:

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

x− y = 0

⇐⇒


x = x

y = x

z = 0

T�wfOm�� ¢n�¤ : 1 ̸= 2 ¨��@�� ºASf�� d`u� .(1, 1, 0) �A`K�� Ker(f − I) ºASfl� xAF�� @���

��� �� An§d� .Ker(f − 2I) ºASf�� d`u� �� ��b� .m = 2  �  µ� |rf� .ryWqtl� Tl�A� ry�

:u = (x, y, z)
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We take as a basis for the space Ker(f − I) the vector (1, 1, 0). eigen-sub-vectorial space

dimension is 1 ̸= 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f − 2I). We have for u = (x, y, z):

f(u) = 2u ⇐⇒


−x+ z = 0

−x+ z = 0

0 = 0

⇐⇒


x = x

y = y

z = x

ºASf�� d`u� QA� �kK� .(0, 1, 0) ¤ (1, 0, 1) �y�A`K�� Ker(f − 2I) ºASfl� xAF�� @���

.ryWqtl� ��A� An¡ f ¤ 2 w¡ Ker(f − 2I)

We take as a basis for the space Ker(f − 2I) the vectors (1, 0, 1) and (0, 1, 0). Specifically

the space dimension of Ker(f − 2I) is 2 and f here is diagonalizable.

(m = 2) 1 Ty��@�� Tmyq�� ��� �� .2 Ty��@�� Tmyql� Tbsn�A� ¨��Ð xAF� Aq�AF A�d�¤ .f rWqn� (3

: u = (x, y, z) ��� �� An§d�

Let’s diagonalize f . We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (x, y, z) :

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

z = 0

⇐⇒


x = x

y = x

z = 0

.w = (1, 0, 1) ¤ v = (0, 1, 0) ,u = (1, 1, 0) �ky� .(1, 1, 0) �A`K��Ker(f−I) ºASfl�xAF�� @���

:¨¡ f T�wfO� xAF±� �@¡ ¨� f þ� ¨��Ð xAF� (u, v, w) ¢n�¤

We take as a basis for the space Ker(f −I) the vector (1, 1, 0). Let u = (1, 1, 0), v = (0, 1, 0)

and w = (1, 0, 1). From which (u, v, w) is an eigenvector of f . In this basis, the matrix f is:

D =


1 0 0

0 2 0

0 0 2

 .

P T�wfOm�� .(u, v, w) xAF±� Y�� R3
ºASfl� ¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �kt�

:þ� �AW`m��
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Let P be the transit matrix of the canonical basis of space R3 to the base (u, v, w). The

matrix P is given by:

P =


1 0 1

1 1 0

0 0 1


:d�� .P−1 	s��  � 	�§ .A = PDP−1 An§d�¤

We have A = PDP−1. We have to calculate P−1. We find:

P−1 =


1 0 −1
−1 1 1

0 0 1

 .

:An§d� T§rW� D T�wfOm��  ± ¤ �k� .Ak = PDkP−1  � ���rt�A� �tnts� A = PDP−1 ��

From A = PDP−1, we conclude bu induction that Ak = PDkP−1. But since the matrix D

is diagonal, we have:

Dk =


1 0 0

0 2k 0

0 0 2k

 .

After the calculations we find in the latter ry�±� ¨� d�� �A�As��� d`�

Ak =


1 0 2k − 1

1− 2k 2k 2k − 1

0 0 2k

 .
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�� �� T�@mn�A� r�±� �l`t§ A�dn� AmyF ¯ ,�AyRA§r�� �¤r� �ym�� TyFAF� ­� � ¨W��� rb��� d`§

,ºAymyk��¤ ,­Ay��� �wl�¤ ,Tyky�Akym�� ¤� Ty¶A§zyf�� �wl`�� :�¯A�m�� �lt�� �� A§ d� �®kKm��

...TyFdnh�� �wl`��¤ , AOt�¯�¤

Linear algebra is an essential tool for all branches of mathematics, especially when it comes to mod-

eling and then numerically solving problems from various fields: physical or mechanical sciences,

life sciences, chemistry, economics, engineering sciences...
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¨�As��� xAF±� �kK� Ah�± ,�A�Ays�� �� d§d`�� ¨� Ah�AqybW� �®� �� TyW��� �¯ A`m�� ��d�

��Ð ��ºASf�� ¨� ¨W��� rb��� �A§r\� �� ryb� ºz� T��A`m� �ms� Ah�� Am� .¨W��� rb�l�

.Tyhtnm��  A`�±�

Linear equations, through their applications in many contexts, as they form the computational

basis of linear algebra. It also allows the treatment of a large part of the theories of linear algebra

in finite-dimensional spaces.

�� ¤� �¯ A`m�� �� ¨fy�  d� ��Ð TyW��� �m��� �wRwm� ºz��� �@¡ PiÌOa�u� �wF �@h�

���rm�� �rK� T§ d`�� Tl��±� {`� �� �m��� £@¡ ��� ��� �rV ­d� xCd� �wF¤ .�y¡A�m��

.Tq§rV �k� ���� ºAn�� T`btm��

Therefore, we will devote this part to the topic of linear sentences with an arbitrary number of

equations or variables. We will study several ways to solve such systems with some numerical

examples to explain the stages followed during the solution for each method.

Linear equations system TyW��� �¯ A`m�� �m� 1.3

.K = R ∨ C ¨l§dbt�� �q��� rbt`� ,�Of�� �@¡ �� ¨��yF A� �� ¨�

In all that follows in this chapter, we consider the commutative field K = R ∨ C

1.1.3 : Definition - �§r`�

Tlm� �� ,K �q��� �� �®�A`� ��Ð TyW� Tlm� ¤� �wh�� m ¤ T� A`� n ��Ð TyW� Tlm� ¨ms�

:�kK�� �� �¯ A`�

We call a linear system with n equations and m unknowns or a linear system with coefficients in

the field K, each system of equations of the form:

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

�A`K�� .K �� bi ¤ aij �®�A`m�� 1 ≤ j ≤ p ¤ 1 ≤ i ≤ n �� ��� �� �y�
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where for each 1 ≤ i ≤ n and 1 ≤ j ≤ p the coefficients are aij and bi of K. The vector:

x =


x1

x2

...

xp

 ∈ Kp

.S Tlm�l� ¾®� Yms§ ¤ ,S Tlm�l� T�wkum�� �¯ A`m�� �ym� �q�§

it satisfies all the equations that make up the system S, and is called a solution to the system S.

: �A`K��

The vector:

b =


b1

b2
...

bn

 ∈ Kn

.S TyW��� Tlm�l� ¨�A��� �rW�� Ymsy�

is called, the second term of the linear system S.

We call the set T�wm�m�� Yms�

H (S) = {x ∈ Kp, S Tlm�l� �� x (x system solution of S) }

The system solution set (S). .(S) Tlm��� �wl� T�wm��

Special cases T}A� �¯A� 1.1.3

.T`�r� Tlm� Yms� S Tlm���  �� ,n = p :  A� �Ð� (1

If: n = p, then the system S is called a square system.

Tlm�l� z�r� @¶dn�¤ ,Ts�A�t� Tlm� S Tlm��� ¨ms� An��� ,b1 = b2 = · · · = bn = 0 :  A� �Ð� (2

: �wh�� p ¤ ¾T� A`� n ��Ð S0 z�r�A�

If: b1 = b2 = · · · = bn = 0, then we call the system S a homogeneous system, then we denote
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the system by S0 with n equations and p unknowns :

(S0)


a11x1 + a12x2 + · · ·+ a1pxp = 0

a21x1 + a22x2 + · · ·+ a2pxp = 0
.
.
.

an1x1 + an2x2 + · · ·+ anpxp = 0

.S TyW��� Tlm�l� Tq��rum�� Ts�A�tm�� Tlm���

The homogeneous system associated to the linear system S.

2.1.3 : Definition - �§r`�

©� ,�wl��� T�wm�� Hf� Amh�  A� �Ð�  At·�Akt� Amh�� S2 ¤ S1 �ytlm� �� �wq�

Two systems S1 and S2 are equivalent if they have the same set of solutions, ie.:

H(S1) = H(S2).

Matrix form of linear system TyW� Tlm�� ¨�wfOm�� �kK�� 2.1.3

3.1.3 : Definition - �§r`�

Ty�At�� TyW��� Tlm��� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

Let n and p two non-zero natural numbers. Let the following linear system

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

we put �S�

A :=


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 , X :=


x1

x2

...

xp

 , B :=


b1

b2
...

bn


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¢n�¤ .Tlm�l� ¨�A��� �rW�� B ¤ �wl��� �A`K� X ¤ (S) TyW��� Tlm��� T�wfOm� A T�wfOm�� Yms�

:T�Atk�� An§d� �tn§

The matrix A is called the matrix of the linear system (S), X is called the solution vector, and

B is called the second term of the system. Hence we have writing:

AX = B

	tk�  � �km§ ©�

Which we can write

(S∗)


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp




x1

x2

...

xp

 =


b1

b2
...

bn


.(S) TyW��� Tlm�l� Ty�wfOm�� T�Atk�A� S∗ Yms�

S∗ is called the matrix form of the linear system (S).

Solving linear systems TyW��� �m��� �� 2.3

Substitution method {§w`t�� Tq§rV 1.2.3

Y�¤±� Tq§rW��  �� ,�wl��� 
As��¤ ,TyW� Tlm�� r��� ¤� d��¤ �� �An¡  A� �Ð� A� T�r`m�

:Ty�At�� TyW��� Tlm�� Tbsn�A� �A�m�� �ybF Yl� .{§w`t�� Tq§rV ¨¡

To find out if there are more than one solutions to a linear system, and to calculate the solutions,

the first method is the substitution method. For example let the following linear system:

(S)

{
3x+ 2y = 1

2x− 7y = −2

T� A`m�� ¨� y |w`� ¤� �dbts� y = 1
2
− 3

2
x ¨�At�� �kK�� Yl� 3x+2y = 1 �¤±� rWs�� T�At� dy`�

: T·�Ak� Tlm� Yl� �O�t�
1
2
− 3

2
x ­CAb`�A� Ty�A���
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We rewrite the first line 3x+ 2y = 1 in the following form y = 1
2
− 3

2
x. We replace or substitute y

in the second equation with 1
2
− 3

2
x. We get an equivalent system:

{
y = 1

2
− 3

2
x

2x− 7(1
2
− 3

2
x) = −2

:TVAs� �k� Ahl� Annkm§¤ ,Xq� x ry�tm�� Yl� ©wt�� Ty�A��� T� A`m��

The second equation contains only the variable x, and we can solve it very simply:

{
y = 1

2
− 3

2
x

(2 + 7 · 3
2
)x = −2 + 7

2

⇐⇒

{
y = 1

2
− 3

2
x

x = 3
25

:Y�¤±� T� A`m�� ¨� Ahyl� �wO��� �� ¨t�� x Tmy� {§w`� Xq� Yqb§

It remains only to substitute the obtained value of x into the first equation:

{
y = 8

25

x = 3
25

: ¨¡ �wl��� T�wm�� ¢n�¤ .( 3
25
, 8
25
) �dy�¤ ®� �bq� Tlm��� ¢n�¤

Hence, the system accepts a single solution ( 3
25
, 8
25
). Then the solutions set is:

H(S) =
{(

3

25
,
8

25

)}
.

Cramer’s method r��r� Tq§rV 2.2.3

r��r� Tq§rV TWF�w� TyW� Tlm� �� Tq§rV r��� �hf� ¨� TWys� TyW� Tlm� T�A� @���

�ky� ,�@h�

We take the case of a simple linear system in order to understand more how to solve a linear

system by Cramer’s method, so for this let

∆ =

∣∣∣∣∣ a b

c d

∣∣∣∣∣ = ad− bc

.�y�wh�m�� ¤ �yt� A`m�� ��Ð TyW��� Tlm���  d��
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The determinant of the linear system with two equations and the two unknowns.

{
ax+ by = e

cx+ dy = f

: ¨¡ (x, y) ¢�Ay��d�� �dy�¤ ¾®� d�� ,ad− bc ̸= 0  A� �Ð�

If ad− bc ̸= is0, we find a unique solution whose coordinates (x, y) are:

x =
∆x

∆
=

∣∣∣∣∣ e b

f d

∣∣∣∣∣
ad− bc

, y =
∆y

∆
=

∣∣∣∣∣ a e

c f

∣∣∣∣∣
ad− bc

Tbsn�A� ¤ T� A`ml� ¨�A��� �rW�A� �¤±�  wm`�� �dbts� , x Y�¤±� Ty��d�³� 
As�� Tbsn�A�

.T� A`ml� ¨�A��� �rW�A� ¨�A���  wm`�� �dbts� , y Ty�A��� Ty��d�²�

For calculating the first coordinate x, we replace in the determinant the first column with the

second side of the equation and for the second coordinate y we replace the second column with

the second side of the equation.

1.2.3 : Example - �A��

Let the system Tlm��� �kt�{
tx− 2y = 1

3x+ ty = 1

:w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�

according to intermediate values t ∈ R. The system determinant is:

∆ =

∣∣∣∣∣ t −23 t

∣∣∣∣∣ = t2 + 6

:�q�§ (x, y) ���� ,r��r� Tlm� ¨¡ TyW��� Tlm���¤ dy�¤ �� d�w§ �@h�¤ �d`n§ ¯

It does not zero, for this there is only one solution and the linear system is Cramer’s system,
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the solution (x, y) achieves:

x =

∣∣∣∣∣1 −21 t

∣∣∣∣∣
t2 + 6

=
t+ 2

t2 + 6
, y =

∣∣∣∣∣t 1

3 1

∣∣∣∣∣
t2 + 6

=
t− 3

t2 + 6
.

For each t the solutions set is: :¨¡ �wl��� T�wm�� t �� ��� ��

H(S) =
{(

t+ 2

t2 + 6
,
t− 3

t2 + 6

)}
.

Gauss’s method Qwþ� Tq§rV 3.2.3

Ty�hn� Tq§rV Qw� Tq§rV rbt`� ,A T�wfOm�� rWF� Yl� TyFAF±� �Aylm`�� �Am`tF� �Sf�

Tlm��� T�wfO�  wk� �y�� Ah� T·�Ak� S ′ «r�� TyW� Tlm� Y�� S TyW��� Tlm��� �§w�t� �ms�

,( � Cw� - Qw� Tq§rV ¨� Am� T§rW� ­C¤rS�A� Hy�¤ ,Xq�) T§wl� Ty�l�� ­d§d��� TyW���

Y`s� Qw� Tq§rV .(1 þ� T§¤As�  wk�  � A§C¤rR Hy�) T�¤d`� ry� T§rWq�� A¡r}An� ��¤

TyW��� Tlm�l�  � ©� T�¤d`� ¨sy¶r�� rWq�� �fF� �q� ¨t�� T�wfOm�� r}An� �ym� �`� Y��

.T�Cdt� T�wfO�

With the help of basic processes on the lines of the matrix A, the Gauss’s method is a systematic

method that allows the conversion of the linear system S into another linear system S ′ equivalent

to it, so that the matrix of the new linear system is upper triangular (only, not necessarily diagonal

as in the method Gauss-Jordan), and all its diagonal elements are not-zero (it doesn’t have to be

equal to 1). A Gauss’s method seeks to make all elements of the matrix below the main diagonal

zero, i.e. the linear system has a gradient matrix.

�O�� �y�� �¯ A`m�� Tlm� Yl� AhqybW� Annkm§ ¨t�� Ty�¤±� �®§w�t�� {`� r�@� ,�db�  � �b�¤

:¨¡ �®§w�t�� £@¡¤ ,���� Hf� Ah� ©� ,T·�Ak� �¯ A`� Tlm� Yl�

Before we start, we mention some elementary transformations that we can apply to a system of

equations so that we get an equivalent system of equations, that is, they have the same solution,

and these transformations are:

.���� ry�§ ¯ ¢�� �R�¤ �@¡¤ :�yt� A`� �§db� •
Substituting two equations: This obviously does not change the solution.
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�rV �� 
rS� ¢���  A§¤Ast�  A�rV An§d�  A� �Ð� :�¤d`� ry�  d`� T� A`� ¨�rV 
rR •
.�y§¤Ast� �y�rV Yl� AS§� �O�nF  d`�� Hfn�

Multiplying both sides of an equation by a non-null number: If we have two equal sides, then

by multiplying each side by the same number, we will also get two equal sides.

. «r�� T� A`� ��  d`� T�¤rS� T� A`� �m� •
Adding an equation multiplied by a number with another equation.

TyW��� �¯ A`m�� Tlm� �§w�� w¡ Qw� Tq§rV �db�  �

The principle of the Gauss method is to transform the system of linear equations.

(S)


a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
.
.
.

an1x1 + an2x2 + · · ·+ annxn = bn

: �kK�� �� T·�Ak� �¯ A`� Tlm� Y��

into a system of equivalent equations of the form:

(S ′)


c11x1 +c12x2 + · · · +c1nxn = d1

+c22x2 + · · · +c2nxn = d2
. . .

.

.

.
.
.
.

+cnnxn = dn

�¯ A`m�� Tlm� ¨f� .��ry�tm�� �y� 
As� ¢`� �hs§ ¨�l�� �kJ Y�� �¯ A`m�� Tlm� �§w�� ©�

�O�n� ­ry�� �b�Am�� T� A`m�� ¨� AhRw`�¤ ,T�whs� xpYl� �O�� ­ry�±� T� A`m�� �� ,T·�Akm��

Yt� �@k¡¤ ¢lb� A� ©@�� ry�tm�� Yl� �O�n� Ahlb� ¨t�� T� A`m�� ¨� �ytmyq�� |w`�¤ xp−1 Yl�

.x1 Tmy� d�� ¨� Ahyl� AnlO�� ¨t�� �yq�� �ym� |w`n� Y�¤±� T� A`ml� �O�

That is, converting the system of equations into a trigonometric form, with which it is easy to

calculate the values of the variables. Then the equivalent equations, from the last equation we

get xp easily, and we substitute it into the next last equation to get xp−1 and we substitute the
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two values in the equation before it to get the variable before it and so on until we reach the first

equation, so we substitute all the values that we got to find the value of x1.

Make transfers �®§w�t�� º�r��

¤ a11 Yl� Y�¤±� S �¯ A`m�� Tlm� �� Y�¤±� T� A`m�� Anms� �Ð� : rfO�� ©¤As§ ¯ a11 |rf�

	s� �¯ A`m�� Tyq� Yl� Tq§rW�� Hf� �bW�¤ Ty�A��� T� A`m�� �� A¡An�rV �� a21 ¨� A¡An�rR

:Ty�At�� T�yO��

Assuming that a11 is not equal to zero: If we divide the first equation from the first system of

equations S by a11 and multiply it by a21, then we subtract it from the second equation and apply

the same method to the rest of the equations according to following formula:

a
(1)
ij = aij −

a1j · ai1
a11

, i, j = 2, ..., n

 wk§ �y�� Ahyl� ¨t�� �¯ A`m�� �� ©� �� Y�¤±� T� A`m�� �§dbt� A¡dn� �wq� a11 = 0  A�  ��

Tlm�  wk� A¡dn� rfO�� ©¤As� Ahl� 
�A�¤ ,d�� ��  �� .rWs�� ��C w¡ i �y� ai1 ̸= 0 d���

�¯ A`m� AyW� TWb�r� (r��� ¤�) �¯ A`m�� «d��  � 	bs��¤ ,dy�¤ �� Ah� Hy� TyW��� �¯ A`m��

:�kK�� �� TyW� Tlm� Yl� �O�� �§w�t�� �@¡ d`� .«r��

If a11 = 0 then we swap the first equation with any of the following equations so that the term

is ai1 ̸= 0 where i is the line number. If we do not find, and they are all equal to zero, then the

total linear equations do not have a single solution, and the reason is that one of the equations

(or more) is linearly linked to other equations. After this transformation we get a linear system

of the form:

(S(1))


a11x1 +a12x2 + · · · +a1nxn = d1

+a
(1)
22 x2 + · · · +a

(1)
2nxn = d

(1)
2

. . .
.
.
.

.

.

.

+a
(1)
n2x2 +a

(1)
nnxn = d

(1)
n

T� A`m�� 
b��  �� Tylm`�� Crk� .Y�¤±� T� A`m�� d`� T� A`m�� �ym� �� �¤±� d��� An�@� �@k¡¤

(­d§d���) Ty�A��� T� A`m�� �sq� An�� ©� Y�¤±� Tq§rW�� Hfn� �¯ A`m�� ¨�A� Yl� �m`�¤¤ Y�¤±�

	s� Tyqb�� �� ��wnm�� Hfn� �@k¡¤ T��A��� �� Ah�rW�¤ a
(1)
32 þ� Ah�rS�¤ a

(1)
22 w¡¤ A¡Cw�� Yl�

: Ty�At�� T�yO��
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And so we cancel the first term from all equation after the first equation. We repeat the process

by fixing the first equation and working on the rest of the equations in the same way as the first,

that is, we divide the second (new) equation on its axis, which is a
(1)
22 and multiply it by a

(1)
32 and

subtract it from the third and so on in the same way with the rest according to the following

formula:

a
(2)
ij = a

(1)
ij −

a
(1)
2j · a

(1)
i2

a
(1)
22

, i, j = 3, ..., n

��wnm�� Hfn� Tylm`�� �}�w� .Ty�A��� T� A`m�� d`� T� A`m�� �ym� �� AS§� ¨�A��� d��� An�@� �@k¡¤

:¨l§ Am�  wk� T�A��� £@¡ ¨� �®§w�t�� ¨� T�A`�� T�yO��¤ Ty�l�� Tlm� Yl� �O�t� Yt�

Thus, we have eliminated the second term as well from all equation after the second equation. We

continue the process in the same way until we get a trigonometric system, and the general formula

for transformations in this case is as follows:

a
(k)
ij = a

(k−1)
ij −

a
(k−1)
kj · a(k−1)ik

a
(k−1)
kk

, k = 1, ..., n− 1, i, j = k + 1, ..., n.

2.2.3 : Example - �A��

: Tlm��� �wl�  A�§³ Qw� Tq§rV �m`tsn�

Let’s use the Gauss method to find the solutions of the system:
x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

and we write: : 	tk�¤
x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1
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⇐⇒


x+ y + 2z = 3

y − z = −2
−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1
y = 0

z = 2

Matrix inversion method T�wfOm�� xAk`�� Tq§rV 4.2.3

A linear system in matrix form ¨�wfOm�� �kK�A� TyW��� Tlm���{
ax+ by = e

cx+ dy = f

equivalent to ¸�Ak�

A =

(
a b

c d

)
, X =

(
x

y

)
, Y =

(
e

f

)
, �y� AX = Y

	lql� Tl�A� ¤� TFwk� A T�wfOm��  �� ,ad− bc ̸= 0 �Ð� ©� , �¤d`� ry� A T�wfOm��  d��  A� �Ð�

¤

If the determinant of A is non-null, i.e. if ad− bc ̸= 0, then the matrix A is invertible and

A−1 =
1

ad− bc

(
d −b
−c a

)

:�kK�� �� 	tk§ Tlm�l� X =

(
x

y

)
dy�w�� ���� ¤

and the only solution is X =

(
x

y

)
for the system write of the form:

X = A−1Y.

3.2.3 : Example - �A��
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Let’s solve the following linear system Ty�At�� TyW��� Tlm��� ��n�{
x+ y = 1

x+ t2y = t

: w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�

according to values of the intermediate t ∈ R. The determinant of the system is:∣∣∣∣∣1 1

1 t2

∣∣∣∣∣ = t2 − 1.

The first case: t ̸= +1 and t ̸= −1. .t ̸= −1 ¤ t ̸= +1 :Y�¤±� T�A��� (1

then t2 − 1 ̸= 0. The matrix T�wfOm�� .t2 − 1 ̸= 0  ��

A =

(
1 1

1 t2

)

invertible and his inverse is Ah�wlq�¤ TFwk�

A−1 =
1

t2 − 1

(
t2 −1
−1 1

)
.

and the solution X =

(
x

y

)
is of the form �kK�� �� X =

(
x

y

)
����¤

X = A−1Y =
1

t2 − 1

(
t2 −1
−1 1

)(
1

t

)
=

1

t2 − 1

(
t2 − t

t− 1

)
=

(
t

t+1
1

t+1

)
.

¨¡ �wl��� T�wm�� t ̸= ±1 �� ��� ��

For each t ̸= ±1 the solutions set is

H(S) =
{(

t

t+ 1
,

1

t+ 1

)}
.
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:�kK�� Yl� 	tk� TyW��� Tlm��� .t = +1 :Ty�A��� T�A��� (2

The second case: if t = +1. The linear system is written in the form:{
x+ y = 1

x+ y = 1

:�wl��� �� ¢tn� ry�  d� �An¡ . Atq�AWt�  At� A`m��¤

The two equations are identical. There are an infinite number of solutions:

H(S) = {(x, 1− x) | x ∈ R} .

:�kK�� Yl� 	tk� TyW��� Tlm��� .t = −1 :T��A��� T�A��� (3

The third case: if t = −1. The linear system is written in the form:{
x+ y = 1

x+ y = −1,

¨�At�A�¤ �ytq��wt� ry� �yt� A`m��  � �R�w�� ��

It is clear that the two equations are not compatible thus

H(S) = ∅.

Exercise series N° 3 ��C �§CAmt�� TlslF 3.3

Exercise N°− 1 − ��C �§rm�

:Qw� Tq§rV �Am`tFA� Ty�At�� TyW��� �m��� ��

Solve the following linear system using the Gauss method:
x +y +2z = 3

x +2y +z = 1

2x +y +z = 0

,


x +2z = 1

−y +z = 2

x −2y = 1

.

Solution - �þþ���
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:	tk� ,Y�¤±� Tlm�l� Tbsn�A� ,Qw� Tq§rV ��d�tF��

Using the Gauss method for the first system, we write:
x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1

⇐⇒


x+ y + 2z = 3

y − z = −2
−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1
y = 0

z = 2

.(x, y, z) = (−1, 0, 2) ¨¡ Tlm��� �wl� ¢n�¤

The solutions to the system are (x, y, z) = (−1, 0, 2).
:Tq§rW�� Hfn� rys� ,Ty�A��� Tlm�l� Tbsn�A�

For the second system, we proceed in the same way:
x+ 2z = 1 L1

−y + z = 2 L2

x− 2y = 1 L3

⇐⇒


x+ 2z = 1

−y + z = 2

−2y − 2z = 0 L3 ← L3 − L1

⇐⇒


x+ 2z = 1

−y + z = 2

−4z = −4 L3 ← L3 − 2L2

⇐⇒


x = −1
y = −1
z = 1
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.(x, y, z) = (−1,−1, 1) ¨¡ Tlm��� �wl� ¢n�¤

The solutions of the system are (x, y, z) = (−1,−1, 1).

Exercise N°− 2 − ��C �§rm�

	lq� ,Qw�� T§Cw�m�� Tq§rW�A� , {§w`t�A�) Tflt�� �rV ��C�� Ty�At�� Tlm��� �wl� d�¤� (1

:(r��r� T�y} ��d�tFA� ¤ �®�A`m�� T�wfO�

Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matrix inversion coefficient and by using Cramer’s method):{
2x + y = 1

3x + 7y = −2

:Ty�At�� �m��� �wl�  A�§³ a �yq� Aq�¤ ,���� ¨� �rF±� Ah�� �� ¤db� ¨t�� Tq§rW�� rt�� (2

Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:{
ax + y = 2

(a2 + 1)x + 2ay = 1

{
(a+ 1)x + (a− 1)y = 1

(a− 1)x + (a+ 1)y = 1

Solution - �þþ���

Substitution method {§w`t�� Tq§rV (1.1

T� A`m�� ¨� y Tmy� |w`� .y = 1 − 2x ¨�At�� �kK�� Yl� Y�¤±� T� A`m�� T�At� �yWts�

d�� Ty�A���

We can write the first equation as y = 1 − 2x. Substituting the value of y into the second

equation, we get:

3x+ 7y = −2 =⇒ 3x+ 7(1− 2x) = −2 =⇒ 11x = 9 =⇒ x =
9

11
.

: y �tnts�

We get y :

y = 1− 2x = 1− 2
9

11
= − 7

11

.( 9
11
,− 7

11
) :Ty¶An��� ¨¡ Tlm��� £@¡ �wl� ¢n�¤ .

The solutions to this system is the pair: ( 9
11
,− 7

11
).
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Gauss’s method Qw� Tq§rV (2.1

Tlm��� d�� 2L2 − 3L1 rWs�A� L2 rWs�� �Rw� ry��¤ ¢�Ak� L1 �¤±� rWs�A� ^ft��

: Ty�At�� Ty�l�m��

We keep the first line L1 in its place and change the position of the line L2 in the line

2L2 − 3L1 we find the following trigonometric system:

{
2x + y = 1

3x + 7y = −2
⇐⇒

{
2x + y = 1

11y = −7

.x = 9
11

d�� �¤±� rWs�� �� ¢n�¤ y = − 7
11

�tnts�¤

and we deduce y = − 7
11
, then from the first line we find x = 9

11
.

Matrix inverse method T�wfOm�� 
wlq� (3.1

:¨l§ Am� ¨�wfOm�� �kK�� Yl� Tlm��� 	tk�

The system is written in matrix form as follows:

AX = Y a A =

(
2 1

3 7

)
X =

(
x

y

)
Y =

(
1

−2

)

:T�wfOm�� 	lq� Tlm��� �� d��

We find the solution to the system by the matrix inverse:

X = A−1Y.

:¨l§ Am� 	s�§ 2✕2 Tb�r�� �� T�wfO� 
wlq�

The inverse of a matrix of order 2✕2 is calculated as follows:

A =

(
a b

c d

)
 �� A−1 =

1

ad− bc

(
d −b
−c a

)
 d�m��  � d��t�� ©C¤rS�� ��¤

It is necessary to ensure that the determinant

detA =

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc

It differs from 0. .0 �� �lt�§

we find d��

A−1 =
1

11

(
7 −1
−3 2

)
¤ X = A−1

(
1

−2

)
=

1

11

(
9

−7

)
=

(
9
11
−7
11

)
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Cramer’s method r��r� Tq§rV (4.1

�bW�A� �q�§  d�m��  A� �Ð� ¨�At�� w�n�� Yl� �yt� A`� �� TyW� Tlm�� r��r� �y}  wk�

: ad− bc ̸= 0

Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad− bc ̸= 0 :

{
ax + by = e

cx + dy = f
=⇒ x =

∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
¤ y =

∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
which gives us: : AnyW`§ ©@��

x =

∣∣∣∣∣ 1 1

−2 7

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
=

9

11
¤ y =

∣∣∣∣∣2 1

3 −2

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
= − 7

11

 A� �Ð� Xq�¤ �Ð� T�A��� ¨¡ £@h� ,dy�¤ �� �An¡  A� �Ð� A� T�r`� Y�� �lWt� ,ºd� ©Ð ¹ A� (2

:w¡  d�m��  �� ,Y�¤±� Tlm�l� Tbsn�A� .A�¤d`� Hy�  d�m��

Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

∣∣∣∣∣ a 1

a2 + 1 2a

∣∣∣∣∣ = a2 − 1

.a ̸= ±1  A� �Ð� Xq�¤ �Ð� dy�¤ �� �An¡ ��@�

So there is only one solution if and only if a ̸= ±1.
,{§w`t�� Tq§rV �Am`tFA� �A�m�� �ybF Yl`� ,T�ytn�� Hf� Y�� © ¥� �rW�� �� �bW�A�

d�� ¨�A��� rWs�� ¨� {§w`t�A�¤ ,y = 2 − ax :�kK�� Yl� �¤±� rWs�� T�At� �§rV ��¤

.(a2 + 1)x+ 2a(2− ax) = 1

Of course, all methods lead to the same result, for example by using the substitution method,
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and by writing the first line in the form: y = 2− ax, and by substituting in the second line

we find (a2 + 1)x+ 2a(2− ax) = 1.

 �� a ̸= ±1  A� �Ð� ¢�� �tnts�

We conclude that if a ̸= ±1 then

x =
4a− 1

a2 − 1
¤ y =

−2a2 + a− 2

a2 − 1
.

: �kK�� @��� Tlm���  �� a = 1  A� �Ð� .a �y� 	s� T}A��� �¯A��� �� ��A`t�  µ�

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

{
x + y = 2

2x + 2y = 1

.�wl� d�w� ¯ ¢n�¤ .x + y = 1
2
¤ x + y = 2 Yl� 
�w�� Hf� ¨� �O�t�  � �yWts� ¯ �k�

But we cannot have x+ y = 2 and x+ y = 1
2
at the same time then, there are no solutions.

: �kK�� @��� Tlm���  �� a = −1  A� �Ð�

If a = −1, then the system takes the form:{
−x + y = 2

2x − 2y = 1

and there are no solutions. .�wl� d�w� ¯ ¤

here the determinant  d�m�� An¡∣∣∣∣∣a+ 1 a− 1

a− 1 a+ 1

∣∣∣∣∣ = (a+ 1)2 − (a− 1)2 = 4a.

w¡ r��r� T�y} �Am`tFA� ®�� .(x, y) dy�w�� ���� ¢n�¤ a ̸= 0  A� �Ð�

If a ̸= is0 then the only solution is (x, y). For example using Cramer’s formula is

x =

∣∣∣∣∣1 a− 1

1 a+ 1

∣∣∣∣∣
4a

=
1

2a
¤ y =

∣∣∣∣∣a+ 1 1

a− 1 1

∣∣∣∣∣
4a

=
1

2a
.
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.�wl� d�w� ¯ a = 0  A� �Ð�

If a = 0 there are no solutions.

Exercise N°− 3 − ��C �§rm�

: Ty�At�� Tlm��� �wl� d�¤�

Find solutions to the following system:

(S) =


3x +2z = 0

3y +z +3t = 0

x +y +z +t = 0

2x −y +z −t = 0

Solution - �þþ���

We start by simplifying the system: :Tlm��� Xysbt� �db�

Qw� Cw�� £CAbt��¤ �¤±� rWs�� Y�� L3 rWs��  Ak� ry�� •

We change the position of the line L3 to the first line and consider it a Gauss’s axis

�O�n� �`f�A� TWysb�� rWF±� �� ­ AftF®� y, t, x, z :¨�At�� 	y�rt�A� ��ry�tm�� 	y�r� dy`� •
.Tlm��� Yl�

We rearrange the variables in the following order: y, t, x, z to take advantage of the already

simple lines, and we get the system.


y + t + x + z = 0 L1

3y + 3t + z = 0 L2

−y − t + 2x + z = 0 L3

3x + 2z = 0 L4

: Ty�At�� �®§w�t�A� Qw� Tq§rV �db�

We start with a Gauss method with the following transformations:
y + t + x + z = 0

− 3x − 2z = 0 L2 ← L2 − 3L1

3x + 2z = 0 L3 ← L3 + L1

3x + 2z = 0
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:¸�Ak� Tlm��� ¢n�¤ T§¤Ast� ­ry�±� T�®��� rWF±�  � d��

We find that the last three lines are equal, and then, the system is equivalent to:

{
y + t + x + z = 0

3x + 2z = 0

¨¡ Tlm��� �wl� ¢n�¤ .t = −x−y−z = 1
2
x−y ¤ z = −3

2
x ¢n�¤ XyFw� y ¤ x CAt��

We choose x and y as arguments, of which z = −3
2
x and t = −x− y − z = 1

2
x− y. Then, the set

solutions is

H (S) =

{(
x, y,−3

2
x,

1

2
x− y

)
| x, y ∈ R

}

Exercise N°− 4 − ��C �§rm�

Solve the following system: : Ty�At�� Tlm��� ��
3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

Solution : �þþ���

�O�tn� L3 ← 3L3 − L1 ¤ L2 ← 3L2 + L1 Ty�At�� �®§w�t�A� �wq� ,Qw� Tq§rV Yl�  Amt�³A�

: Yl�

Depending on the Gauss’s method, we perform the following transformations L2 ← 3L2 + L1 and

L3 ← 3L3 − L1, so we get:


3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

⇐⇒


3x − y + 2z = a

5y − 7z = 3b+ a

7y + z = 3c− a

: Ty�l�m�� Tlm��� AnyW`§ ©@�� L3 ← 5L3 − 7L2 �§w�t�� ��
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Then the transformation L3 ← 5L3 − 7L2 which gives us the trigonometric system:


3x − y + 2z = a

5y − 7z = 3b+ a

54z = 5(3c− a)− 7(3b+ a)

:�wl��� Yl� �O�t� {§w`t�A� �� z = 1
54
(−12a − 21b + 15c) : d�� ­ry�±� T� A`m�� ��

From the last equation, we find: z = 1
54
(−12a − 21b + 15c) Then, by substituting, we get the

solutions:


x = 1

18
(8a+ 5b− c),

y = 1
18
(−2a+ b+ 7c),

z = 1
18
(−4a− 7b+ 5c).

Exercise N°− 5 − ��C �§rm�

:r��r� Tq§rV �Am`tFA� Ty�At�� �m��� ��

Solve the following systems using Cramer’s method:

1)


x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

2)


x+ 2z = 1

−y + z = 2

x− 2y = 1

Solution - �þþ���

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 1 2

1 2 1

2 1 1

 = −4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤
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then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
3 1 2

1 2 1

0 1 1

∣∣∣∣∣∣∣∣
−4

=
4

−4
= −1

y =

∣∣∣∣∣∣∣∣
1 3 2

1 1 1

2 0 1

∣∣∣∣∣∣∣∣
−4

=
0

−4
= 0

z =

∣∣∣∣∣∣∣∣
1 1 3

1 2 1

2 1 0

∣∣∣∣∣∣∣∣
−4

=
−8
−4

= 2

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 0 2

0 −1 1

1 −2 0

 = 4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤

then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
1 0 2

2 −1 1

1 −2 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1

y =

∣∣∣∣∣∣∣∣
1 1 2

0 2 1

1 1 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1
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z =

∣∣∣∣∣∣∣∣
1 0 1

0 −1 2

1 −2 1

∣∣∣∣∣∣∣∣
4

=
4

4
= 1

Exercise N°− 6 − ��C �§rm�

TlO�� ¨t�� T�ytnl� ¨Fdnh�� rysft�� A�¤ TFwk`m�� T�wfOm�� Tq§rV �Am`tFA� Ty�At�� Tlm��� ��

Solve the following system using the inverse matrix method, and what is the geometric ?Ahyl�

explanation for the result that you get?{
x+my = −3
mx+ 4y = 6

Solution - �þþ���

of the system form Tlm��� �kJ ��{
x+my = −3
mx+ 4y = 6

we get :d��

det

(
1 m

m 4

)
= 4−m2

tehn :¢n�¤

4−m2 = 0 =⇒ m = 2 ∨m = −2

.�wl� Ah� Hy� Tlm���¤ .0 = 12 �bO� Ty�A��� T� A`m��  �� m = 2  A� �Ð�

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.

©� �wl��� �� ¢tn� ry�  d� �bq� Tlm��� An¡¤ 0 = 0 �bO� Ty�A��� T� A`m�� m = −2  A� �Ð�

If m = −2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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x+my = −3⇔ x = −3−my.

The set of solutions is: :¨¡ �wl��� T�wm��

S = {(−3−my, y); y ∈ R}.

:@��� m ̸= 2 ∨m ̸= −2,  A� �Ð�

If m ̸= 2 ∨m ̸= −2, we take:

M =

(
1 m

m 4

)
Tysk`�� T�wfOm�� 
As�� �wq�

We calculate the inverse matrix

M−1 =
(M∗)T

det (M)
=

(
4 −m
−m 1

)T

4−m2
=

(
4 −m
−m 1

)
4−m2

=

 − 4

m2 − 4

m

m2 − 4
m

m2 − 4
− 1

m2 − 4


�kK�� ��  wk� Tlm��� �wl� ¢n�¤

then the system solutions are of the form

X = M−1

(
−3
6

)
=

(
− 4

m2−4
m

m2−4
m

m2−4 − 1
m2−4

)(
−3
6

)
=

(
6

m−2

− 3
m−2

)
i.e.: :©�

x =
6

m− 2
, y = − 3

m− 2

:A�� �¡ mx+ 4y = 6 ¤ x+my = −3 �ymyqtsm��  � �AtntF� Annkm§ , AyFdn¡

Geometrically, we can conclude that the two lines x+my = −3 and mx+ 4y = 6 are either:

.m ̸= (2,−2) T�A� ¨�  A`VAqt� •
They intersect in the case of m ̸= (2,−2).

.m = 2 T�A� ¨� A�Am�  A§E�wt� •
They are perfectly parallel if m = 2.

.m = −2 T�A� ¨� �yy`t�� Yl� ¯¤ •
Not on appointment in the case of m = −2.
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Exercise N°− 7 − ��C �§rm�

:Tlm��� �wl� a ∈ R XyFw�� Tmyq� Aq�¤ L�A�

Discuss according to the value of the intermediate a ∈ R solutions to the system:
3x +y −z = 1

x −2y +2z = a

x +y −z = 1

Solution - �þþ���

The determinant of the system is :w¡ Tlm���  d��∣∣∣∣∣∣∣∣
1 1 −1
1 −2 2

1 1 −1

∣∣∣∣∣∣∣∣ = 0

�®§w�t�� �Am`tFA� ¢n�¤ �� d�w§ ¯ ¤� �wl��� �� ¢tn� ry�  d�  w�¤ �� �d§ A� �¤d`�

:d�� T��A���¤ Y�¤±� �y� � Ab� �y� �¯ A`m�� 	y�r� ryy�� Ah�¤� ¤ ,Ty�At��

is equals to zero. What indicates the existence of an infinite number of solutions or that there is

no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:


3x +y −z = 1

x −2y +2z = a

x +y −z = 1

⇔


x +y −z = 1

x −2y +2z = a

3x +y −z = 1

L1

L2

L3

=⇒


x +y −z = 1

−3y +3z = a− 1

−2y +2z = −2

L1

L2 ← L2 − L1

L3 ← L3 − 3L1

=⇒

{
y −z = 1−a

3

y −z = 1

:a �y�  wk�  � 	�§ �wl��� �� ¢tn� ry�  d� �bq� Tlm��� ¨k�
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In order for the system to accept an infinite number of solutions, the values of a must be:

1− a

3
= 1 =⇒ a = −2.

That is, in the case of a = −2, we find: :d�� a = −2 T�A� ¨� ©�

=⇒

{
x +y −z = 1

y −z = 1
=⇒

{
x = 1− y + z

z = y − 1
=⇒


x = 0

y = y

z = y − 1

then, the set of solutions are: :¨¡ �wl��� T�wm�� ¢n�¤

S = {(0, y, y − 1) , y ∈ R}

If a ̸= −2 then the system has no solution. .�� Ah� Hy� Tlm���  �� a ̸= −2  A� �Ð�
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 ¤d�m�� rKn�� .1.4Limited Expansion and Integrals calculus

136 . . . . . . . . . . . . . . . . . . . . . . . . . . . . Exercise series N° 4 ��C �§CAmt�� TlslF 6.4

Limited Expansion  ¤d�m�� rKn�� 1.4

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� ­rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = ex around the point x = 0 using its shadow, which has the equation y = 1 + x.

We have approximated the graph with a straight line.

f T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

¨¡ ­zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2

T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨�

¸�Akm�� �Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx−
(
1 + x + 1

2
x2
)

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§

If we want to find a better approximation, we can take, for example, the equation y = c0+c1x+c2x
2.

The graph of the function f near the point x = 0 is like the equation y = 1 + x+ 1
2
x2.

This equation has a special property: g(x) = exp x−
(
1+ x+ 1

2
x2
)
, and then g(0) = 0, g′(0) = 0,

and g′′(0) = 0. We can find the equation of the equivalent parabola, meaning we find a second-

degree approximation for the function f .

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�

Of course, if we wanted to be more precise, we would continue to approximate using the third and

fourth degrees...
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x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6


rtq� ¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

�tyF .(0 C�w��  wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� ��

.Ahy� r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As�

In this part of the chapter, we will look for the nth-degree polynomial approximation for any

function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula Cwl§A� T�y} 1.1.4

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� 
ymF ¨t�� ,Cwl§A� T�y} �ms�

Xq� ¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� ­d� �RAftl� Tl�A� T�� 	§rqt�

.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl�

The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712, allows

for approximating a differentiable function multiple times around a point using power series, whose

coefficients depend solely on the derivatives of the function at that point.
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 ¤d�m�� rKn�� .1.4 Limited Expansion and Integrals calculus

1.1.4 : Theorem - T§r\�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x0, x ∈ I, then we have

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + . . .

+
(x− x0)

n

n!
f (n)(x0) + (x− x0)

nε(x− x0),

where �y�

lim
x→x0

ε(x− x0) = 0.

1.1.4 : Example - �A��

:¨l§ Am� T�r`m�� f T��d�� �kt�

Let the function f be defined as follows:

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

.Y�¤±� T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to

the first three orders.

.f ′(0) = 1 d�� f ′(x) = 1
1+x

	s�� �� .f(0) = 0 :An§d�

We have f(0) = 0. Then, when we calculate f ′(x) = 1
1+x

, we find that f ′(0) = 1.

.f ′′(0) = −1 d�� f ′′(x) = − 1
(1+x)2

	s�� A¡d`�

Afterwards, we calculate f ′′(x) = − 1
(1+x)2

and find that f ′′(0) = −1.
.f (3)(0) = 2 d��¤ f (3)(x) = 2

(1+x)3
	s�� �ry��¤

Finally, we calculate f (3)(x) = 2
(1+x)3

and find that f (3)(0) = 2.

: � ���rt�A� 
b��  � �yWts�

We can demonstrate by induction that:

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n
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Where the value can be calculated: : Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

Thus for n > 0 we have: : An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

In general, the Taylor polynomial of the function f at the point 0 is

Pn(x) =
n∑

k=1

(−1)k−1xk

k
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1xn

n
.

:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

Here are the first three Taylor series expansions:

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+

x3

3
.

�Fr�� �� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb��

In the graph below, the plots of the Taylor series P1, P2, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.

x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3
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Mac-Laurent formula  �Cw� - �A� T�y} 2.1.4

2.1.4 : Theorem - T§r\�

¨� Cwl§A� T�y} �ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn��

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x ∈ I Then have, by

applying Taylor’s formula at the point x0 = 0, we find the Mack-Laurent formula:

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x).

2.1.4 : Example - �A��

1) cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ . . .+ (−1)n x2n

(2n)!
+ x2n+1ε(x)

2) sinx = x− x3

3!
+

x5

5!
+ . . .+ (−1)n x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)

4)ex = 1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
+ xnε(x)

5) ln(1 + x) = x− x2

2
+

x3

3
+ . . .+ (−1)n−1x

n

n
+ xnε(x)

Limited expansion of some common T�w��m�� ��¤d��{`b�  ¤d�m�� rKn�� 3.1.4

functions

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ o(x4) ⋆

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) ⋆
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ch(x) = 1 +
x2

2!
+

x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) ⋆

sh(x) = 1 +
x3

3!
+

x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) ⋆

Operations on limited expansions  ¤d�m�� rKn�� Yl� �Aylm� 4.1.4

¨� A� T��d�  ¤d�m�� rKn�� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

Xq�  ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨�

We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited

expansion of a function at the point a ∈ R to a limited expansion at the point 0. Therefore, we

will explain the operations on the limited expansion only at the point 0.

n T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ n ∈ N �kt�

:�y�

Let n ∈ N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f(x) = p0 + p1x+ · · ·+ pnx
n + xnϵ1(x)

= Pn (x) + xnϵ1(x)

and ¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnϵ2(x)

= Qn (x) + xnϵ2(x)

1.1.4 : Proposition - TþyS�

:g ¤ f �yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g •
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnϵ(x).
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 ¤d�m�� rKn�� .1.4 Limited Expansion and Integrals calculus

¯� ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl�

fg accepts a limited expansion of degree n at 0 and represents the product of the limited

expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:

(f · g)(x) = f(x) · g(x) = Tn(x) + xnϵ(x)

.n T�Cd�� dn� ��wtm�� (Pn (x) ·Qn (x))  ¤d��� ry�� Tn(x) �y�

Where Tn(x) is the polynomial (Pn (x) ·Qn (x)) stopping at degree n.

ºz� �y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 
�A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry��

If g(0) = 0 (i.e. q0 = 0) then the function f ◦ g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P (Q(x)).

If q0 ̸= 0 then we have: :An§d�  �� q0 ̸= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnϵ2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F 
�A� �Ð� •
If F is a primitive function of the function f , then F accepts a limited expansion at a

of degree n+ 1 and is written:

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

where: lim
x→a

η(x) = 0. .lim
x→a

η(x) = 0 :�y�

3.1.4 : Example - �A��

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function arctan(x).
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Limited Expansion and Integrals calculus  ¤d�m�� rKn�� .1.4

We know that: : � �l`�

arctan′(x) =
1

1 + x2
.

We set: �S�

f(x) =
1

1 + x2

and F (x) = arctan(x) and we write: :	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nϵ(x).

because arctan(0) = 0, then: : �� arctan(0) = 0  ±¤

arctanx =
n∑

k=0

(−1)k

2k + 1
x2k+1 + x2n+1ϵ(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·

4.1.4 : Example - �A��

.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� •
The limited expansion of the function tanx at 0 is of order 5.

Firstly: :¯¤�

sinx = x− x3

6
+

x5

120
+ x5ϵ(x).

On the other hand «r�� Th� ��

cosx = 1− x2

2
+

x4

24
+ x5ϵ(x) = 1 + u

we set �S�

u = −x2

2
+

x4

24
+ x5ϵ(x).
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 ¤d�m�� rKn�� .1.4 Limited Expansion and Integrals calculus

In the calculation we need u2 and u3: : u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x2

2
+

x4

24
+ x5ϵ(x)

)2

=
x4

4
+ x5ϵ(x)

then ��

u3 = x5ϵ(x).

so: :¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ϵ(u)

= 1 +
x2

2
− x4

24
+

x4

4
+ x5ϵ(x)

= 1 +
x2

2
+

5

24
x4 + x5ϵ(x).

Finely ry�±� ¨�

tanx = sin x · 1

cosx

=
(
x− x3

6
+

x5

120
+ x5ϵ(x)

)
·
(
1 +

x2

2
+

5

24
x4 + x5ϵ(x)

)
= x+

x3

3
+

2

15
x5 + x5ϵ(x).

.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •
The limited expansion of the function 1+x

2+x
at 0 of order 4.

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x
2

)2
−
(x
2

)3
+
(x
2

)4
+ o(x4)

)
=

1

2
+

x

4
− x2

8
+

x3

16
− x4

32
+ o(x4),

5.1.4 : Example - �A��

.3 Tb�r�� �� 0 dn� h(x) = sin
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� 
As�
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Calculate the limited expansion of the function h(x) = sin
(
ln(1 + x)

)
at 0 of order 3.

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •
We set f(u) = sinu and g(x) = ln(1 + x), from which:

f ◦ g(x) = sin
(
ln(1 + x)

)
¤ g(0) = 0.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •
We write the limited expansion of order 3 for the function

f(u) = sinu = u− u3

3!
+ u3ϵ1(u)

for u in the vicinity of 0. .0 C�w� ¨� u ��� ��

We set �S�

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

for x in the vicinity of 0. .0 C�w� ¨� x ��� ��

We calculate u2: :u2 	s�� •

u2 =
(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2
= x2 − x3 + x3ϵ3(x)

and u3 : : u3 ¤

u3 = x3 + x3ϵ4(x).

then: :¢n�¤

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ϵ1(u)

=

(
x− 1

2
x2 +

1

3
x3

)
− 1

6
x3 + x3ϵ(x)

= x− 1

2
x2 +

1

6
x3 + x3ϵ(x).
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Primitive functions Tyl}±� T��d�� 2.4

1.2.4 : Definition - �§r`�

: �y� T�� f �kt��¤ R ¨� �A�� I = [a, b] �ky�

Let I = [a, b] is a non-empty open interval in R and let the function f : I → R.
: �y� I Yl� f T��dl� Tyl}� T�� F  � �wq�

We call F a primitive function of f on I such that:

F : I → R

:¨l§ A� �q�� �Ð�

satisfying:

.I �wtfm�� �A�m�� Yl� �AqtJ²� Tl�A� F −1
F can be derived in the open interval I.

−2
∀x ∈ I, F ′ (x) = f (x)

3.2.4 : Theorem - T§r\�

.I Yl� ­rmts� F  �� I Yl� f : I → R T��dl� Tyl}� T�� F 
�A� �Ð�

If F is a primitive function of f : I → R on I, then F is continuous on I.

4.2.4 : Theorem - T§r\�

I Yl� Tyl}� T�� �bq� f �y� f : I → R T��d�� �kn�

Let f : I → R has a primitive function on I. Then :

¨¡ f T��dl� Tyl}±� ��¤d�� T�wm��

the set of primitive functions of f is:

{F + c, c ∈ R} ,
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Limited Expansion and Integrals calculus Primitive functions Tyl}±� T��d�� .2.4

.f T��dl� T}A� Tyl}� T�� F �y�

where, F is a primitive function of f .

All primitive functions of f are obtained by shifting any primitive function of f by a constant.

:	tk�¤ f T��dl� Tyl}±� T��dl�

∫
f(t)dt þ� z�r�

We denote by
∫
f(t)dt the primitive function of f and we write:

F (x) =

∫
f(x)dx.

Definite integral  ¤d�m�� ��Akt�� 1.2.4

.­ ¤d�m�� ry� �®�Akt��¤ ­ ¤d�m�� �®�Akt�� :Am¡ �®�Akt�� ��  A�w� �An¡

There are two types of integrals: definite integrals and indefinite integrals.

.b ≥ a �y� [a, b] �A�m�� Yl� ­rmtsm�� ¤ f : [a, b]→ R T��d�� �kt�

Let f : [a, b]→ R the continues function on [a, b] such that b ≥ a.

T§r\n�� �®� �� �®�Aktl� Tt�A� �y�  A�§� ¨� ¯Am`tF� r��� «r�� Tq§rW� ��Akt�� �§r`� �km§

:Ty�At��

Integration can be defined in another way that is more used to find constant values for the integrals

through following theorem:

5.2.4 : Theorem - T§r\�

T�r`m�� F : [a, b]→ R T��d�� �kn�

Let F : [a, b]→ R be the function defined as:

F (x) =

∫ x

a

f(t)dt

: �q��¤ �AqtJ²� Tl�A� F T��d��  � ¨n`§ f T��dl� Tyl}� T�� ¨¡

University of Mohamed Kheidar, Biskra 123 Brahim Brahimi-Jihane Abdelli



Primitive functions Tyl}±� T��d�� .2.4 Limited Expansion and Integrals calculus

a primitive function of f means that F derivable and satisfying :

F ′ (x) = f (x) ,∀x ∈ [a, b] .

2.2.4 : Definition - �§r`�

f(x) T��d�� Yn�nm� ­CwO�m�� T�Asm�� Yl� rb`§ ©@�� ¨qyq���  d`�� f T��dl�  ¤d�m�� ��Akt�� ¨ms�

: z�r�A� ¢� z�r� ©@�� ,x = b Tl}Af�� ��Ð TWqn�� Y�� x = a Tl}Af�� ��Ð TWqn�� ��

The definite integral of f is a number which represents the area under the curve f(x) from

x = a to x = b denoted by: ∫ b

a

f (x) dx

	tk� ¤ f T��dl� Tyl}±� T��d�� ¨¡ F �y� F (b)− F (a) ¨qyq���  d`��

The real number F (b)− F (a) where F the primitive function of f and we write:∫ b

a

f (x) dx = F (b)− F (a) .

6.2.4 : Example - �A��

Let’s calculate the following integrals: :Ty�At�� �®�Akt�� 	s�n�

¢n�¤ ,Ah� Tyl}� T�� F (x) = ex �kt� f(x) = ex ��� �� −1
For f(x) = ex let F (x) = ex be its primitive function, then∫ 1

0

ex dx =
[
ex
]1
0
= e1 − e0 = e− 1.

¢n�¤ ,Ah� Tyl}� T�� G(x) = x3

3
�kt� g(x) = x2 ��� �� −2

For g(x) = x2 let G(x) = x3

3
be its primitive function, then∫ 1

0

x2 dx =
[
x3

3

]1
0
= 1

3
.
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−3∫ x

a

cos t dt =
[
sin t

]t=x

t=a
= sinx− sin a

.cosx T��dl� Tyl}� T�� 

is a primitive function of cosx.

:  � �tnts�¤ (Aq�¯ �¡rb�) Ty�¤E T�� Tyl}±� Aht��  wk� T§ r� T�� 
�A� �Ð� −4
If the function is odd, then its primitive function is be an even function (proved later).

We conclude that: ∫ a

−a
f(t) dt = 0.

Properties of integrals �®�Akt�� Q�w� 3.4

.�®�Akt�� TyW�¤ Ty�A�§� ,�AJ T�®� ¨¡ ��Akt�� 
As�� T�®��� Tysy¶r�� P¶AO���

The three main properties to integral calculus are the relation Chasles, positivity and linearity of

integral.

Chasles relation �AJ T�®� 1.3.4

2.3.4 : Proposition - TþyS�

.[a, b] Yl� ��Aktl� Tl�A� f  wk� A¡dn� , [c, b] ¤ [a, c] Yl� ��Aktl� Tl�A� T�� f  A� �Ð� .a < c < b �kt�

Let a < c < b. If f integrable on [a, c] and [c, b] then f integrable on [a, b].

and we have: :An§d�¤∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.

We have the following proprieties, for a = b: :a = b ��� �� Ty�At�� Ty}A��� An§d�∫ a

a

f(x)dx = 0.
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and for a < b: :a < b ��� �� ¤∫ a

b

f(x)dx = −
∫ b

a

f(x)dx.

7.3.4 : Example - �A��

We have: :An§d�∫ 3

1

x2dx =

[
x3

3

]3
1

=
27

3
− 1

3
=

26

3∫ 1

3

x2dx =

[
x3

3

]1
3

=
1

3
− 27

3
= −26

3∫ 3

1

x2dx = −
∫ 1

3

x2dx.

Positivity of integration ��Akt�� Ty�A�§� 2.3.4

3.3.4 : Proposition - TþyS�

.[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f ,�yyqyq� �§ d� a ≤ b �ky�

Let a ≤ b two real numbers, f and g two functions have a primitive functions on [a, b].

If f ≤ g then:  �� f ≤ g  A� �Ð�∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx.

:Ay�A�§� Tb�wm�� T��d�� ��Ak�  wk§ , QwO��� ¢�¤ Yl�

In particular, the integral of a positive function is positive:

If f ≥ 0 then: :  �� f ≥ 0 
�A� �Ð�∫ b

a

f(x) dx ≥ 0.

Linearity of integration ��Akt�� TyW� 3.3.4
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4.3.4 : Proposition - TþyS�

[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f �kt�

Let f and g two functions have a primitive on [a, b]

then f + g a function integrable and ¤ ��Aktl� Tl�A� T�� f + g ¢n� ¤ −1∫ b

a

(f + g)(x)dx =

∫ b

a

f(x)dx+

∫ b

a

g(x)dx.

An§d� ¤ ��Aktl� Tl�A� ¨¡ λf T��d�� λ ¨qyq�  d� �� ��� �� −2
For all real number λ the function λf is integrable and we have:∫ b

a

λf(x)dx = λ

∫ b

a

f(x)dx.

:��Akt�� TyW� An§d� �yty�¤±� �ytWqn�� �y�A¡ �®� ��

From these first two points we have the linearity of integration:

For all real numbers λ and µ we have: :An§d� µ ¤ λ ¨qyq�  d� �� ��� ��∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x)dx+ µ

∫ b

a

g(x)dx.

1.3.4 : Remark - T\�®�

 Ay�±� �\`� ¨�  �� [a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f 
�A� �Ð� (1

If f and g are integrable functions on [a, b] then most of the time we have:∫ b

a

(fg)(x) dx ̸=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

¤ AS§� [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� |f |  �� [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� f 
�A� �Ð� (2

:An§d�

If f is an integrable function on [a, b] then |f | is also an integrable function on [a, b]
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and we have: ∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

∣∣f(x)∣∣ dx.

8.3.4 : Example - �A��

We have: :An§d�∫ 1

0

(
7x2 − ex

)
dx = 7

∫ 1

0

x2 dx −
∫ 1

0

ex dx = 7
1

3
− (e− 1) =

10

3
− e

Using the calculations we saw earlier, we find: :d�� Aq�AF A¡An§�C ¨t�� �A�As��� ��d�tFA�∫ 1

0

x2 dx =
1

3

and ¤∫ 1

0

exdx = e− 1.

9.3.4 : Example - �A��

Let �ky�

In =

∫ n

1

sin(nx)

1 + xn
dx

Let’s prove that In → 0 for n→ +∞. .n→ +∞ Am� In → 0  � 
b�n�

|In| =
∣∣∣∣∫ n

1

sin(nx)

1 + xn
dx

∣∣∣∣ ≤ ∫ n

1

| sin(nx)|
1 + xn

dx ≤
∫ n

1

1

1 + xn
dx ≤

∫ n

1

1

xn
dx

It remains only for us to calculate this last integral ry�±� ��Akt�� �@¡ 
As� Xq� Yqb§∫ n

1

1

xn
dx =

∫ n

1

x−n dx =

[
x−n+1

−n+ 1

]n
1

=
n−n+1

−n+ 1
− 1

−n+ 1
−−−−→
n→+∞

0
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.n→ +∞ Am�
1

−n+1
→ 0 ¤ n−n+1 → 0  ±

because n−n+1 → 0 and 1
−n+1

→ 0 for n→ +∞.

2.3.4 : Remark - T\�®�

�wm`�� Yl� ¢��� ��Aktl� Tl�A� f · g 
�A� w� ¤ Yt� ¢�� ^�®�

We note that even if f · g is an integrable function, in general we have:∫ b

a

(fg)(x)dx ̸=
( ∫ b

a

f(x)dx
)( ∫ b

a

g(x)dx
)
.

:¨l§Am� �yt�r`m�� g ¤ f T��d�� �kt� ,�A�m�� �ybF Yl�

For example, let the functions f and g be defined as follows:

f : [0, 1]→ R, f(x) =

{
1 si x ∈ [0, 1

2
[

0 si non.

and ¤

g : [0, 1]→ R, g(x) =

{
1 si x ∈ [1

2
, 1[

0 si non.

: Ð� ,x ∈ [0, 1] �� ��� �� f(x) · g(x) = 0 ¢n� ¤

Hence f(x) · g(x) = 0 for each x ∈ [0, 1], then:∫ 1

0

f(x)g(x)dx = 0

although  � ��C∫ 1

0

f(x) dx =
1

2
and

∫ 1

0

g(x) dx =
1

2
.
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Primitive of usual functions T�w��m�� ��¤d�� {`� ��Ak� 4.4

∫
exdx = ex + c on Yl� R∫
cosxdx = sinx+ c on Yl� R∫
sinxdx = − cosx+ c on Yl� R∫
xndx =

xn+1

n+ 1
+ c , (n ∈ N) on Yl� R∫

xαdx =
xα+1

α + 1
+ c , (α ∈ R{−1}) on Yl� ]0,+∞[∫ 1

x
dx = ln |x|+ c on Yl� ]0,+∞[ ¤� ]−∞, 0[∫

shx dx = chx+ c,
∫
chx dx = shx+ c on Yl� R∫ dx

1 + x2
= arctanx+ c on Yl� R

∫ dx√
1− x2

=

 arcsinx+ c
π

2
− arccosx+ c

on Yl� ]− 1, 1[

∫ dx√
x2 + 1

=

{
Argsh (x) + c

ln
(
x+
√
x2 + 1

)
+ c

on Yl� R

∫ dx√
x2 − 1

=

{
Argch (x) + c

ln
(
x+
√
x2 − 1

)
+ c

on Yl� x ∈]1,+∞[

Integration methods ��Akt�� �rV 5.4

d§rf�w� |r� d�¤ .Ahtl�Akm� �Ayq�� d§r� ¨t�� T��dl� ¨l}±� ��At��  A�§� Yl� ��Akt�� 
As� �wq§

�l� ztnb§¯ HF� d�¤ .T�Asm�� 
As�� ��Ak� Tylm� �¤� ,1675 rbm�w� 13 ¨� ,ztnb§¯ �lyhly�


��E A� Ty�AyRA§r�� £Ew�C  � Am� ��wy� �A�F� �� �qts� �kK� ¨�AyRA§r�� ��Akt��¤ �RAft��

��Akt�� :Ahn� ��Aktl� �rV ­d� d�w§¤ .Ah� �§r`t��¤ A¡rK� ��  � @n� �¶AJ �kK� �d�ts�

... ,ry�tm�� ryy�t� ��Akt�� ,{§w`t�A� ��Akt�� ,T¶z�t�A�

Integration is based on finding the primitive function of the function we want to integrate. On

November 13, 1675, Gottfried Wilhelm Leibniz demonstrated the first integral for calculating area.

Leibniz established the mathematical calculus independently of Isaac Newton, and his mathemat-

ical symbols are still in common use since they were first published. There are several methods of

integration, including: integration by parts, integration by substitution, integration by changing

the variable, ...
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Limited Expansion and Integrals calculus Integration methods ��Akt�� �rV .5.4

Integration per partes T¶z�t�A� ��Akt�� 1.5.4

6.5.4 : Theorem - T§r\�

:  �� [a, b] �A�m�� Yl� �yt�r`m�� C1 T·f�� �� �yt�� v ¤ u �kt�

Let u and v two functions of the class C1 defined on [a, b], then :∫ b

a

u(x) v′(x) dx = [uv]ba −
∫ b

a

u′(x) v(x) dx.

: ¤d�  ¤d� �k�¤ Ahsf� ¨¡ Tyl}±� T��dl� T¶z�t�A� ��Akt�� T�y}

The formula for the fractional integral for the primitive function is the same but without bounds:∫
u(x)v′(x) dx = [uv]−

∫
u′(x)v(x) dx.

10.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫ 1

0

xex dx

We put u(x) = x and v′(x) = ex. .v′(x) = ex ¤ u(x) = x �S�

u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 1 T��d��  � �l`�

We know that the function u′(x) = 1 is the derivative of the function u(x)

v′ T��dl� Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤

and the function v(x) = ex is the primitive function of v′

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤
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Integration methods ��Akt�� �rV .5.4 Limited Expansion and Integrals calculus

by using the integration by parts formula we find:∫ 1

0
xexdx =

∫ 1

0
u(x)v′(x) dx

= [u(x)v(x)]10 −
∫ 1

0
u′(x)v(x) dx

= [xex]10 −
∫ 1

0
1 · ex dx

= (1 · e1 − 0 · e0)− [ex]10

= e− (e1 − e0)

= 1

11.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫ e

1

x lnx dx.

.v′(x) = ¤ u(x) = ln x ­rm�� £@¡ �S�

This time we put u(x) = ln x and v′(x) = a.

v′ T��dl� Tyl}±� T��d�� ¨¡ v = x2

2
T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′ =

1

x
T��d�� ¢n� ¤

The function u′ =
1

x
is the derivative of u(x) and the function v = x2

2
is the primitive of v′.

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

by using the integration by parts formula we find:∫ e

1

lnx · x dx =

∫ e

1

uv′ = [uv]e1 −
∫ e

1

u′v =

[
lnx · x

2

2

]e
1

−
∫ e

1

1

x

x2

2
dx

=

(
ln e

e2

2
− ln 1

12

2

)
− 1

2

∫ e

1

x dx =
e2

2
− 1

2

[
x2

2

]e
1

=
e2

2
− e2

4
+

1

4
=

e2 + 1

4
.

12.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫
arcsinx dx
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Limited Expansion and Integrals calculus Integration methods ��Akt�� �rV .5.4

arcsin(x) T��dl� Tyl}� T��  A�§³

to finds a primitive function of the arcsin(x) function

,v′(x) = 1 ¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`��

we make it in the form of a product, we put u(x) = arcsin(x) and v′(x) = 1,

,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y�

where we have u′(x) =
1√

1− x2
and v(x) = x,

d�n� T¶z��A� ��Akt�� T�y} �bW� ��

then we use the integration by parts formula we find:∫
1 · arcsin(x)dx = [x arcsin(x)]−

∫
x√

1− x2
dx

= [x arcsin(x)]−
[
−
√
1− x2

]
= x arcsin(x) +

√
1− x2 + c.

13.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As�∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2 �S�

we put u(x) = x2 and v′(x) = ex.

u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�

We know that the function u′(x) = 2x is the derivative of u(x)

v′(x) T��dl� Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤

and v(x) = ex is the primitive function of v′(x)

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

and by using the integration by parts formula we find:∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�

Re-integrating by parts for the second time on the second part of the previous equations,
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Integration methods ��Akt�� �rV .5.4Limited Expansion and Integrals calculus

we find: ∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c,

Finally we find d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

Change of variables ry`tm�� ryy�t� �þ�Akt�� 2.5.4

7.5.4 : Theorem - T§r\�

.C1 T·f�� �� φ : J → I ��Aqt�� �ky� ¤ I = [a, b] �A�m�� Yl� T�r`� T�� f �kt�

Let f be a function defined on I = [a, b] and let the mapping φ : J → I be in class C1.
for all a, b ∈ J we have: :An§d� a, b ∈ J �� ��� ��∫ φ(b)

φ(a)

f(x)dx =

∫ b

a

f (φ(t)) · φ′(t)dt

.(f ◦ φ) · φ′ T��dl� Tyl}±� T��d�� ¨¡ F ◦ φ  �� f T��dl� Tyl}� T�� F 
�A� �Ð�

if F is a primitive function of f then F ◦ φ is the primitive function of (f ◦ φ) · φ′.
in another way «r�� TfO�(∫

f(x) dx

)
◦ φ =

∫
f (φ(t))φ′(t) dt.

.φ ¤ f T��d�� �� �� 	y�r� �� �tn� f(φ(t))φ′(t) T��dl� Tyl}±� T��d��  � ©�

that is, the primitive function f(φ(t))φ′(t) results from the combination of f and φ.

,ry�tml� ryy�� ®`� ��m�

∫
f(x) dx =

∫
f (φ(t))φ′(t) dt ­CAb`��

the statement
∫
f(x) dx =

∫
f (φ(t))φ′(t) dt is actually a change of the variable,

or in a simplified form we put �S� TWsb� T�yO� ¤�

x = φ(t)

after derivation, we find �AqtJ³A� A¡d`� d�� ¢n�¤

dx

dt
= φ′(t)
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Limited Expansion and Integrals calculus Integration methods ��Akt�� �rV .5.4

i.e. ©�

dx = φ′(t) dt

what it gives us: : AnyW`§ A�∫ φ(b)

φ(a)

f(x)dx =

∫ b

a

f(φ(t))φ′(t)dt.

14.5.4 : Example - �A��

Calculate the integral ��Akt�� 
As�∫ π
2

0

sin2 (x) cos (x) dx

by placing �Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

Hence, the bounds of integration change from x to t as follows

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

from it we find d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1
0

=
1

3
.
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Exercise series N° 4 ��C �§CAmt�� TlslF .6.4Limited Expansion and Integrals calculus

Exercise series N° 4 ��C �§CAmt�� TlslF 6.4

Exercise N°− 1 − ��C �§rm�

.T¶z�t�A� ��Akt�� �§rV �� Ty�At�� �®�Akt�� 	s��

Compute the following integrals by integration by parts.

1)

∫
x2 lnx dx. 2)

∫
x arctanxdx.

3)

∫
lnxdx then

∫
(lnx)2 dx. 4)

∫
cosx expx dx.

Solution - �þþ���

∫
x2 lnx dx •

.v′ = x2
¤ u = lnx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where we put u = lnx and v′ = x2.

.v = x3

3
¤ u′ = 1

x
¢n�¤

then u′ = 1
x
and v = x3

3
.∫

lnx · x2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v =

[
lnx · x

3

3

]
−
∫

1

x
· x

3

3
dx

=

[
lnx · x

3

3

]
−
∫

x2

3
dx =

x3

3
lnx− x3

9
+ c.

∫
x arctanx dx •

.v = x2

2
¤ u′ = 1

1+x2 ¢n�¤ .v′ = x ¤ u = arctanx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where u = arctanx and v′ = x. These include u′ = 1
1+x2 and v = x2

2
.

∫
arctanx · x dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=

[
arctanx · x

2

2

]
−
∫

1

1 + x2
· x

2

2
dx
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Limited Expansion and Integrals calculus Exercise series N° 4 ��C �§CAmt�� TlslF .6.4

=

[
arctanx · x

2

2

]
− 1

2

∫ (
1− 1

1 + x2

)
dx

=
x2

2
arctanx− 1

2
x+

1

2
arctanx+ c

=
1

2
(1 + x2) arctanx− 1

2
x+ c ∫

(lnx)2 dx then
∫
lnx dx •

¤ u′ = 1
x
¢n�¤ .v′ = 1 ¤ u = lnx �y� T¶z�t�A� ��Akt�� �Am`tF��

∫
lnx dx : ��Akt�� ��� ��

.v = x

In order to integrate:
∫
lnx dx using integration by parts, where u = lnx and v′ = 1. Then

u′ = 1
x
and v = x.

∫
lnx dx =

∫
uv′ =

[
uv
]
−
∫

u′v

= [lnx · x]−
∫

1

x
· x dx

= [lnx · x]−
∫

1 dx

= x lnx− x+ c

¤ u′ = 2 1
x
lnx ¢n�¤ .v′ = 1 ¤ u = (ln x)2 �y�

∫
(lnx)2 dx 
As�� T¶z�t�A� ��Akt�� �m`ts�

.v = x

We use integration by parts to calculate
∫
(lnx)2 dx where u = (lnx)2 and v′ = 1. Of which

u′ = 2 1
x
lnx and v = x.

∫
(lnx)2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=
[
x(lnx)2

]
− 2

∫
lnx dx

= x(lnx)2 − 2(x lnx− x) + c

.Aq�AF 
ws�m�� ��Akt�� An�d�tF� , ry�±� rWs�� Yl� �wO�l�
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Exercise series N° 4 ��C �§CAmt�� TlslF .6.4Limited Expansion and Integrals calculus

To get the last line, we used the previously computed integral.

.I =
∫
cosx expx dx �S� •

: Ð� .v = sin x ¤ u′ = exp x ¢n�¤ .v′ = cos x ¤ u = exp x �y� T¶z�t�A� ��Akt�� �m`ts�

We use the integral by parts where u = expx and v′ = cosx. Then, u′ = expx and v = sinx.

So:

I =

∫
cosx expx dx =

[
sinx expx

]
−
∫

sinx expx dx

:Yl� �O�� An��� J =
∫
sinx expx dx : � AnRr� �Ð�

If we assume that: J =
∫
sinx expx dx, then we get:

I =
[
sinx expx

]
− J

�@¡ .v′ = sinx ¤ u = expx �� «r�� ­r� T¶z�t�A� ��Akt�� �Am`tF� dy`� J 
As� ��� ��

:AnyW`§

In order to calculate J we use integration by parts again with u = expx and v′ = sinx. This

gives us:

J =

∫
sinx expx dx =

[
− cosx expx

]
−
∫
− cosx expx dx =

[
− cosx expx

]
+ I

:Ty�A� T� A`� An§d�  Ð�

So we have a second equation:

J =
[
− cosx expx

]
+ I

:d�� Tq�As�� T� A`m�� ¨� Ahtmyq� J |w`�

Substituting J for its value in the previous equation, we find:

I =
[
sinx expx

]
− J =

[
sinx expx

]
−
[
− cosx expx

]
− I
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Limited Expansion and Integrals calculusExercise series N° 4 ��C �§CAmt�� TlslF .6.4

where �y�

2I =
[
sinx expx

]
+
[
cosx expx

]
:��Akt�� 
As�� An� �ms§ A� �@¡¤

This allows us to calculate the integral:

I =
1

2
(sinx+ cosx) expx+ c.

Exercise N°− 2 − ��C �§rm�

:r�±� �z� �Ð� ��Akt�� �§r`� �A�� d§d�� �� ,Ty�At�� �®�Akt�� 	s��

Calculate the following integrals, specifying the integral domain definition if is necessary:

1)

∫
sin8 x cos3 xdx. 2)

∫
cos4 xdx. 3)

∫
cos2003 x sinxdx.

4)

∫
1

sinx
dx. 5)

∫
1

cosx
dx. 6)

∫
1

7 + tan x
dx.

Solution - �þþ���

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
sin8 x cos3 xdx =

1

9
sin9 x− 1

11
sin11 x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos4 xdx =

1

32
sin 4x+

1

4
sin 2x+

3

8
x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos2003 x sinxdx = − 1

2004
cos2004 x+ c

The integral is defined at ]kπ, (k + 1) π[. ]kπ, (k + 1) π[ Yl� �r`� ��Akt�� •∫
1

sinx
dx =

1

2
ln

∣∣∣∣1− cosx

1 + cos x

∣∣∣∣+ c = ln
∣∣∣tan x

2

∣∣∣+ c

(Change the variable u = cosx or u = tan x
2
). .(u = tan x

2
¤� u = cosx ry�tm�� ryy��)
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Exercise series N° 4 ��C �§CAmt�� TlslF .6.4 Limited Expansion and Integrals calculus

]
−π

2
+ kπ, π

2
+ kπ

[
Yl� �r`� ��Akt�� •

The integral is defined at
]
−π

2
+ kπ, π

2
+ kπ

[
∫

1

cosx
dx =

1

2
ln

∣∣∣∣1 + sin x

1− sinx

∣∣∣∣+ c = ln
∣∣∣tan(x

2
+

π

4

)∣∣∣+ c

.(u = tan x
2
¤� u = sinx ry�tm�� ryy��)

(Change the variable u = sinx or u = tan x
2
).

R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}
�A�m�� Yl� �r`� ��Akt�� •

The integral is defined at R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}
∫

1

7 + tan x
dx =

7

50
x+

1

50
ln |tanx+ 7|+ 1

50
ln |cosx|+ c

.(u = tanx ry�tm�� ryy��)

(Change the variable u = tanx ).

Exercise N°− 3 − ��C �§rm�

.ry�tm�� ryy�� �§rV �� Ty�At�� �®�Akt�� 	s��

Calculate the following integrals by changing the variable.

1)

∫
(cosx)1234 sinx dx. 2)

∫
1

x lnx
dx.

3)

∫
1

3 + exp (−x)
dx. 4)

∫
1√

4x− x2
dx.

Solution - �þþ���

∫
(cosx)1234 sinx dx •

Yl� �O�� du = − sinx dx ¤ x = arccosu An§d� u = cosx ry�tm�� ryy�� �S�

We put the variable change u = cosx we have x = arccosu and du = − sinx dx we get:

∫
(cosx)1234 sinx dx =

∫
u1234(−du) = − 1

1235
u1235 + c = − 1

1235
(cosx)1235 + c

This primitive function is defined at R. .R Yl� T�r`� Tyl}±� T��d�� £@¡
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Limited Expansion and Integrals calculusExercise series N° 4 ��C �§CAmt�� TlslF .6.4 ∫
1

x lnx
dx •

: 	tk� du = dx
x

¤ x = expu An§d� u = lnx ry�tm�� ryy�� �ky�

Let the change of variable u = lnx, then we have x = expu and du = dx
x

we write:

∫
1

x lnx
dx =

∫
1

lnx

dx

x
=

∫
1

u
du = ln |u|+ c = ln |lnx|+ c

Tbsn�A� �lt��  wk§ d� 
�A���) ]1,+∞[ Yl� ¤� ]0, 1[ Yl� T�r`� Tyl}±� T��d�� £@¡

.(�y�A�ml�

This primitive function is defined as ]0, 1[ or ]1,+∞[ (the constant may be different for the

two intervals).

∫
1

3+exp(−x)dx •

.dx = du
u

AS§� 	tk§ ©@�� du = exp x dx ¤ x = lnu ¢n�¤ .u = expx ry�tm�� ryy�� �ky�

Let the variable be changed to u = expx. Including x = lnu and du = expx dx which also

writes dx = du
u
.

∫
dx

3 + exp (−x)
=

∫
1

3 + 1
u

(
du

u

)
=

∫
du

3u+ 1
=

1

3
ln |3u+ 1|+ c =

1

3
ln (3 expx+ 1) + c

.R Yl� T�r`� Tyl}±� T��d�� £@¡

This primitive function is defined at R. ∫
1√

4x−x2dx •

¨� ¨`y�r� C@�� rs� An¡ An§d� .�¤r`� º¨J Y�� ¢��zt�� w¡ ry�tm�� ryy�� �� |r���

��Ak� �y� w¡ ¢�r`� A� .2 T�Cd�� ��  ¤d� ry�� C@��� 
��¤ �Aqm��

The purposed of changing a variable is to reduce it to something known. Here we have a

fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

∫
du√
1− u2

= arcsinu+ c,
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Exercise series N° 4 ��C �§CAmt�� TlslF .6.4 Limited Expansion and Integrals calculus

w¡¤ arcsin(t) T��d�� TqtK� �r`� An�±

Because we know the derivative of the function arcsin(t) which is

arcsin′(t) =
1√

1− t2
.

�kK�� Yl� 4x− x2
C@��� 
�� A� T�At� �¤A�n� .¢y�� ­ w`�� �¤A�nF ��@�

We will try to get back to it. Let’s try to write under the radical 4x− x2 in the form

1− t2 : 4x− x2 = 4− (x− 2)2 = 4

(
1−

(1
2
x− 1

)2)
.

¤ 4x − x2 = 4(1 − u2) : wk§ ¢l�� �� u = 1
2
x − 1 ry�tm�� ryy�� T�r�� ¨`ybW�� �� ��@�

.dx = 2du

So it is natural to experiment with changing the variable u = 1
2
x − 1 for it is: 4x − x2 =

4(1− u2) and dx = 2du.

∫
dx√

4x− x2
=

∫
2du√

4(1− u2)
=

∫
du√
1− u2

= arcsinu+ c = arcsin

(
1

2
x− 1

)
+ c

.x ∈ ]0, 4[ Yl� T�r`� Tyl}±� T��d�� £@¡u ∈]−1, 1[ Yl� �AqtJ²� Tl�A�¤ T�r`�arcsinu T��d��

The function arcsinu is defined and is differentiable on u ∈]− 1, 1[. This primitive function

is defined on x ∈ ]0, 4[.

Exercise N°− 4 − ��C �§rm�

�¯ A`m�� �Ayn�nm� ­ d�m�� TqWnm�� T�As� 	s��

Calculate the area of the region bounded by the curves of the equations

y =
x2

2
and y =

1

1 + x2
.

Solution - �þþ���

�ymFr�� �Fr� .xr��� Yn�n� y = 1
1+x2 T��d�� Yn�n� ¤ , ¸�Ak� �W� w¡ y = x2/2 T��d�� Yn�n�

.Ah�As�� �wqnF ¨t�� TqWnm��  Ayn�nm��  �@¡  d�§ A`� .�yy�Ayb��
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The graph of the function y = x2/2 is a parabola, and the graph of the function y = 1
1+x2 is a

bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

��Ð �ym�� �km§ : x = −1 ¤ x = +1 Ty��d�³� ªAq� dn�  Ayn�nm��  �@¡ �VAqt§ , ºd� ©Ð ¹ A�

.
x2

2
= 1

x2+1
T� A`m�� �� �§rV �� ¢n� �q�t�� �� ¨�Ayb�� �Fr�� Yl�

Firstly, these two curves intersect at the coordinate points x = +1 and x = −1 : this can be

guessed on the graph and then verified by solving the equation x2

2
= 1

x2+1
.

f(x) = x2/2

g(x) = 1
1+x2

1−1

We will calculate two areas: :�yt�As� 	s�nF

T� A`m�� CwWF �y�¤ Ty��d�³� Cw�� �w�¤ , ¸�Akm�� �Wq�� 
�� TqWnml� A1 T�Asm�� •
: ¢n�¤ .(x = +1) ¤ (x = −1)

The A1 area of the region under the parabola, above the ordinate axis and between the lines

of the equation (x = −1) and (x = +1). Including:

A1 =

∫ +1

−1

x2

2
dx =

[
x3

6

]+1

−1
=

1

3
.

T� A`m�� ªwW� �y�¤ �Ay��d�³� Cw�� �w�¤ , xr��� 
�� T`��w�� TqWnml�A2 T�Asm�� •
:¢n�¤ .(x = +1) ¤ (x = −1)

The area A2 for the area under the bell, above the ordinate axis and between the equation

lines (x = −1) and (x = +1). Including:
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A2 =

∫ +1

−1

1

x2 + 1
dx = [arctanx]+1

−1 =
π

2
.

:©¤As� ¸�Akm�� �Wq�� �w�¤ xr��� 
�� A T�Asm�� •

The area A under the bell and above the parabola is:

A = A2 −A1 =
π

2
− 1

3
.

Exercise N°− 5 − ��C �§rm�

.Tyl}±� ��¤d�� d�¤� �� Ty�At�� Cwsk�� �l�

Factorize the following fractions and then find the primitive functions.

1)
1

a2 + x2
. 2)

1

(1 + x2)2
. 3)

x3

x2 − 4
.

4)
4x

(x− 2)2
. 5)

1

x2 + x+ 1
. 6)

1

(x2 + 2x− 1)2
.

7)
3x+ 1

(x2 − 2x+ 10)2
. 8)

3x+ 1

x2 − 2x+ 10
. 9)

1

x3 + 1
.

Solution - �þþ���

.�§r`t�� T�wm�� �� �A�� �� ¨� T��A} �¶Atn��

The results are valid in every interval of the definition set.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

x2+a2
•

A simple form of which the primitive function is:∫
dx

x2 + a2
=

1

a
arctan

(x
a

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

(1+x2)2
•

A simple form of which the primitive function is:∫
dx

(1 + x2)2
=

1

2
arctanx+

x

2(1 + x2)
+ k.
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:T�At� �km§ •
We can write:

x3

x2 − 4
= x+

2

x− 2
+

2

x+ 2
.

:¨¡ Tyl}±� T��d�� ¢n�¤

Then, the primitive function is:∫
x3

x2 − 4
dx =

x2

2
+ ln(x2 − 4)2 + k.

:¨¡ Tyl}±� T��d�� .
4x

(x−2)2 = 4
x−2 +

8
(x−2)2 •

the primitive function is: ∫
4x

(x− 2)2
dx = 4 ln |x− 2| − 8

x− 2
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ ryhJ �kJ
1

x2+x+1
•

A popular form, including the primitive function is:∫
dx

x2 + x+ 1
=

2√
3
arctan

(
2x+ 1√

3

)
+ k.

:¨�At�� �yl�t�� An§d� •
We have the following factorization:

1

(x2 + 2x− 1)2
=

1

8(x+ 1 +
√
2)

2 +

√
2

16(x+ 1 +
√
2)

+
1

8(x+ 1−
√
2)

2 +
−
√
2

16(x+ 1−
√
2)

:¨¡ Tyl}±� T��d�� .

the primitive function is:∫
dx

(x2 + 2x− 1)2
= − x+ 1

4(x2 + 2x− 1)
+

√
2

16
ln

∣∣∣∣∣x+ 1 +
√
2

x+ 1−
√
2

∣∣∣∣∣+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

(x2−2x+10)2
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

(x2 − 2x+ 10)2
dx = − 3

2(x2 − 2x+ 10)
+

2(x− 1)

9(x2 − 2x+ 10)
+

2

27
arctan

(
x− 1

3

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

x2−2x+10
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

x2 − 2x+ 10
dx =

3

2
ln(x2 − 2x+ 10) +

4

3
arctan

(
x− 1

3

)
+ k.
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:T�At� �km§ •
We can write:

1

x3 + 1
=

1

3(x+ 1)
− x− 2

3(x2 − x+ 1)
.

:¨¡ Tyl}±� T��d��

the primitive function is:∫
dx

x3 + 1
=

1

3
ln |x+ 1| − 1

6
ln(x2 − x+ 1) +

1√
3
arctan

(
2x− 1√

3

)
+ k.

Exercise N°− 6 − ��C �§rm�

.Ty�At�� T§rsk�� ��¤dl� �®�Akt�� 	s��

Calculate the integrals for the following rational functions.

1)

∫ 1

0

dx

x2 + 2
. 2)

∫ 1/2

−1/2

dx

1− x2
. 3)

∫ 3

2

2x+ 1

x2 + x− 3
dx.

4)

∫ 2

0

x dx

x4 + 16
. 5)

∫ 0

−2

dx

x3 − 7x+ 6
. 6)

∫ 3

2

4x2

x4 − 1
dx.

Solution - �þþ���

: ¢n�¤ �S�� xw� T��dl� ryhJ �tK�
1

x2+2
•

1
x2+2

is a well-known derivative of the arctangent function, including:

∫ 1

0

dx

x2 + 2
=

1√
2
arctan

(
1√
2

)
.

:rsk�� �l�n� •
Let’s decompose the fraction:

1

1− x2
=

1/2

x+ 1
− 1/2

x− 1
.

:��Akt�� 	s�� ��

Then we calculate the integral: ∫ 1/2

−1/2

dx

1− x2
= ln 3.
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 �� x2 + x− 3 T��d�� �tK� ¨¡ 2x+ 1  ± •
Because 2x+ 1 is the derivative of the function x2 + x− 3, then∫ 3

2

2x+ 1

x2 + x− 3
dx = ln

∣∣x2 + x− 3
∣∣]3

2
= ln 3.

:Xysb�� �kK�A� rsk�� �yl�� �yWts� •
We can analyze the fraction in the simplest way:

x

x4 + 16
=

√
2/8

x2 − 2x
√
2 + 4

−
√
2/8

x2 + 2x
√
2 + 4

,

:d�� .x2 = u ry�tml� ryy�� �S�  � Xs�±� �k�

But the simplest thing is to change the variable x2 = u. We find:

∫ 2

0

x dx

x4 + 16
=

1

2

∫ 4

0

du

u2 + 16
=

π

32
.

:d�� �yl�t�A� •
By factorization, we find:

1

x3 − 7x+ 6
=

1

20(x+ 3)
− 1

4(x− 1)
+

1

5(x− 2)
.

:��Akt�� ¢n�¤

Then the integral: ∫
dx

x3 − 7x+ 6
=

1

20
ln
∣∣∣(x− 2)4(x+ 3)

(x− 1)5

∣∣∣+ C

�y�

∫ 0

−2

dx

x3 − 7x+ 6
=

1

10
ln(27/4).

:d�� �yl�t�A� •
By factorization, we find:

4x2

x4 − 1
=

2

x2 + 1
− 1

x+ 1
+

1

x− 1
.

:��Akt�� ¢n�¤

Then the integral: ∫
4x2

x4 − 1
dx = ln

∣∣∣x− 1

x+ 1

∣∣∣+ 2arctanx+ C
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where �y�∫ 3

2

4x2

x4 − 1
dx = ln

(
3

2

)
+ 2arctan

(
1

7

)
.

Exercise N°− 7 − ��C �§rm�

¨�At�� ��Akt�� �y� xC �

Study the values of the following integral

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

for every n > 0.

0 ≤ In+1 ≤ In  � 
b�� −1
Prove that 0 ≤ In+1 ≤ In

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2
Prove that In ≤ ln n+1

n
and then conclude that limn→+∞ In.

��Akt�� Tmy� 	s�� −3
Calculate the value of the integration.

lim
n→+∞

nIn.

Solution - �þþ���

,sin(πx) ≥ 0 ¤ 0 < x+ n ≤ x+ n+ 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1
d�� , ¢n�¤

Prove that 0 ≤ In+1 ≤ In : For every 0 ≤ x ≤ 1, we have 0 < x + n ≤ x + n + 1 and

sin(πx) ≥ 0, then we find

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n
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.��Akt�� Ty�A�§� Ty}A� �ybWt�

applying the property of positive integration.

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2
Through 0 ≤ sin(πx) ≤ 1 we have

sin(πx)

x+ n
≤ 1

x+ n

we find d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

Calculate the value of integration ��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.

u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx) ¤ u(x) =

1

x+ n
�S� �y� ,T¶z�t�A� ��Ak� ©r�n�

d�� v(x) = − 1

π
cos(πx) ¤

Let’s do an integration by parts, where we put u(x) =
1

x+ n
and v′(x) = sin(πx) and from

there u′(x) = − 1

(x+ n)2
and v(x) = − 1

π
cos(πx). We find

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n

π

[
1

x+ n
cos(πx)

]1
0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

It remains for us to find a value

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.
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∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1
0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

then :¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.
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Basic concepts TyFAF� �y¡Af� .1.5 Differential equations TylRAft�� �¯ A`m��

Differential equations are the best way to describe most engineering, mathematical and scientific

issues alike, such as describing heat transfer processes or fluid flow, wave motion and electronic

circuits and using them in issues of the structural structures of matter or the mathematical de-

scription of chemical reactions.

Basic concepts TyFAF� �y¡Af� 1.5

�l� �¡� ��¤ , TylRAft�� �¯ A`m�� ¨� �y¡Afm��¤ �Af§r`t�� �� T�wm�� �Of�� �@¡ �mSt§

: �y¡Afm��

This chapter includes a set of definitions and concepts in differential equations, the most important

of which are:

1.1.5 : Definition - �§r`�

�¯w�tm� Tbsn�A� r��� ¤� ��At� �AqtK� ¤� �®RAf� Yl� ©w�� T� A`� �� ¨¡ TylRAft�� T� A`m��

: �kK�� �� ¨¡¤

A differential equation is every equation that contains differentials or derivatives of one or

more functions with respect to variables and is of the form:

(E) F
(
x, y, y′, . . . , y(n)

)
= 0.

1.1.5 : Example - �A��

dx

dy
z + ydx = u

: Y�� TylRAft�� T� A`m�� �nO�¤

The differential equation is classified into:

r��� ¤� ��At� T§ A� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : T§ A� TylRAf� T� A`� -1

Ordinary differential equation: It is a differential equation that contains derivatives or ordinary

differentials of one or more variables.
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2.1.5 : Example - �A��

ydx+ xdy = ez.

¤� ��At� Ty¶z� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : Ty¶z� TylRAf� T� A`� -2

r���

Partial differential equation: It is a differential equation that contains derivatives or partial

differentials of one or more variables.

3.1.5 : Example - �A��

∂x

∂y
= zx.

¤� ��At�� �� �k� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� T§ A`�� TylRAft�� T� A`m�� -3

. Ah� ��º�d� Yl� ©w�� ¯ ¤ Ah�AqtK�¤ ���wt��

For the linear ordinary differential equation: it is the equation that is linear with respect to each

of the function(s) and their derivatives does not contain their products.

Ty¶z��� �AqtKml� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� Ty¶z��� TylRAft�� T� A`m�� -4

.­ w�wm�� ���wt�� ¤� ��Atl�

Linear partial differential equation: It is the equation that is linear with respect to the partial

derivatives of the existing function or functions.

1.1.5 : Remark - T\�®�

.Ahy�  w�w� �tK� Yl�� Tb�r� ¨¡ T� A`m�� Tb�r�  � -1

The order of an equation is the order of the highest derivative present in it.

.Ahl� �yhst� r�µ �kJ �� TylRAft�� T� A`m�� �§w�� �km§¤ -2

The differential equation can be converted from one form to another to facilitate its solution.

Order and degree T�Cd��¤ Tb�r�� 1.1.5

Order Tb�r��
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2.1.5 : Definition - �§r`�

¨�  w�wm�� (¨lRAft�� ��A`m�� �FA� AS§� �¤r`m��) Yl�±� �tKm�� Tb�C w¡ : TylRAft�� T� A`m�� Tb�C

.T� A`m��

The order of a differential equation : is the order of the highest derivative (also known as

differential coefficient) present in the equation.

4.1.5 : Example - �A��

dy

dx
+ y3 = cos(x)

.Y�¤±� T�Cd�� �� TylRAf� T� A`� ©� ,
dy
dx

�¤±� �tKm�� Yl� Xq� ©wt�§

Contains only the first derivative dy
dx
, which is a first order differential equation.

5.1.5 : Example - �A��

d3x

dx3
+ 3x

dy

dx
= ey

.T��A��� T�Cd�� �� TylRAf� T� A`m�� £@¡ ,¢n�¤ ,3 w¡ �tK� Yl�� Tb�C ,T� A`m�� £@¡ ¨�

In this equation, the order of the highest derivative is 3 hence, this is a third order

differential equation.

Degree T�Cd��

3.1.5 : Definition - �§r`�

.­ d�m�� TylRAft�� T� A`m�� ¨� Tb�C Yl�±� �tKm�� ­wq� TylRAft�� T� A`m�� T�C �y�m� �t§

The degree of the differential equation is represented by the power of the highest order

derivative in the given differential equation.

.A¡d§d��  �rm�� T�Cdl� �AqtKm�� ¨�  ¤d��� ­ d`t� T� A`� TylRAft�� T� A`m��  wk�  � 	�§
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The differential equation must be a polynomial equation in derivatives for the degree to be defined.

6.1.5 : Example - �A��(
dy

dx

)4

+

(
d2y

d2x

)3

+ y = cos(x)

¨�  ¤d��� ­ d`t� T� A`� ¨¡ ­AW`m�� TylRAft�� T� A`m��¤ 2 Tb�r�� �� �tKml� w¡ Yl�± x±� ,An¡

.T��A��� T�Cd�� ¤ Ty�A��� Tb�r�� �� T§ A� TylRAf� T� A`� ¨h�  Ð� .�AqtKm��

Here, the up exponent is of the derivative of the highest order derivative is 2 and the given

differential equation is a polynomial equation in derivatives.

So it is a Second Order Three Degree ordinary differential equation

¨¶Ahn��¤ ¨¶�dt�³� ªrK�� 2.1.5


��w���  A�§� AS§� �nkm§ ,T§ A`�� TylRAft�� T� A`m�� �� �� �q�t�� �n� 
wlWm�� �¶Asm�� ¨�

YW`� ¨t�� Ty¶�dt�³� ª¤rK�� �§rV �� �t§ ��Ð¤ ,T� A`ml� �A`�� ���� ¨� ­r¡A\�� T§CAyt�³�

. T§�db�� ¨�

In the problems you are required to check the solution of the ordinary differential equation, you

can also find the optional constants that appear in the general solution to the equation, and this

is done through the initial conditions that are given at the beginning.

,�y§CAyt�� �yt�A� Yl� ©wt�� ,®�� Ty�A��� Tb�r�� �� TylRAf� T� A`m� �A� ��  w�¤ �A� ¨�¤

.T� A`ml� �yy�AR� �yVrJ �yt�A��� d§d�t� �zl§

In the event that there is a general solution to a differential equation of the second order, for

example, that contains two optional constants, two additional conditions for the equation are

required to determine the constants.

, T§d� AV¤rJ ª¤rK�� 
�A� y(x2) = y2, y(x1) = y1 �ytflt�� �ytWq� dn�  AVrK�� YW�� �Ð�

. T§d��� Tmyq�� T��s� :T§d��� ª¤rK�� Y�� T�AR³A� TylRAft�� T� A`m�� 
ymF¤

If the two conditions are given at two different points y(x1) = y1 and y(x2) = y2, then the
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conditions are boundary conditions, and the differential equation is called in addition to the

boundary conditions: the issue of value limitation.

Solving diff. equa’s TylRAft�� �¯ A`m�� �� 2.5

T§A�l� ­dyf� 
sy� Ahnk� .A� º¨J �}w� �d� Ty`ybV Tq§rV TylRAft�� T� A`m��  wk�  � �km§

.¨¡ Am�

A Differential Equation can be a very natural way of describing something. But it is not very

useful as it is.

!Ahl�� T�A�� ���

We need to solve it!

Ah��d�tF� �km§ �� ��¤ ,T� A`m�� �q�� ¨t�� (y ��¤d�� T�wm�� ¤�) y T��d�� d�� A�dn� Ahl��

.�A�n�

We solve it when we discover the function y (or set of functions y) that satisfies the equation, and

then it can be used successfully.

4.2.5 : Definition - �§r`�

:TylRAft�� T� A`ml� ®� y = y(x) ¢��d�� ¨ms�

We call the function y = y(x) a solution to the differential equation:

F (x, y, y′, y′′, ..., yn)

if : 
�A� �Ð�

1- is n times differentiable. . ­r� n �AqtJ°� Tl�A� -1

2- checks the differential equation i.e.: : ©� TylRAft�� T� A`m�� �q�� -2

F (x, y(x), y′(x), ..., y(n)(x)) = 0

.Ahl� Tyfy�¤ TylRAft�� �¯ A`m�� �� Tflt�m�� ��w�±� {`� Yl� ­r\� ¨qln� �@h�

So let’s look at some different types of differential equations and how to solve them:
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Separation of Variables ��ry�tm�� �O� 1.2.5

,TylRAft�� �¯ A`m�� {`� ��� T}A� Tq§rV ¨¡ ��ry�tm�� �O�

Separation of variables is a special method to solve some differential equations,

When can i use it? ?Ah��d�tF� �km§ Yt�

	�A� Y�� (dy ��Ð ¨� Am�) y �A�lWOm�� �ym� �q� �km§ :A�dn� ��ry�tm�� �O� ��d�tF� �km§

.r�µ� 	�A��� Y�� (dx ��Ð ¨� Am�) x �A�lWO� ��¤ , T� A`m�� �� d��¤

Separation of Variables can be used when: all the y terms (including dy) can be moved to one side

of the equation, and all the x terms (including dx) to the other side.

7.2.5 : Example - �A��

.��ry�tm�� �O� Tq§rW� TylRAf� T� A`� �� ���r� �Rw� �wF �A�m�� �@¡ ¨�

In this example, we will explain the stages of solving a differential equation by separating the

variables.

dy

dx
= ky

x  ¤d� ��¤ T� A`m�� �� d��¤ 	�A� Y�� y  ¤d� �� �§r�� �§rV �� ��ry�tm�� �y� �Of� :1 ­wW���

:r�µ� 	�A��� Y��

Step 1: Separate the variables by moving all the y terms to one side of the equation and all

the x terms to the other side:

dy

y
= kdx

:�Ofn� �kK� T� A`m�� ¨�rV ��Ak� :2 ­wW���

Step 2: Integrate both sides of the equation separately.∫
dy

y
=

∫
kdx =⇒ ln (y) + C = kx+D

.�lt�� 
�A� ¢�± , r�µ� �rWl� D �d�ts�¤ .��Akt�� 
�A�� C ®�� �d�ts�

C is the constant of integration. And we use D for the other, as it is a different constant.

(a = D − C) d��¤ 
�A� Y�� �yt�A��� �§w�� Annkm§ :Xysbt�� :3 ­wW���

University of Mohamed Kheidar, Biskra 157 Brahim Brahimi-Jihane Abdelli



Solving diff. equa’s TylRAft�� �¯ A`m�� �� .2.5 Differential equations TylRAft�� �¯ A`m��

Step 3 Simplify: We can roll the two constants into one (a = D − C)

ln (y) = kx+ a⇒ y = cekx, (c = ea)

.¨qyq��� ���w�� Tl��� �� d§d`�� ¨� rh\� ,Y�¤±� Tb�r�� �� TylRAft�� �¯ A`m�� �� �wn�� �@¡

This type of differential equations are of the first order, appearing in many real-world

examples.

8.2.5 : Example - �A��

Solve the following differential equation: : Ty�At�� TylRAft�� T� A`m�� ��

xy2dx+ (1− x2)dy = 0.

: Yl� �O�n� y2(1− x2) Yl� T� A`m�� ¨�rV �sq� : ����

Solution: We divide both sides of the equation by y2(1− x2), so we get:

xdx

1− x2
+

dy

y2
= 0

�y�rW�� ��Akt� : ¨l§Am�  wk� Ahl� Tq§rV¤ ��ry�tm�� �Of� Tl�A� TylRAf� T� A`� ¨¡ ¨t��¤

Which is a differential equation that can separate the variables and the way to solve it is as

follows: By integrating the two sides∫
xdx

1− x2
+

∫
dy

y2
= 0⇒ −1

2
ln
(
x2 − 1

)
− 1

y
= c

⇒ ln
(
x2 − 1

)− 1
2 − 1

y
= c

⇒ 1

y
= ln

(
x2 − 1

)− 1
2 − c,

So the solution to the differential equation is w¡ TylRAft�� T� A`m�� �� ¨�At�A� ¤

y =
(
ln
(
x2 − 1

)− 1
2 − c

)−1
.

Linear differential equation TyW��� TylRAft�� T� A`m�� 2.2.5
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5.2.5 : Definition - �§r`�

. Y�¤±� T�Cd�� �� T� A`m�� ¨� T�AqtK�¤ ��At��ry�tm��  A� �Ð� TyW� TylRAft�� ¢� A`m��  wk�

The differential equation is linear if the dependent variable and its derivatives in the equation

are of first degree.

:  wk� Y�¤±�Tb�r�� �� TyW��� TylRAft�� T� A`ml� T�A`�� ­CwO�A�

The general form of a linear differential equation of the first order is:

dy

dx
+ yP (x) = Q (x)

It is called linear in y. .y ¨� TyW� Yms�¤

: ­CwO�� Yl� Ah��� x ¨� TyW��� T� A`m�� A��

As for the linear equation in x, it takes the form:

dx

dy
+ xa (y) = b (y)

: �kK�� �� Y�¤±� Tb�r�� �� TylRAft�� T� A`ml� �A`�� ����

The general solution of the differential equation of the first order is of the form:

y(x) = e−I(x)
(∫

eI(x)Q (x) dx+ c

)
where : : �y�

I (x) =

∫
P (x) dx

and c is a constant. . 
�A�  d� c ¤

9.2.5 : Example - �A��

: Ty�At�� TylRAft�� T� A`ml� �A`�� ���� d�¤�

Find the general solution to the following differential equation:

(y + y2)dx− (y2 + 2xy + x)dy = 0

: ¨�At�� �kK�� Yl� Ah`R¤ �km§ �y� , x ¨� TyW� T� A`m�� : ����

The solution :

The equation is linear in x, so it can be put in the following form:
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dx

dy
+ xa (y) = b (y)

d�� dy(y + y2) Yl� T� A`m�� ¨�rV Tmsq�

Dividing both sides of the equation by dy(y + y2), we get

dx

dy
− y2 + 2xy + x

y + y2
= 0

so that  � ©�

dx

dy
− y2

y + y2
− 2xy + x

y + y2
= 0 =⇒ dx

dy
− 2y + 1

y + y2
x =

y2

y + y2

d�� Y�¤±� T� A`m�� �� T��An�� T� A`m�� T�CAqm�

By comparing the resulting equation with the first equation, we find

b (y) =
y2

y + y2
, a (y) = −2y + 1

y + y2

Then ¢n�¤

I (y) = e
−

∫ 2y+1

y+y2
dy

= e
ln
(

1
y+y2

)
= e− ln(y+y2) =

1

y + y2

and ¤∫
I (y) b (y) dy =

∫
1

y + y2
y

y + 1
dy =

∫
1

(y + 1)2
dy = − 1

y + 1

be the solution of the equation T� A`m�� ��  wk§

I (y)x =

∫
I (y) b (y) dy + c

1

y + y2
x = − 1

y + 1
+ c

so ©�

x = −y + c(y2 + y), c ∈ R

. TylRAft�� T� A`ml� �A`�� ���� w¡¤

It is the general solution to the differential equation.
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Homogeneous equations Ts�A�tm�� �¯ A`m�� 3.2.5

:�kK�� Yl� 	tk�  � �km§ A�dn� Ts�A�t� Y�¤±� T�Cd�� �� TylRAft�� T� A`m��  wk�

A first order Differential Equation is Homogeneous when it can be in this form:

dy

dx
= F

(y
x

)
.v =

y

x
d§d� �ry�t� ¸Kn� ¾¯¤� �k�¤ ��ry�tm�� �O� ��d�tFA� Ahl� Annkm§

We can solve it using separation of variables but first we create a new variable v =
y

x
.

.TylRAft�� T� A`m�� �� Annkm§
dy

dx
= v + x

dv

dx
¤ y = vx �§w�t�� ��d�tFA�

Using y = vx and
dy

dx
= v + x

dv

dx
we can solve the differential equation.

.���Ð �t§ �y� �RwyF �A�m�� �@¡

This example shows how this is done.

10.2.5 : Example - �A��

Solve �wl� d�¤�

dy

dx
=

x2 + y2

xy

Can we get it in F ( y
x
) style? ?F ( y

x
) �kK�� Yl� Aht�At� Annkm§ �¡

We have: :An§d�

x2 + y2

xy
=

x

y
+

y

x

=
(y
x

)−1
+

y

x

So ¨�At�A�¤

dy

dx
=
(y
x

)−1
+

y

x
.

Now use separation of variables ��ry�tm�� �O�  ±� �m`ts�

y = vx and
dy

dx
= v + x

dv

dx
= v−1 + v
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=⇒ x
dv

dx
= v−1

=⇒ vdv =
1

x
dx

=⇒ v2

2
= lnx+ ln c

=⇒ v2 = 2 (ln cx) =⇒ v = ±
√

2 (ln cx)

Now substitute back v = y
x

v = y
x
þ� {§w`t�A�

y

x
= ±

√
2 (ln cx)⇒ y = x±

√
2 (ln cx).

Bernoulli equation ¨�w�r� T� A`� 4.2.5

�y� Y�¤±� T�Cd�� �� TyW��� ry� TylRAft�� �¯ A`m�� �� �w� ¨¡ TylRAft�� ¨�w�r� T� A`�

�A`�� �kK�� ºAW�� �t§ .TyW��� ry�¤ TyW��� �AkJ±� �� �� ¨� T� A`m�� ¨� ��At�� ry�tm�� rh\§

:�®� �� TylRAft�� ¨�w�r� T� A`m�

A Bernoulli differential equation is a type of nonlinear first-order differential equation where the

dependent variable appears in the equation in both linear and nonlinear forms. The general form

of a Bernoulli differential equation is given by:

dy

dx
+ p(x)y = q(x)yn

.n ̸= 1 �y�

where n ̸= 1.

:TylRAft�� ¨�w�r� T� A`� ��� �A� XW�� ¨l§ Amy�

��dbtF¯� º�r��¤ yn Yl� �y�rW�� ®� Tmsq� �Ofl� Tl�A� TylRAf� T� A`� Y�� T� A`m�� �Äw�

.z = y1−n

Here is a general outline for solving a Bernoulli differential equation:

Transform the equation into a separable differential equation by dividing both sides by yn and

making the substitution z = y1−n.

dz

dx
+ (1− n)p(x)z = (1− n)q(x)
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�kK�� �� Ahl� ,Y�¤±� T�Cd�� �� TyW� T§ A� TylRAf� T� A`� ¨¡¤

This is a first-order linear ordinary differential equation, the solution is in the form:

z(x) = e−I(x)
(
(1− n)

∫
eI(x)q (x) dx+ c

)
where : : �y�

I (x) = (1− n)

∫
p (x) dx

and c is a constant. . 
�A�  d� c ¤

.z = y1−n ¨l}±� {§w`t�� ��d�tFA� y ��� ��

For y by using the original substitution z = y1−n.

y = ±
(
e−I(x)

(
(1− n)

∫
eI(x)q (x) dx+ c

)) 1
1−n

11.2.5 : Example - �A��

Let the differential equation TylRAft�� T� A`m�� �kt�

dy

dx
+ yx5 = x5y7

:{§w`t�� Tq§rV 
r�n� , n = 7 ¤ Q(x) = x5 ¤ P (x) = x5 �� ¨�w�r� T� A`� ¨¡

It is a Bernoulli equation with P (x) = x5, Q(x) = x5, and n = 7, let’s try the substitution:

u = y1−n = y−6

In terms of y that is: :AnyW`� y ­CAb`�

y = u−1/6

:x Y�� Tbsn�A� y �tK�

Differentiate y with respect to x:

dy

dx
=
−1
6
u−7/6

du

dx
.
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Tyl}±� T� A`m�� ¨� y ¤
dy
dx

|w`�

Substitute dy
dx

and y into the original equation

−1
6
u−7/6

du

dx
+ x5u−1/6 = x5u−7/6

Multiply all terms by −6u7/6 −6u7/6 ¨� ��rV±� �� 
rS�

du

dx
+ x5u = −6x5.

.Ahl� �km§ T� A`�  µ� An§d�

We now have an equation we can hopefully solve.

Riccati equation ¨�Ak§C T� A`� 5.2.5

T§r\� ¨� �d�ts� Y�¤±� T�Cd�� �� TyW� ry� TylRAf� T� A`� ¨¡ TylRAft�� ¨�Ak§C T� A`�

.�A\n�� T§r\�¤ Tyky�An§d�� Tm\�±� �yl��¤ �k�t��

��d�tFA� TyW� TylRAf� T� A`� Y�� Ahl§w�� ¨� TylRAft�� ¨�Ak§C T� A`� �� �rV «d�� ��mt�

��wW�l� �A� XW�� ¨l§ Amy� ."��dbtF¯� Tq§rW" �FA� �@¡ Y�� CAK§ A� Ab�A� .��ry�tm�� ryy��

:TnmStm��

A Riccati differential equation is a nonlinear first-order differential equation used in control theory,

dynamic systems analysis, and system theory.

One way to solve a Riccati differential equation is by transforming it into a linear differential

equation using a change of variables. This is often referred to as the ”substitution method”. Here

is a general outline of the steps involved:

.d§d� ry�t� u �y� , y = u′/u : ry�tm�� ��dbtFA� ��

.u T�¯d� TyW� TylRAf� T� A`� Yl� �wO�l� TylRAft�� ¨�Ak§C T� A`� ¨� y |Äw�

Tq§rV ¤� ��ry�tm�� �O� ��� ,T�¤r`m�� �Aynqt�� ��d�tFA� TyW��� TylRAft�� T� A`m�� ��

.­ d�m�� ry� �®�A`m��

Make a substitution of the form: y = u′/u, where u is a new variable.

Substitute y into the Riccati differential equation to obtain a linear differential equation in terms

of u.

Solve the linear differential equation for u using standard techniques, such as separation of variables

or the method of undetermined coefficients.

Brahim Brahimi-Jihane Abdelli164University of Mohamed Kheidar, Biskra



Differential equations TylRAft�� �¯ A`m�� Solving diff. equa’s TylRAft�� �¯ A`m�� �� .2.5

.y = u′/u ¨l}±� ry�tm�� ��d�tFA� y Yl� Cw�`�� �km§ , u Yl� Cw�`��  r�m�

 A�§� �� , u þ� T��  A�§³ y ��d� Tyl}±� TylRAft�� ¨�Ak§C T� A`m� �A`�� ����  A�§� �km§ , �ry��

.y �� u′

Once u has been found, y can be found using the original substitution y = u′/u.

Finally, the general solution to the original Riccati differential equation can be found by integrating

y to find a function for u, and then finding u′ from y.

A Riccati equation has this form: :�kK�� @��� ¨�Ak§C T� A`�

dy

dx
+ P (x) y2 + q (x) y + r(x) = 0 (1)

; TyW� T� A`� (1) T� A`m��  �� , p(x) = 0  A� �Ð�

If p(x) = 0; then equation (1) is linear;

; ¨�w�r� T� A`� ¨¡ (1) T� A`m��  �� ; r(x) = 0  A� �Ð�

If r(x) = 0; then equation (1) is Bernoulli;

�Ofl� Tl�A� ��ry�t� ��Ð (1) T� A`m��  �� , 
��w� r ¤ q ;p  A� �Ð�

If p; q and r are constants, then equation (1) is separable

dy

py2 + qy + r
= dx

12.2.5 : Example - �A��

TylRAft�� T� A`m�� ��

Solve the differential equation

y′ = y + y2 + 1.

,T�whs� y ¤ x �§ry�tm�� �O� �km§ An¡ .Tt�A� �®�A`� ��Ð TWys� ¨�Ak§C T� A`� ¨¡ ­AW`m�� T� A`m��

�®� �� T� A`ml� �A`�� ���� Yl� �wO��� �km§ �@�

The given equation is a simple Riccati equation with constant coefficients. Here the variables x
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and y can be easily separated, so the general solution of the equation is given by

dy

dx
= y + y2 + 1, ⇒ dy

y + y2 + 1
= dx,

⇒
∫

dy

y + y2 + 1
=

∫
dx,

⇒
∫

dy

y2 + y + 1
4
+ 3

4

=

∫
dx,

⇒
∫

dy(
y + 1

2

)2
+
(√

3
2

)2 =

∫
dx,

⇒ 1
√
3
2

arctan
y + 1

2√
3
2

= x+ C,

⇒ 2√
3
arctan

2y + 1√
3

= x+ C.

Second order equation Ty�A��� Tb�r�� �� T� A`� 6.2.5

:�wn�� �� Ty�A��� Tb�r�� �� TylRAf� T� A`� �� Annkm§

We can solve a second order differential equation of the type:

d2y

dx2
+ P (x)

dy

dx
+Q(x)y = f(x)

:��d�tFA� x ¨� ��¤ ¨¡ f(x) ¤ Q(x) ¤ P (x) �y�

where P (x), Q(x) and f(x) are functions of x, by using:

,¨F±� ¤� ,  ¤d���  d`t� f(x)  wk§ A�dn� Xq� �m`� ¨t�� ­ d�m�� ry� �®�A`m�� Tq§rV −
.Amhn� TyW� Tby�r� ¤� ,�Amt�� 	y� ¤� ,	y��� ¤�

Undetermined coefficients which only works when f(x) is a polynomial, exponential, sine,

cosine or a linear combination of those.

.��¤d�� �� T`F�¤ T�wm�� Yl� �m`� ¨t�� ­ry�tm�� 
��w��� Tq§rV −
Variation of parameters which works on a wide range of functions.

:(Ts�A�t� T� A`� Ahl`�§ �@¡¤) f(x) = 0 Ahy�  wk§ ¨t�� T�A��� �l`t� �db� An¡

Here we begin by learning the case where f(x) = 0 (this makes it ”homogeneous”):

d2y

dx2
+ P (x)

dy

dx
+Q(x)y = 0.
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:b ¤ a 
��w� Q(x) ¤ P (x)  At��d��  wk� �y� AS§�¤

and also where the functions P (x) and Q(x) are constants a and b:

d2y

dx2
+ a

dy

dx
+ by = 0.

:TyF±� T��d�� �AqtJ� Ty}A� �d�tsnF

We are going to use a special property of the derivative of the exponential function:

:ex Tmy� ©¤As§ ex �tK� ,TWq� ©� ¨�

At any point the slope (derivative) of ex equals the value of ex :

And when we introduce a value r like this: :��� r Tmyq�� ��d� A�dn�¤

f(x) = erx.

We find: :d��

f ′(x) = rerx and f ′(x) = r2erx

A�d�As§ �wF �@¡ .f(x) �Af�AS� �� Am¡®� f(x) þ� Ty�A���¤ Y�¤±� �AqtKm��  �� , «r�� ­CAb`�

!�ry��

In other words, the first and second derivatives of f(x) are both multiples of f(x). This is

going to help us a lot!

1.2.5 : Theorem - T§r\�

Let the differential equation TylRAft�� T� A`m�� �kt�

d2y

dx2
+ a

dy

dx
+ by = Q(x)

Ah� ­zymm�� T� A`m�� zym� ∆ = a2 − 4b �ky�¤

and let ∆ = a2 − 4b be the discriminant of the characteristic equation of her

r2 + ar + b = 0

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 
�A� ¤ ∆ > 0  A� �Ð� −(1
If ∆ > 0 and r1 and r2 are roots of the characteristic equation, the general solution is:

y = C1e
r1x + C2e

r2x + yp(x)
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.QA� �� yp(x) ¤ 
��w� C2 ¤ C1 �y�

where C1 and C2 are constants and yp(x) a particular solution.

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� Af�AS� ¾�C@� r  A� ¤ ∆ = 0  A� �Ð� −(2
If ∆ = 0 and r is a double root of the characteristic equation, then the general solution

is:

y = erx (C1 + C2x) + yp(x)

.QA� �� yp(x) ¤ 
��w� C2 ¤ C1 �y�

where C1 and C2 are constants and yp(x) a particular solution.

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C@� r = α + iβ  A� ¤ ∆ < 0  A� �Ð� −(3
If ∆ < 0 and r = α + iβ is a root of the characteristic equation, then the general

solution is:

y = eαx (C1 cos (βx) + C2 sin (βx)) + yp(x)

.QA� �� yp(x) ¤ 
��w� C2 ¤ C1 �y�

where C1 and C2 are constants and yp(x) a particular solution.

13.2.5 : Example - �A��

Let the equation T� A`m�� �kt�

d2y

dx2
+

dy

dx
− 6y = 0

Let y = erx so we get: :Yl� �O�� ¢n�¤ y = erx �ky�

dy

dx
= rerx and

d2y

dx2
= r2erx

Substitute these into the equation above: :Tq�As�� T� A`m�� ¨� {§w`t�A�

r2erx + rerx − 6erx = 0
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Simplify: :Xysbt�� d`�

erx(r2 + r − 6) = 0 =⇒ r2 + r − 6 = 0.

!T§ A� Ty`y�r� T� A`� Y�� TylRAft�� T� A`m�� An�zt�� dq�

We have reduced the differential equation to an ordinary quadratic equation!

:Y�� ��A`�� �@¡ �yl�� Annkm§ .­zymm�� T� A`ml� QA��� �F¯� Ty`y�rt�� T� A`m�� £@¡ YW`u�

This quadratic equation is given the special name of characteristic equation. We can factor this

one to:

(r − 2)(r + 3) = 0 =⇒ r1 = 2 and r2 = −3

and so we have two solutions: :�yl� An§d� ¢n�¤

y1 = e2x and y2 = e−3x

Yl� �wO�l� �yt�A�³� �y�Ah� Tflt�� �Af�AS� �y� �m��� Annkm§ ¢�± Ty¶Ahn�� T�A�³� 
sy� £@¡ �k�

:Ty�wm� r��� ��

But that’s not the final answer because we can combine different multiples of these two answers

to get a more general solution:

y = Ay1 +By2 = Ae2x +Be−3x

14.2.5 : Example - �A��

4
d2y

dx2
+ 4

dy

dx
+ y = 0

The characteristic equation is: :¨¡ ­zymm�� T� A`m��

4r2 + 4r + 1 = 0

Then ¢n�¤

(2r + 1)2 = 0 =⇒ r = −1

2
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So the solution of the differential equation is: :w¡ TylRAft�� T� A`m�� �� ¢n�¤

y = Ae(
1
2
)x +Bxe(−

1
2
)x = (A+Bx) e(−

1
2
)x

15.2.5 : Example - �A��

(I) :
d2y

d2x
+ y = 2

The characteristic equation is: :¨¡ ­zymm�� T� A`m��

r2 + 1 = 0

then ¢n� ¤

r1 = i and r2 = −i.

So the solution is in the form: �kK�� Yl� ����  wk§ ¢n�¤

y = C1e
it + C2e

−it + yp(t)

.(rl§¤� T�y} ¨¡¤ «r�� ­Cw} ¨� ¢`R¤) C�dqm�� �@¡ Xysb� d§r� An¡¤ ,QA��� ���� yp(t) �y�

Where yp(t) is the special solution, and here we want to simplify this amount (put it in another

form, which is Euler’s formula).

C1e
it = C1 cos(t) + iC1 sin(t) and C2e

−it = C2 cos(t)− iC2 sin(t)

:d�� (Th�AKm��  ¤d��� ­A��r� ��) ¾A`� �yt� A`m�� �m��

Adding the two equations together (taking into account similar terms), we get:

y = C1e
it + C2e

−it = (C1 + C2) cos(t) + i(C1 − C2) sin(t)

: ¨¡ T� A`m�� �bOt� 2 þ� ©¤As� QA��� ����  � ©� (I) T� A`m�� ¨� {§w`t�A� ¤

And by substituting in the equation (I), that is, the special solution is equal to 2, so that the

equation becomes:

y = A cos(t) +B sin(t) + 2,

this is the general solution to the equation. . T� A`ml� �A`�� ���� w¡ �@¡¤
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Particular solution QA��� ���� 7.2.5

T� A`m�� �q�§ ©@��¤ ,y = f(x) �kJ Yl� ¢�w� �� d§r� �� w¡ TylRAft�� T� A`ml� QA��� ����

��l� Tyfyk�� 
��w�l� �y� �yy`� �§rV �� TylRAft�� T� A`ml� QA��� ���� �AqtJ� �t§ .TylRAft��

.TylRAft�� T� A`ml� �A`��

Particular solution of the differential equation is a unique solution of the form y = f(x), which

satisfies the differential equation. The particular solution of the differential equation is derived by

assigning values to the arbitrary constants of the general solution of the differential equation.

d2y

dx2
+ P (x)

dy

dx
+Q(x)y = f(x)

	y��� �lWO� f(x) �mS� w� Yt� , ��Ð ��¤ .�Amt�� 	y�¤ 	y��� T�� �� ¾®� f(x) �mS� d�

���� �ym�� ¨� �§ w�w� �y�lWOm�� ®�  wk§  � 	�§ ,Xq� �Amt�� 	y� �lWO� ¤� Xq�

	y�¤ 	y���¤ TyF±� ��¤d��¤  ¤d��� ��ry�� �� AS§� ­ry�tm�� �®�A`m�� Tq§rV �m`� .QA���

.�¤d��� �@¡ ¨� yp(x) þ� TWb�rm�� �Anym�t��¤ f(x) þ� Tysy¶r�� �ÐAmn�� {`� Py�l� �� .�Amt��

f(x) may include both sine and cosine functions. However, even if f(x) included a sine term only

or a cosine term only, both terms must be present in the guess. The method of undetermined

coefficients also works with products of polynomials, exponentials, sines, and cosines. Some of the

key forms of f(x) and the associated guesses for yp(x) are summarized in this Table.
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f (x) Initial guess for yp(x)

yp(x) þ� ¨�¤±� �ym�t��

k (a constant) A (a constant)


�A� 
�A�

Ax+B

ax+ b b = 0  A� w� Yt� �y�lWOm�� ®� �mSt§  � 	�§

The guess must include both terms even if b = 0.

ax2 + bx+ c Ax2 +Bx+ C

�rf} c ¤� b  A� w� Yt� T�®��� �A�lWOm�� �mSt§  � 	�§

The guess must include all three terms even if b or c are zero.

n T�Cd�� ��  ¤d��� ��ry�� f(x) ��� 	y�rt�� Hf� ��  ¤d���  d`t�

Higher-order polynomials Polynomial of the same order as f(x)

aeλx Aeλx

aeαx cos βx+ beαx sin βx Aeαx cos βx+Beαx sin βx

(ax2 + bx+ c)eλx (Ax2 +Bx+ C)eλx

(a2x
2 + a1x+ a0) cos βx (A2x

2 + A1x+ A0) cos βx

+(b2x
2 + b1x+ b0) sin βx +(B2x

2 +B1x+B0) sin βx

(a2x
2 + a1x+ a0)e

αx cos βx (A2x
2 + A1x+ A0)e

αx cos βx

+(b2x
2 + b1x+ b0)e

αx sin βx +(B2x
2 +B1x+B0)e

αx sin βx

16.2.5 : Example - �A��

Let �kt�

dy

dx
= x2 =⇒ dy = x2dx

Yl� �O�� ,�y�rW�� ��Akt�

Integrating both sides, we get ∫
dy =

∫
x2dx

Yl� �O�� y Tmy�  A�§³ T� A`m�� £@¡ Anll� �Ð�
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If we solve this equation to figure out the value of y we get

y =
x3

3
+ C

£@¡ �� {§w`t�A� .x ¨� T�� y  � «r� , £®�� ¢yl� �wO��� �� ©@�� ���� ¨� .¨fy� 
�A� C �y�

.�y§¤Ast� TylRAft�� T� A`m�� ¨�rV ®� �bO§ , ­ d�m�� TylRAft�� T� A`m�� ¨� y Tmyq��

where C is an arbitrary constant. In the above-obtained solution, we see that y is a function of

x. On substituting this value of y in the given differential equation, both the sides of the

differential equation becomes equal.

Exercise series N° 5 ��C �§CAmt�� TlslF 3.5

Exercise N°− 1 − ��C �§rm�

TylRAft�� T� A`m�� ��  d�

Determine the solution to the differential equation

3y′ + 4y = 0

.y (0) = 2 ¨¶�dt�³� ªrK�� �q�§ ©@��

which satisfies the initial condition y (0) = 2.

�þþ���

¨�At�� �kK�� Yl� 	tk� T� A`m�� £@¡

This equation is written in the following form

y′ = −4

3
y

w¡ ¨¶�dt�³� ªrK�� �q�§ ©@�� ����  Ð�

So the solution that satisfies the initial condition is

y (x) = y (0) e−
4
3
x

then :©�

y (x) = 2e−
4
3
x.
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Exercise N°− 2 − ��C �§rm�

:Ty�At�� TylRAft�� T� A`m�� �kt�

Let the differential equation be:

y′ + 2xy = x. (E)

.Ts�A�tm�� TylRAft�� T� A`m�� �wl� d�¤� (1

Find the solutions to the homogeneous differential equation.

.y(0) = 1 �q�� ¨t�� (E) T� A`m�� �wl� d�¤� (2

Find the solutions to the equation (E) which satisfies y(0) = 1.

�þþ���

¢n�¤ .¨fy� 
�A� w¡ k ∈ R �y� A(x) = x2/2 + k ��¤d�� ¨¡ a(x) = 2x T��dl� Tyl}±� ��¤d��

:�kK�� �� R Yl� T�r`m�� ��¤d�� �� ¨¡ E Ts�A�tm�� T� A`m�� �wl�

The primitive functions of a(x) = 2x are the functions A(x) = x2/2+k where k ∈ R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(x) = ce−x
2

.¨fy� 
�A� c ∈ R �y�

where c ∈ R is an arbitrary constant.

:�kK�� �� E þ� QA��� ���� ��  µ� ��b�

Now we look for the particular solution of E of the form:

yp(x) = c(x)e−x
2

: An§d� .
��w��� ryy�� Tq§rV �Am`tF��

using the variable constants method. We’ve got :

y′p(x) + 2xyp(x) = c′(x)e−x
2

.

.x ∈ R �� ��� �� c′(x) = xex
2
:  A� �Ð� Xq�¤ �Ð� E þ� �� w¡ yp ¢n�¤

Of which yp is a solution to E if and only if: c′(x) = xex
2
for each x ∈ R.
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: �A�m�� �ybF Yl� xex
2
T��dl� Tyl}±� ��¤d�� �y� �� c(x) T��d�� �kt�

Let the function c(x) be among the primitive functions of the function xex
2
, for example:

c(x) =
1

2
ex

2

.

then the function yp where �y� yp T��d�� ¢n�¤

yp(x) =
1

2
ex

2

e−x
2

=
1

2

: �kK�� �� ��¤d�� �� ¨¡ E T� A`m�� �wl� ,¢yl�¤ .E þ� �� ¨¡

is a solution to E. Therefore, the solutions to the equation E are all functions of the form:

y(x) = ce−x
2

+
1

2
; c ∈ R.

.c = 1/2 : ¸�Ak§ y(0) = 1 ªrK�� An¡ ,E1 T� A`ml� �� y �y�

where y is a solution to equation E1, here the condition y(0) = 1 is equivalent to: c = 1/2.

Exercise N°− 3 − ��C �§rm�

:Ty�At�� TylRAft�� T� A`m�� �wl� d�¤�

Find the solutions to the following differential equation:

y′ + 2y = −4, y(1) = −3.

�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

Let’s solve the following differential equation

y′ + 2y = −4

Ts�A�tm�� T� A`m�� ���

We solve the homogeneous equation

y′ + 2y = 0

��¤d�� ¨¡ Ah�wl� ¨t��

whose solutions are the functions

t 7→ Ce−2t, C ∈ R.

T� A`m�� �wl�  �� ¨�At�A�¤ .QA� �� ¨¡ y(t) = −2 Tt�A��� T��d��  � ^�®� ,QA� �� �� ��b�

��¤d�� ¨¡
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We are looking for a particular solution and we notice that the constant function y(t) = −2 is

solution. The solutions of the equation are therefore the functions

y(t) = −2 + Ce−2t.

Then we have : :An§d�  Ð�

y(1) = −3 =⇒ −2 + Ce− 2 = −3 =⇒ C = −e2.

w¡ TF¤Cdm�� TlkKml� dy�w�� ���� ,¾�ry��

Finally, the only solution of the considered problem is

y(t) = −e2−2t − 2.

Exercise N°− 4 − ��C �§rm�

:TylRAft�� T� A`ml� ]0,∞[ ¨� �km� �A�� rb�� Yl� ��Akt�� �rtq�

We propose to integrate over the largest possible interval in ]0,∞[ of the differential equation:

y′(x)− y(x)

x
− y(x)2 = −9x2 (E).

.(E) T� A`ml� y0 QA� �� y(x) = ax �y� a ∈]0,∞[ d�¤� (1

Find a ∈]0,∞[ where y(x) = ax is a particular solution y0 of equation (E).

:TylRAft�� T� A`m�� Y�� (E) T� A`m�� �w�§ y(x) = y0(x)− 1
z(x)

: T��d�� ryy��  � 
b�� (2

Prove that changing the function: y(x) = y0(x)− 1
z(x)

. Converts the equation (E) to the

differential equation:

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

.]0,∞[ Yl� (E1) �wl� d�¤� (3

Solve (E1) by ]0,∞[.

.]0,∞[ Yl� T�r`m�� (E) T� A`m�� �wl� �� d�¤� (4

Find all solutions to the equation (E) defined on ]0,∞[.
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�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

Let’s solve the following differential equation

y′(x)− y(x)

x
− y(x)2 = −9x2.

 ±¤ ,T� A`ml� QA� ��  wk§ y0(x) = ax �y� a ∈]0,∞[ Yl� ��b� (1

We are looking for a ∈ [0,∞[ where y0(x) = ax is a special solution to the equation, and

because

y′0(x)−
y0(x)

x
− y0(x)

2 = −a2x2,

.a = 3 �ky� ¤ .a = ±3  A� �Ð� Xq�¤ �Ð� �� w¡ y0

y0 is a solution if and only if a = ±3, we take a = 3.

�S� ,�d`n� ¯¤ C1 �nO�� �� T�� z 
�A� �Ð� (2

If z is a function of class C1 and does not null, we set

y(x) = 3x− 1/z(x).

:  A� �Ð� Xq�¤ �Ð� �� y ¢n�¤

of which y is a solution if and only if:

z′(x)

z(x)2
+

1

xz(x)
− 1

z(x)2
+

6x

z(x)
= 0.

�q�§ z  A� �Ð� Xq�¤ �Ð� Tq�As�� T� A`ml� �� y Yl� �O�� z(x)2 ¨� 
rS�A�

Multiplying by z(x)2 we get y is a solution to the previous equation if and only if z satisfies

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

T��d�� x 7→ 6x + 1/x T��dl� Tyl}� T�� @��� .]0,∞[ �A�m�� Yl� (E1) T� A`m�� ��n� (3

x 7→ 3x2 + ln(x)

:T��d�� ¨¡ Ts�A�tm�� T� A`m�� �wl� ¢n�¤

Let’s solve the equation (E1) over the interval ]0,∞[. We take a primitive function of

x 7→ 6x + 1/x the function x 7→ 3x2 + ln(x). Then, the solutions of the homogeneous

equation are the function:
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x 7→ Ae−3x
2−ln(x).

�kK�� �� (E1) T� A`ml� QA� �� �� ��bn�

Let’s find a special solution to the equation (E1) of the form

zp(x) = α(x)e−3x
2−ln(x)

 A� �Ð� �� w¡ zp ¢n�¤

Hence, zp is a solution if

α′(x)e−3x
2−ln(x) = 1

.α(x) = e3x
2
/6  A� �Ð� �A�m�� �ybF Yl� α′(x) = xe3x

2
 A� �Ð� ©�

: ¨¡ (E1) T� A`m�� �wl�

i.e. for example if α′(x) = xe3x
2
and α(x) = e3x

2
/6. The solutions to the equation (E1) are:

z(x) =
1 + Ae−3x

2

6x
, where A ∈ R.

.]0,∞[ �A�m�� Yl� T�r`m�� (E) �wl�  µ� �tntsnF (4

We will now derive the solutions of (E) defined on the interval ]0,∞[.

Yl� y(x) > 3x  � Ay¶db� |rfn�¤ .]0,∞[ �A�m�� Yl� �r`� C1 �nO�� �� �� y �ky�

¢n�¤ .�km� Cd� rb��� ,I ⊂]0,∞[ �wtfm�� �A�m��

Let y be a solution of class C1 defined on the interval ]0,∞[. Let’s assume that y(x) > 3x is

on the open interval I ⊂ [0,∞[], as large as possible. Then

y(x) = 3x− 1/zI(x)

: � ­C¤rS�A� An§d� , ��As�� ��¥s�� 	s� .I Yl� C1 �nO�� �� zI < 0 ��¤d�� {`� ��� ��

For some functions zI < 0 of class C1 on I. According to the previous question, we necessarily

have that:
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zI(x) =
1 + AIe

−3x2

6x

�Ð� 1 > AIe
−3x2

 ± I ̸=]0,+∞[ �k� AI < 0  �� zI < 0  ±¤ .AI ∈ R 
�A��� ��� ��

.J Yl� y(x) < 3x  wk§ �y�� J �wtf� �A�� d�w§ ,¨�At�A�¤ .¨fk§ Am� ryb� x  A�

for the constant AI ∈ R, and because zI < 0 thenAI < 0 but I ̸=]0,+∞[ because 1 > AIe
−3x2

if x is big enough. Thus, there is an open interval J such that y(x) < 3x over J .

��¤d�� {`b� y(x) = 3x− 1/zJ(x) ,J ¨�  � ¤ . Ak�³� Cdq� ryb� J  � «r�� ­r� |rtf�

,��As�� ��¥s�� �� «r�� ­r� . C1 �nO�� �� zJ > 0

We assume again that J is as large as possible and that in J , y(x) = 3x− 1/zJ(x) for some

functions zJ > 0 of class C1 . Again from the previous question,

zJ(x) =
1 + AJe

−3x2

6x

.
�A� AJ �y�

where AJ is a constant.

y �y��� ��Ð @n�¤ ,YO�±� d���  wk§  � |rtfm�� ��  A� J =]a, b[ �wtfm�� �A�m��  ±

�Ð� º¨K�� Hf� ¤ y(a) = 3a  �� a > 0  A� �Ð� ]0,+∞[ �A�m�� Yl� ¢f§r`� �t§  � |rtf§

�A�m�� Yl� y(x) < 3x An§d�  wk§ y T��d�� T§C�rmtFA� �k§ ��  � ¢�± ,y(b) = 3b ,b <∞  A�

A�dn� zJ(x) → +∞  A� �Ð� ¨��wt�� Yl� Xq� �km� �@¡ .ry�} ϵ > 0 ��� �� ]a − ϵ, b + ϵ[

: � Anl� dq� �k� .x→ b A�dn� zJ(x)→ +∞ ¤� x→ a

Because the open interval J =]a, b[ was supposed to be the maximum, and since y is assumed

to be defined on the interval ]0,+∞[ if a > 0 then y(a) = 3a and the same if b < ∞,

y(b) = 3b, because if it weren’t for the continuity of the function y we would have y(x) < 3x

over ]a − ϵ, b + ϵ[ for small ϵ > 0. This is only possible respectively if zJ(x) → +∞ when

x→ a or zJ(x)→ +∞ when x→ b. But we have said that:

zJ =
1 + AJe

−3x2

6x
,
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.(b = 0 ¤ a = 0 ¨��wt�� Yl�  A� �Ð� ºAn�tFA�) �®V³� Yl� �km� ry� �@¡ ��@�

So this is not possible at all (except if respectively a = 0 and b = 0).

£@¡ ¨� ]0,+∞[ �A�m�� Yl� y(x) < 3x �ky�¤ ]0,+∞[ �A�m�� Yl� y(x) = 3x �ky� ¢n�¤

: 	tk§¤ ]0,+∞[ �A�m�� Yl� �r`� z(x) = 1/(3x− y(x)) ,­ry�±� T�A���

So, let y(x) = 3x over the interval ]0,+∞[ and let y(x) < 3x over ]0,+∞[ in this last case,

z(x) = 1/(3x− y(x)) defined on the interval ]0,+∞[ and write:

z(x) = [1 + Ae−3x
2

]/6x.

: �� �� y  A� �Ð� ¢n�¤ .A ≥ −1 ­C¤rS�A� ,z > 0  ±

Because z > 0, is necessarily that A ≥ −1. Hence, if y is a solution, then:

y(x) = 3x ¤� y(x) = 3x− 6x

1 + Ae−3x2 �y� A ≥ −1.

,]0,∞[ �A�m�� Yl� C1 �nO�� �� ¤ �r`� y  �� ,�r`� y  A� �Ð� , ��Ð �� Hk`�� Yl�

.�� ¢�� �� �q�t�� Annkm§¤

Conversely, if y is defined, then y is defined and of class C1 on the interval ]0,∞[, and we

can verify that it is a solution.

Exercise N°− 5 − ��C �§rm�

Ty�At�� TylRAft�� T� A`m�� �kt�

Let the following differential equation

y′′ + 2y = 0

Solve this equation. .T� A`m�� £@¡ �� (1

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� d�¤� (2

.f ′ (0) = −2
Find the function f that solves the previous differential equation and that satisfies the

following conditions: f (0) = 1 and f ′ (0) = −2.
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�þþ���

: �kK�� �� T� A`m�� 	tk� (1

Write the equation in the form:

y′′ +
(√

2
)2

y = 0

:�kK�� @��� ¨t�� R Yl� T�r`m�� ��¤d�� ¨¡ Ah�wl� ¢n�¤

and its solutions are the functions defined on R that take the form:

α cos
√
2x+ β sin

√
2x, α, β ∈ R

¤ f (0) = 1 :Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� (2

:�y� α, β ∈ R d�w§ ©� f ′ (0) = −2

The function f that achieves a solution to the previous differential equation and that fulfills

the following conditions: f (0) = 1 and f ′ (0) = −2, i.e. there is alpha, β ∈ R where:

f (x) = α cos
√
2x+ β sin

√
2x =⇒ f (0) = α = 1

¤

f ′ (x) =
√
2β cos

√
2x−

√
2α sin

√
2x =⇒

√
2β = −2 =⇒ β = −

√
2

:¨¡ �yVrK�� �q�� ¨t�� T��d�� ©�

Which function satisfies both conditions is:

f (x) = cos
√
2x−

√
2 sin

√
2x.

Exercise N°− 6 − ��C �§rm�

:Ty�At�� TylRAft�� �¯ A`m�� �wl� d�¤�

Find the solutions to the following differential equations:

1) y′′ − 3y′ + 2y = ex.

2) y′′ − y = −6 cosx+ 2x sinx.

3) 4y′′ + 4y′ + 5y = sinxe−x/2.
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�þþ���

:T� A`m�� �kt�

Let the equation:

y′′ − 3y′ + 2y = ex.

:zymm��  ¤d��� ry��

the characteristic polynomial is

f(r) = (r − 1)(r − 2)

:��¤d�� �ym� ¨¡ Ts�A�tm�� T� A`m�� �wl�  �� ¨�At�A�¤

So the solutions to the homogeneous equation are all functions:

y(x) = c1e
x + c2e

2x
�y� c1, c2 ∈ R.

: w¡ P Yl� (∗) ªrK�� (ıı) T�A��� ¨� ��� yp(x) = P (x)ex �kK�� �� QA� �� �� ��b�

.�q�� P (x) = −x ¤ P ′′ − P ′ = 1

We are looking for a special solution of the form yp(x) = P (x)ex. We are in the condition (ıı) (∗)
over P is : P ′′ − P ′ = 1 and P (x) = −x verifies:

:�kK�� �� ��¤d�� ¨¡ T� A`m�� �wl�  �� ��@�

Therefore, the solutions to the equation are functions of the form:

y(x) = (c1 − x)ex + c2e
2x where c1, c2 ∈ R.

An¡ .y′′ − y = −6 cosx+ 2x sinx

:�kK�� �� �wl� Ah� Ts�A�tm�� T� A`m�� 0 = (r − 1)(r + 1)

Here 0 = (r − 1)(r + 1) the homogeneous equation has solutions of

the form:

y(x) = c1e
x + c2e

−x where c1, c2 ∈ R.

T� A`ml� y1 ��  A�§� Anyl� ��@� ,y′′ − y = −6 cosx : T� A`m�� �q�� 3 cosx T��d��  � ^�®�

 � ^�®� ,�@h� .TF¤Cdm�� T� A`ml� ¾®�  wkyF yp(x) = 3 cos x + y1(x)  ± y′′ − y = 2x sinx

.y′′ − y = 2xeix : T� A`ml� z1 ��  A�§³ £®�� T�Rwm�� Tq§rW�� �d�ts�¤ 2x sinx = Im(2xeix)

An§d� .f(i) = −2 ̸= 0  ± 1 T�Cd�� ��  ¤d��� ­ry�� ¨¡ P �y� P (x)eix �kK�� Yl� z1 �� ��b�

.P (x) = −x− i �§r`t�� d`� ¨W`§ ©@�� 2iP ′(x)− 2P (x) = 2x : ¢n�¤ P Yl� (∗) ªrK�� f ′(i) = 2i

¢n�¤
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We note that the function 3 cosx satisfies the equation: y′′ − y = −6 cosx, so we need to solve y1

for the equation y′′ − y = 2x sinx because yp(x) = 3 cosx+ y1(x) will be a solution to the studied

equation. For this, we note that 2x sinx = Im(2xeix) and we use the above method to solve z1

for the equation: y′′ − y = 2xeix. We are looking for z1 of the form P (x)eix where P . It is a

polynomial of degree 1 because f(i) = −2 ̸= 0. we’ve got f ′(i) = 2i condition (∗) on P , from

which: 2iP ′(x)− 2P (x) = 2x which gives the definition dimension P (x) = −x− i. Then

y1(x) = Im((−x+ i)eix) = −x sinx− cosx.

:��¤d�� ¨¡ �wl���  �� ¨�At�A�¤

So the solutions are functions:

y(x) = c1e
x + c2e

−x + 2 cosx− x sinx where c1, c2 ∈ R.

y1(x) = A(x) sinx+B(x) cosx�kK�� ������ ����b� : y′′−y = 2x sinx þ� ��  A�§³«r�� Tq§rV

�bW�¤ y′′1 ,y′1 	s�� ­zymm�� T� A`m�� C@� Hy� i  ± 1 T�Cd�� ��  ¤d��� ��ry�� ¨¡ A,B �y�

: ªrK�� Yl� �O�t� . . . y1 Yl� TF¤Cdm�� T� A`m��

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

:  A� �Ð� �q�t§ ©@��

Another way to solve for y′′ − y = 2x sinx : We look for the solution from the form y1(x) =

A(x) sinx + B(x) cosx where A,B are polynomials of degree 1 because i is not the root of the

characteristic equation. We calculate y′1, y
′′
1 and apply the studied equation to y1 . . . we get the

condition:

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

which is achieved if:

{
A′′ − A− 2B′ = 2x

B′′ −B − 2A′ = 0
.

.y1  d�§ ©@�� b = c = 0 ,a = d = −1 : �O�� d§d�t�� d`� ,B(x) = cx+ d � A(x) = ax+ b :	tk�¤
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And we write: A(x) = ax + b et B(x) = cx + d, after defining we get: a = d = −1, b = c = 0

which defines y1.

.4y′′ + 4y′ + 5y = sinxe−
x
2

:¨¡ Ts�A�tm�� T� A`m�� �wl�¤ r2 = r1 ¤ r1 = −1
2
+ i  Ab�r�  �C@� Ah� ­zymm�� T� A`m��

The characteristic equation has two complex roots r1 = −1
2
+ i and r2 = r1. The solutions to the

homogeneous equation are:

y(x) = e−x/2(c1 cosx+ c2 sinx) where c1, c2 ∈ R

An§d�

sinxe−
x
2 = Im(e(−

1
2
+i)x),

T� A`m�� C@� w¡ −1
2
+ i  ± .e(−1/2+i)x

d§d��� ¨�A��� �rW�� �� T� A`m�� �� zp �� �� ��b�A� �db�

:�� ��b� , ­zymm��

we’ve got

sinxe−
x
2 = Im(e(−

1
2
+i)x),

We start by finding the solution to the zp of the equation with the new second side e(−1/2+i)x.

Because −1
2
+ i is the root of the characteristic equation, we look for:

zp(x) = P (x)e(−
1
2
+i)x

: P Yl� (∗) ªrK�� ¨�At�A�¤ .1 T�Cd�� �� P �y�

Where P is of degree 1. Hence the condition (∗) on P :

4P ′′ + f ′(−1/2 + i)P ′ + f(−1/2 + i)P = 1

Writes : 	tk§

8iP ′ = 1(P ′′ = 0 f(−1

2
+ i) = 0 ¤ f ′(−1

2
+ i) = 8i)

:¨ly�t�� ºz��� An¡ ��¤ zp(x) = − i
8
xe(−

1
2
+i)x

¤ P (x) = −i/8x @���  � Annkm§ ��@�
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So we can take P (x) = −i/8x and zp(x) = − i
8
xe(−

1
2
+i)x Hence the imaginary part is:

yp(x) = Im(− i

8
xe(−

1
2
+i)x) =

1

8
x sinxe−

x
2

: �kK�� �� ��¤d�� �ym� ¨¡ �wl���  �� ��@� .Ant� A`� �� w¡

is the solution to our equation. So the solutions are all functions of the form:

y(x) = e−
x
2 (c1 cosx+ (c2 +

1

8
x) sinx) where c1, c2 ∈ R.
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Multivariate functions ��ry�t� ­d� ��Ð ��¤ 1.6

d`§ .Tyqyq� ��ry�t� ­d� ��Ð Tyqyq��� ��¤dl� Ty�As��� �Aynqt�� CAOt���¤ ºz��� �@¡ ¨� xCd�

 ¤d� �Of��  wk§  � AnlS� �@h� Ty��wm�� Tns�� �®� TblWl� Tbsn�A� �O� �¤� w¡ �Of�� �@¡

.Xq� Ty�yRw� Tl���� Anyft��¤ �§CAm� TlslF

In this part, we study briefly the computational techniques of real functions with several real

variables. This chapter is the first chapter for students during the following year. Therefore,

187
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we preferred that the chapter be without a series of exercises, and we contented ourselves with

illustrative examples only.

Real functions Tyqyq� ��¤ 1.1.6

AS§� �km§¤ , R3
¤� R2

Yl� T�r`m�� ­ d`tm�� ��ry�tm�� ��Ð ��¤d�� xCd� �wF ºz��� �@¡ ¨�

:�kK�� �� ��¤d�� £@¡  wktF ¨�At�A�¤ Rn
Yl� ©� �A`�� CAV³� ¨� AhtF�C 

In this part, we will study functions with multivariables defined on R2 or R3, and they can also

be studied in the general framework, i.e. on Rn and thus will be these functions are of the form:

f : E ⊂ Rn −→ R
(x1, x2,..., xn) 7−→ f(x1, x2,..., xn).

where n ≥ 1 is a natural number ¨`ybV  d� n ≥ 1 �y�

r}An�  wktF¤ x = (x1, . . . , xn) �kK�� �� T`J� E T§�db�� T�wm�� r}An�  wktF ,«r�� ­CAb`�

.Tyqyq�  �d�� Ty¶Ahn�� T�wm�m��

In other words, the elements of the starting set E will be vectors of the form x = (x1, . . . , xn) and

the elements of the final set will be real numbers.

Curve of a multivariate function ��ry�t� ­d� ��Ð T�� Yn�n� 2.1.6

Hfn� L�An� n ≥ 3 T�A��� . A`�±� ¨�A�¤ �wWs�� �y�mt� n = 2 @��� �wF ,CwOt�� �yhst�

.Tq§rW��

To make it easier to visualize, we’ll take n = 2 to represent the surfaces and the rest of the

dimensions. The case n ≥ 3 is discussed in the same way.

1.1.6 : Definition - �§r`�

: ªAqn�� T�wm�� �§ry�t� ��Ð T�� Yn�n� ¤�  Ay� ¨ms�

We call the statement or the curve of a function in two variables the set of points:

Γf

{
(x, y, z) ∈ R3 : z = f (x, y)

}
. Ayb�� �@¡ �y�mt� C¤A�� �®� �At�� ¨�At�A�¤ .z þ� Xb�r� ¨t�� xOy ©wtsm�� �� ��¤E±� ©�
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Each pairs of plane xOy are related to z. Thus we need three axes to represent this statement.

1.1.6 : Example - �A��

.x 7→ f(x) ,T�A� Xs�� ¨¡¤ :f : I ⊂ R→ R ,n = 1 ��� ��

For n = 1, f : I ⊂ R→ R: In the simplest case, x 7→ f(x).

: ��¤dl� Ty�Ayb�� �wFr�� ¨l§ Amy�

Here are the graphs of the functions:

x 7→ x cosx and x 7→ arccosx

x

y

x cosx

(0, 0)

(x, f(x))

x

f(x) x

y

arccosx

0 1−1

π

π
2

2.1.6 : Example - �A��

.(x, y) z�r�A� ��ry�tm�� Y�� z�r� .f : E ⊂ R2 → R ,n = 2 ��� ��

For n = 2, f : E ⊂ R2 → R. We denote variables as (x, y).

: �WF±� �®� �� ,�A�m�� �ybF Yl� ,Ahly�m� �t§ ,(x, y) 7→ f(x, y) ��¤d��

The functions (x, y) 7→ f(x, y), are represented, for example, by surfaces:
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0
100

200
300 0

200
−2

0

2

The curve represents the function T��d�� ��m§ Yn�nm��

(x, y) 7→ cos(y) + sin(x).

.��ry�t� ­d� ��Ð ��¤dl� Ty�wFC T§¦C Yl� �wO��� �d� 	`O�� �� , n > 2  wk§  �  r�m�

Once n > 2, it is very difficult to get a graphical view of functions with several variables.

Definition set �§r`t�� T�wm�� 3.1.6

2.1.6 : Definition - �§r`�

f (x1, x2, ..., xn)�`��¨t�� (x1, x2, ..., xn)�yq�� T�wm��¨¡��ry�t� ­d���ÐT�� �§r`� T�wm��

.Df z�r�A� Ah� z�r�¤ .A�r`�

The set definition of a function with several variables is the set of (x1, x2, ..., xn) that makes

f (x1, x2, ..., xn) is identifier. We denote it by Df .

3.1.6 : Example - �A��

�y� T�� f : R2 → R �kt�

Let f : R2 → R be a function where

f (x, y) =
1

x− y

:¢yl�¤ x− y ̸= 0  wk�  � 	�§ T�r`� f T��d��  wk� ¨k�
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For the function f to be defined, it must be x− y ̸= 0, so:

Df =
{
(x, y) ∈ R2 : x ̸= y

}
.

Limit in Rn ¨� �A§Ahn�� 4.1.6

�km§ �y� .Rn
ºASf�� ¨� T§Ahn�� �whf�  d��  � 	�§ ,�RAft��¤ T§C�rmtF¯� �� �d�t�  � �b�

,dyq`�  ¤ ��ry�t� ­d� ��Ð ��¤d�� Yl� d��¤ ry�t� ��Ð ��¤dl� C�rmtF¯�¤ �A§Ahn�� �whf� �ym`�

.T�A� TfO� �y\� ¤� ©dyl�³� CAy`m�A� TqlWm�� Tmyq�� ��dbtF� ¨fk§

Before we talk about continuity and differentiation, we need to define the concept of limit in

space Rn. Where the concept of limits and continuation of functions with one variable can be

generalized to functions with several variables without complication, it is sufficient to replace the

absolute value with the Euclidean standard or the norm in general.

3.1.6 : Definition - �§r`�

�ybWt�� E Yl� �y\� ¨ms� .(E = Rn �A� �kK� �d�ts� ) R �q��� Yl� ¨�A`J ºAS� E �ky�

E → R+

x 7→ ∥x∥

which achieves the following: :¨l§A� �q�§ ©@��

Separation �Of�� •

∀x ∈ E, ∥x∥ = 0⇔ x = 0,

Positive homogeneity ¨�A�§³� H�A�t�� •

∀λ ∈ R, ∀x ∈ E∥λx∥ = |λ| · ∥x∥,
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Triangle inequality Ty�l�m�� T���rtm�� •

∀x, y ∈ E, ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

�� ¾¯d� T§CAy`m�� �A�Asm��¤ ,xCd�� Tyq� ��wV �y\n�� �whf� �d�tsnF ,Xs�� xCd�� �`��

Ahmh� �®� �� ,T§rtm�� �A�Asm�� �AyF �� A�Am� 	FAnt§  � �km§ ¨l§ A�  Ð� .T§rtm�� �A�Asm��

.rb�� T�whs�

To make the lesson simpler, throughout the rest of the lesson we will use the concept of regularity,

and standard spaces instead of metric spaces. So what follows can fit perfectly into the context of

metric spaces, by understanding them more easily.

4.1.6 : Definition - �§r`�

l w�� �¤¥� (xn)n∈N Ty�Attm��  � �wq� .l ∈ Rn ¤ Rn ¨� Ty�Att� (xn)n∈N �kt�¤ .Rn Yl� �y\� ∥·∥ �ky�

	tk�¤

Let ∥·∥ be a norm on Rn. Let (xn)n∈N be sequence in Rn and l ∈ Rn. We say that the

sequence (xn)n∈N converges to l and we write

lim
n→+∞

xn = l

If we have: :An§d�  A� �Ð�

∀ε > 0,∃N ∈ N,∀m > N, ∥xm − l∥ ≤ ε.

. At`m�� Yn`m�A� 0 þl� �¤¥� ∥xn − l∥ Tyqyq��� Tmyq�� 
�A� �Ð� l w�� �¤¥� xn «r�� ��CAb`�

In other words, xn converges to l if the true value ∥xn − l∥ converges to 0 in the usual sense.

D �kt� ¤ .∥·∥Rm �y\n�A� Rm
ºASf�� ¤ ∥·∥Rn z�r�A� ¢� z�r� ©@�� �y\n�A� Rn

ºASf��  ¤z�

.Rm
w�� D �� T�r`� T�� f ¤ Rn

�� Ty¶z� T�wm��

We provide the space Rn with the norm denoted by ∥·∥Rn and the space Rm with the norm ∥·∥Rm ,

and let D be a subset of Rn and f is a function defined from D to Rm.
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5.1.6 : Definition - �§r`�

:l ∈ Rm ¤ a ∈ D �kt�

Let a ∈ D and l ∈ Rm:

	tk�¤ a TWqn�� dn� l w�� �¤¥� f T��d��  � �wq�

We say that the function f converges to l at the point a and we write

lim
x→a

f (x) = l

if we have : A� �Ð�

∀ε > 0,∃δ > 0, ∀x ∈ D : ∥x− a∥Rn ≤ δ =⇒ ∥f(x)− l∥Rm ≤ ε

Properties Q�w�

1.1.6 : Proposition - TþyS�

,l1 �ky� .λ ∈ R �kt� .a ∈ D �kt� .R ¨� Ahmy� @��� Rn �� D �A�m�� Yl� �yt�r`� �yt�� g ¤ f �kt�

:¢n�¤ .a þ� �¤¥§ x A�dn� l2 ¤ l1 w�� 	y�rt�� Yl� �¤¥� g(x) ¤ f(x)  � |rf� .l2 ∈ R
Let f and g be a functions defined on the domain D of Rn that take their values in R and

a ∈ D. Let λ ∈ R and l1, l2 ∈ R. Suppose that f(x) and g(x) respectively converges to l1 and l2

when x converges to a. Then:

lim
x→a

(f + λg)(x) −→ l1 + λl2

lim
x→a

(fg)(x) −→ l1l2.

:An§d� ¢��� a C�w� ¨� ­ ¤d�� g ¤ l1 = 0  A� �Ð� ,AS§�

Also, if l1 = 0 and g are bounded in the neighborhood of a then we have:

lim
x→a

(fg)(x) −→ 0.

¤ a TWqn��C�w� ¨� �d�� �d`n�¯ f T��d��  �� l1 ̸= 0  A� �Ð� ,�ry��
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Finally, if l1 ̸= is0 then the function f never nulls in the neighborhood of the point a and

lim
x→a

1

f (x)
−→ 1

l1
.

2.1.6 : Proposition - TþyS�

 � AS§� |rfn� . lim
(x,y)→(a,b)

f(x, y) = l �y� T�� f : R2 → R �kt�

Let f : R2 → R be a function where lim
(x,y)→(a,b)

f(x, y) = l. Let’s also assume that

: �� ,­ w�w� lim
x→a

f(x, y) ,y ∈ R �� ��� ��¤ ­ w�w� lim
y→b

f(x, y) ,x ∈ R �� ��� ��

For all x ∈ R, lim
y→b

f(x, y) exists and for every y ∈ R, lim
x→a

f(x, y) exists, then:

lim
x→a

(lim
y→b

f(x, y)) = lim
y→b

(lim
x→a

f(x, y)) = l.

.x0 ∈ Rn
¤ Rn\x0 Yl� T�r`� f : E ⊂ Rn → R T�� f �kt�

Let f be a function f : E ⊂ Rn → R defined on Rn\x0 and x0 ∈ Rn.

6.1.6 : Definition - �§r`�

: ¨l§Am� limx→x0 f(x) = +∞ T§Ah�¯Am�� ¨� T§Ahn�� �r`� Tq§rW�� Hfn�

In the same way, we define the limit in infinity limx→x0 f(x) = +∞ as follows:

∀A > 0 ∃δ > 0 ∀x ∈ E : 0 < ∥x− x0∥ < δ =⇒ ∥f(x)∥ > A.

4.1.6 : Example - �A��

Let the function f be defined as follows ¨l§ Am� T�r`m�� f T��d�� �kt�

f(x, y) = x2 + y sin(x+ y2).

.(x, y)→ (0, 0) Am� 0 Y�� �¤¥� f  � 
b�n� (1

Let’s prove that f converges to 0 because (x, y)→ (0, 0).

d�� : | sin(t)| ≤ 1 �Am`tFA� ­ ¤d�� f(x, y) T��d��

The function f(x, y) is bounded by | sin(t)| ≤ 1 : we find
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∣∣f(x, y)∣∣ = ∣∣x2 + y sin(x+ y2)
∣∣ ≤ x2 + |y|

∣∣ sin(x+ y2)
∣∣ ≤ x2 + |y|

y ∈]− b, b[ ��� �� ,x2 < ϵ
2
An§d� ,x ∈]− a, a[ ��� �� ¾�Ð� ,b = ϵ

2
¤ a =

√
ϵ
2
, 0 < ϵ < 1 @���

:d�� (x, y) ∈]− a, a[✕]− b, b[ ��� �� ¢n�¤ .|y| < ϵ
2
An§d�

We take 0 < ϵ < 1, a =
√

ϵ
2
and b = ϵ

2
, so for x ∈]− a, a[ , we have x2 < ϵ

2
, for y ∈]− b, b[

we have |y| < ϵ
2
and then, for (x, y) ∈]− a, a[✕]− b, b[ we find:∣∣f(x, y)∣∣ ≤ x2 + |y| < ϵ

2
+

ϵ

2
= ϵ

¤ |x| < δ = ϵ
2
≤
√

ϵ
2

 �� ∥(x, y)∥ < δ  A� �Ð� ,δ = ϵ
2

¨¡ T§Ahn�� �q�� ¨t�� δ �y� d��

.(0, 0) Y�� �¤¥� (x, y) Am� ,0 T§Ah� �bq� f : �tnts� .|f(x, y)| < ϵ ¢n�¤ |y| < δ = ϵ
2

One of the values of δ that meets the limit is δ = ϵ
2
, if ∥(x, y)∥ < δ the |x| < δ = ϵ

2
≤
√

ϵ
2

and |y| < δ = ϵ
2
from which |f(x, y)| < ϵ. We conclude: f accepts the limit 0, when (x, y)

becomes (0, 0).

.|f(x, y)| < 1
100

An§d�  wk§ (x, y) ∈ U �� ��� �� �y�� (0, 0) ©w�§ �wtf� �A�� U �� ��b� (2

We are looking for U open interval containing (0, 0) such that for every (x, y) ∈ U we have

|f(x, y)| < 1
100

.

An§d� ,]− a, a[✕]− b, b[ �A�m�� �� (x, y) �� ��� �� .b = 1
200

¤ a = 1√
200

An§d� ϵ = 1
100

��� ��

.|f(x, y)| < 1
100

For ϵ = 1
100

we have a = 1√
200

and b = 1
200

. For each (x, y) of the interval ]− a, a[✕]− b, b[,

we have |f(x, y)| < 1
100

.

x

y

a =
√

ϵ
2

b = ϵ
2 δ
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Operations on limit �A§Ahn�� Yl� �Aylm� 5.1.6

�� :T�A`�� �A§r\n�� �d�ts� , ��Ð �� ¾¯d� ¤ �A§Ahn�� 
As� ¨� �§r`t�� �d�ts§ A� �C A�

.��Ð ¨� T��d� ¤� T�w`} ©� d�w� ®� ,��ry�t� ­d� ��Ð ��¤d�� Yl� �A§Ahn�� Yl� �Aylm�

The definition is rarely used in calculating limits. Instead, we use general theorems: operations

on limits on functions with several variables, there is no difficulty or novelty in this.

3.1.6 : Proposition - TþyS�

Ty�At�� Q�w��� An§d� .x0 dn� T§Ah� �bq� g ¤ f �y� x0 ∈ Rn C�w� ¨� �yt�r`�f, g : Rn → R �kt�

Let f, g : Rn → R be defined in the neighborhood of x0 ∈ Rn where f and g accept a limit at x0.

We have the following properties

lim
x0

(f + g) = lim
x0

f + lim
x0

g, lim
x0

(f✕g) = lim
x0

f✕ lim
x0

g

lim
x0

1

g
=

1

lim
x0

g
, lim

x0

f

g
=

lim
x0

f

lim
x0

g

5.1.6 : Example - �A��

:¨l§ Am� R2\{(0, 0)} Yl� T�r`m�� f T��d�� �kt�

Let the function f defined on R2\{(0, 0)} as follow:

f(x, y) =
xy

x2 + y2
.

.(0, 0) dn� l ∈ R T§Ahn�� w�� �¤¥� f  � |rf� �@h� .(0, 0) TWqn�� dn� T§Ah� �bq� ¯ f T��d��  � 
b�n�

: �S� n ∈ N ��� ��

Let’s prove that the function f does not accept a limit at the point (0, 0). For this we assume

that f converges to l ∈ R at (0, 0). For n ∈ N we put:

un =

(
1

n
, 0

)
¤ vn =

(
1

n
,
1

n

)
.
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We have :An§d�

lim
n→∞

un = (0, 0) ¤ lim
n→∞

f (un) = 0

:An§d� «r�� Th� �� .l = 0 �A§Ahn�� P¶AO� 	s� ¢n�¤

Then, according to the properties of the limits, l = 0. On the other hand we have:

lim
n→∞

vn = (0, 0) ¤ f (vn) =
1

2
=⇒ lim

n→∞
f (vn) =

1

2

.(0, 0) TWqn�� dn� T§Ah� �bq� ¯ f T��d��  � 
b�§ A� ­dy�¤ 
sy� T§Ahn�� .l = 1
2
AS§� An§d� ¢n�¤

So, we also have l = 1
2
. The limit is not unique, which proves that the function f does not

accept a limit at the point (0, 0).

6.1.6 : Example - �A��

:¨l§ Am� R2\{(0, 0)} Yl� �r`m�� f T��d�� �kt�

Let the function f defined on R2\{(0, 0)} as follow:

f(x, y) =
x2y2

x2 + y2
.

:An§d� θ ∈ R ¤ r > 0 ��� ��

For r > 0 and θ ∈ R we have:

|f(rcos(θ), rsin(θ))| = r4cos2(θ)sin2(θ)

r2
−→ 0
r→0

.(0, 0) TWqn�� dn� 0 Y�� �¤¥§ f  � 
b�§ �@¡

this proves that f converges to 0 at the point (0, 0).

ContinuityC�rmtF³� 6.1.6

.��ry�t� ­d� �� T��d� T§C�rmtF¯� �r`� �ws� ,T§Ahn�� �whf� A� d� d�¤  µ�

Now that we’ve defined the concept of limit, we’ll define continuity for a function of several

variables.
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7.1.6 : Definition - �§r`�

: Rm w�� Rn �� T�r`m�� f T��d�� �kt�¤ .a ∈ D ¤ Rn �� �A�� D �kt�

Let D be an interval of Rn and a ∈ D. Let the function f be defined from Rn to Rm :

:	tk�¤ .a Y�� �¤¥§ x A�dn� f(a) Y�� �¤¥� f(a)  A� �Ð� (x) TWqn�� ¨� ­rmts� f T��d��  � �wq� (i

We say that the function f is continuous at the point (x) if f(a) converges to f(a) when

x converges to a and we write:

lim
x=a

f (x)→ f (a) .

.D �� TWq� �� Yl� ­rmts� 
�A� �Ð� D Yl� ­rmts� f T��d��  � �wq� (ii

We say that a function f is continuous on D if it is continuous on every point of D.

8.1.6 : Definition - �§r`�

:¨l§ Am� T�r`m�� f1, ..., fm ��¤d�� ¢n�¤ a = (a1, ..., am) ∈ E �kt�¤ .f : E ⊂ Rm → R �kt�

Let f : E ⊂ Rm → R and a = (a1, ..., am) ∈ E, of which the functions f1, ..., fm are defined as

follows:

∀x ∈ R, (a1, .., ai−1, x, ai+1, .., am) ∈ E

fi : E → R
x 7→ f(a1, .., ai−1, x, ai+1, .., am)

.a TWqn�� ¨� Ty¶z� T�� Yms� i = 1, ...,m ��� ��

for i = 1, ...,m is called a partial function at the point a.

4.1.6 : Proposition - TþyS�

T�r`m�� f1, ..., fm ��¤d�� ¢n�¤ a = (a1, ..., am) TWqn�� ¨� ­rmts� T�� f : E ⊂ Rm → Rn �kt�

: ¨l§Am�

Let f : E ⊂ Rm → Rn be continuous at the point a = (a1, ..., am), then the functions f1, ..., fm
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defined as follows:

∀x ∈ R, (a1, .., ai−1, x, ai+1, .., am) ∈ E,

fi : E → Rn

x 7→ f(a1, .., ai−1, x, ai+1, .., am)

. ai dn� ­rmts� ��¤ ¨¡ i = 1, ...,m ��� ��

for i = 1, ...,m are a continuous functions at ai.

�y� T�� f : R2 → R 
�A� �Ð� l ∈ R �kt� :�A�m�� �ybF Yl� !�y�} A�¤ Hy� Hk`��

The opposite is not always true! For example: let l ∈ R if f : R2 → R is a function where

∀α ∈ R, lim
x→0

f(x, αx) = l.

.¯ : 
�w��� ? (0, 0) TWqn�� dn� ­rmts� f  � �tnts� �¡

Do we conclude that f is continuous at point (0, 0) ? The answer is no.

Continuity criteria T§C�rmtF¯� ry§A`�

1.1.6 : Theorem - T§r\�

:T·�Akt� Ty�At�� Q�w���  �� ,­rmts� T�� f : E ⊂ Rm → F ⊂ Rn �ky�

Let f : E ⊂ Rm → F ⊂ Rn a continuous function, then the following properties are equivalent:

.E �� TWq� �� ¨� rmts� f •
f is continuous at each point of E

.E �� �wtf� �A�� wh� f−1(U) ,F �� U �wtf� �A�� �� ��� �� •
For every U open interval from F , f−1(U) is open interval from E.

.E �� �wl�� �A�� wh� f−1(V ) ,F �� V �wl�� �A�� �� ��� �� •
For every closed interval V of F , f−1(V ) is closed interval of E.

��� �� f(x0) w�� �¤¥� (f(xn)n∈N Ty�Attm��  �� x0 w�� �¤¥� E �� (xn)n∈N Ty�Att� �� ��� �� •
.x0 ∈ E ��
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For each sequence (xn)n∈N of E converges to x0 then the sequence (f(xn)n inN converges

f(x0) for each x0 ∈ E.

Derivation �AqtJ³� 7.1.6

TWqn�� dn� T��d�� �tK�  �� .I ⊂ R �A�m�� Yl� �AqtJ²� Tl�A� T�� f : I ⊂ R→ R �ky� :ry�@�

:�kK�A� YW`§ a ∈ I

Reminder: Let f : I ⊂ R → R be a differentiable function on the interval I ⊂ R. The derivative

of the function at the point a ∈ I is given in the form:

f ′(a) = lim
h→0

f(a+ h)− f(a)

h
= lim

x→a

f(x)− f(a)

x− a

¯ ¢�± Ah� Yn`� ¯ ��As�� ry�@t�� ­CAb� .a ∈ E ¤ f : E ⊂ Rm → Rn
 A� �Ð� ,Aq�AF AnRr� Am�

Annkmy� ,­d��¤ ºAn�tFA� x �A`K�� �Ab�r� Antb� �Ð� ,«r�� Ty�A� �� .�A`J Yl� Tmsq�� �nkm§

.Ty�At�� Tq§rW�A� f T��d�� £@h� Ty¶z��� �AqtKm�� �§r`� Ahny�

As previously assumed, if f : E ⊂ Rm → Rn and a ∈ E. The previous recall statement is

meaningless because you cannot divide by a vector. On the other hand, if we fix the components

of the vector x except for one, then we can define the partial derivatives of this function f in the

following way.

9.1.6 : Definition - �§r`�

Tbsn�A� ¨¶z� �tK� ¨ms� ,i = 1, ...,m ��� �� .a = (a1, ..., am) ∈ E ¤ f : E ⊂ Rm → R �kt�

ai ¨� Ðw��� f Ty¶z��� T��dl� �tKm��
∂f
∂xi

(a) z�r�A� ¢� z�r�¤ a TWqn�� dn� f T��dl� xi ry�tml�

∂f

∂xi

(a) = lim
xi→ai

f(a1, ..., xi, ..., am)− f(a1, ..., ai, ..., am)

xi − ai
.

f T��dl� Ty¶z��� �AqtKm�� a = (a1, a2) ∈ E TWqn�� ¨� R2 → R f : E ⊂ �§ry�t� ��Ð T�� ��� ��

�y� x2 → f(a1, x2) ¤ x1 → f(x1, a2) ry�tm�� dn� Ty¶z��� ��¤d�� �AqtK� ¨¡ (a1, a2) TWqn�� dn�

: ¨�At�� �kK�A� 	s�§ x2 ∈ R ¤ x1

∂f

∂x1

(a1, a2) = lim
h→0

f(a1 + h, a2)− f(a1, a2)

h
,
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¤

∂f

∂x2

(a1, a2) = lim
h→0

f(a1, a2 + h)− f(a1, a2)

h
.

We denote this limit by: :z�r�A� T§Ahn�� ¢th� z�r�

∂f

∂xi

(x0)

AS§� z�r�¤ .d rond �rqu§ ∂ z�r�� .x0 TWqn�� dn� xi ry�tml� Tbsn�A� f T��dl� ¨¶z��� �tKm�� w¡¤

: x0 TWqn�� ¨� ¨¶z� �tK� m  Ð� An§d� .f ′xi
(x0) ¤� ∂xi

f(x0)

It is the partial derivative of the function f with respect to the variable xi at the point x0. The

symbol ∂ is read as d rond. We also denote by ∂xi
f(x0) or f

′
xi
(x0). So we have m partial derivative

at the point x0 :

∂f

∂x1

(x0),
∂f

∂x2

(x0), . . . ,
∂f

∂xm

(x0).

: An§d� (x, y) 7→ f(x, y) �§ry�t� ��Ð T�� T�A� ¨�

In the case of a bivariate function (x, y) 7→ f(x, y) we have:

∂f

∂x
(x0, y0) = lim

h→0

f(x0 + h, y0)− f(x0, y0)

h
,

∂f

∂y
(x0, y0) = lim

h→0

f(x0, y0 + h)− f(x0, y0)

h
.

1.1.6 : Remark - T\�®�

.¨¶z� �tK� m �bq� i = 1, ..., n ��� �� f T��dl� fi Ty¶z��� ��¤d��  �� f : E ⊂ Rm → Rn 
�A� �Ð�

.Ty�wq`y�� T�wfOm�� �§r`� ¨� ��Ð «rnF

If f : E ⊂ Rm → Rn then the partial functions fi of the function f for i = 1, ..., n accepts m

partial derivative. We will see this in the definition of the Jacobian matrix.

7.1.6 : Example - �A��

�tKm��  w�¤ Crb§ ©@��¤ ,R Yl� �AqtJ²� Tl�A� x 7→ ex cos y T��d�� ,
�A� y ¨qyq�  d� �� ��� ��

:�y� �¤±� ry�tm�A� �l`t§ Amy� ¨¶z���

For every constant real number y, the function x 7→ ex cos y is differentiable on R, which
justifies the existence of the partial derivative with respect to the first variable where:

∂f

∂x
(x, y) = ex cos y.

¨�A��� ry�tml� Tbsn�A� º¨K�� Hf�
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The same for the second variable

∂f

∂y
(x, y) = −ex sin y.

10.1.6 : Definition - �§r`�

.f T��d�� ¨�wq`§ ¤� Ty�wq`y�� T�wfOm�� Yms� f : E ⊂ Rm → Rn T��dl� Ty¶z��� �AqtKm�� T�wfO�

: rWF n ¤  wm� m ©w�� ¨t�� J(f)x0 z�r�A� Ah� z�r�

The matrix of partial derivatives of the function f : E ⊂ Rm → Rn it’s called The Jacobean

matrix or Jacobean function f . We denote it by J(f)x0 which contains m column and n line :

J(f)x0 =


∂f1(x0)
∂x1

· · · ∂f1(x0)
∂xm

...
...

∂fn(x0)
∂x1

· · · ∂fn(x0)
∂xm

 ∈Mm,n(R).

Rn ¨� Ahmy� @��� ¨t�� f(x1, ..., xm) Ty�A`K�� T��d�� ��� �� x = (x1, ..., xm)  A� �Ð� ,«r�� ­CAb`�

¨�wq`y��  �� ¨qyq� ry�t� m ��Ð T�� ��� �� ,T}A� TfO� .
∂f
∂xi

T`J±� ¢�dm�� ¨� �m�§ ¨�wq`y��

:rWF T�wfO� �� ­CAb�

In other words, if x = (x1, ..., xm) is for the vector function f(x1, ..., xm) that takes its values

in Rn, the Jacobian carries in his columns the vectors ∂f
∂xi

. Specifically, for a function with m

real variables, the Jacobian is a line matrix:

J(f)(x1,...,xm) =

(
∂f(x)

∂x1

, ...,
∂f(x)

∂xm

)
:z�r�A� ¢� z�r� ©@��  wm`�� T�wfO� w¡ rWs�� �@¡ �wqn�¤

The transpose of this line is the column matrix, which we denote by:

grad(f)(x1,...,xm) =

(
∂f(x)

∂x1

, ...,
∂f(x)

∂xm

)T

.

.(x þ� f Tl�A� �rq§ ©@��) ∇f(x) z�r�A� ¢� z�r§¤ f T��d�� C�d��� Yms§ grad

grad is called the gradient of the function f and denoted by ∇f(x) (which reads nabla f for x).

8.1.6 : Example - �A��
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.¨�wq`y�� T�wfO� 	s��¤ ,�RAftl� Tl�A� Ty�At�� ��¤d��  � 
b��

Prove that the following functions are differentiable, and calculate the Jacobi matrix.

•
f(x, y, z) =

(
1

2
(x2 − z2), sinx sin y

)
.

•
f(x, y) =

(
xy,

1

2
x2 + y, ln(1 + x2)

)
.

•
f(x, y) = x2y3.

�nO�� �� Ah�� �R�w�� ��¤ ,�AqtJ²� Tl�A� �Ay��d�³� ��¤ ¤� Ty¶z��� ��¤d��¤  � �� �q�t�� ¨fk§

:¨��wt�� Yl� An§d� .C∞

It is enough to verify that the partial functions or coordinate functions are differentiable, and

they are obviously of the class C∞. We have respectively:

•

J(f)(x,y,z) =

(
x 0 −z

cosx sin y sinx cos y 0

)
.

•

J(f)(x,y) =


y x

x 1
2x

1+x2 0

 .

•

J(f)(x,y) =
(
2xy3, 3x2y2

)
=⇒ ∇f (x, y) =

(
2xy3

3x2y2

)
.
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